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Preface

This volume contains papers presented at the Fifteenth Annual Conference on
Computational Learning Theory (COLT 2002) held on the main campus of the
University of New South Wales in Sydney, Australia from July 8 to 10, 2002.
Naturally, these are papers in the field of computational learning theory, a re-
search field devoted to studying the design and analysis of algorithms for making
predictions about the future based on past experiences, with an emphasis on rig-
orous mathematical analysis.

COLT 2002 was co-located with the Nineteenth International Conference on
Machine Learning (ICML 2002) and with the Twelfth International Conference
on Inductive Logic Programming (ILP 2002).

Note that COLT 2002 was the first conference to take place after the full
merger of the Annual Conference on Computational Learning Theory with the
European Conference on Computational Learning Theory. (In 2001 a joint con-
ference consisting of the Hth European Conference on Computational Learning
Theory and the 14th Annual Conference on Computational Learning Theory
was held; the last independent European Conference on Computational Learn-
ing Theory was held in 1999.)

The technical program of COLT 2002 contained 26 papers selected from
55 submissions. In addition, Christos Papadimitriou (University of California at
Berkeley) was invited to give a keynote lecture and to contribute an abstract of
his lecture to these proceedings.

The Mark Fulk Award is presented annually for the best paper coauthored
by a student. This year’s award was won by Sandra Zilles for the paper “Merging
Uniform Inductive Learners.”

April 2002 Jyrki Kivinen
Robert H. Sloan



Thanks and Acknowledgments

We gratefully thank all the individuals and organizations responsible for the
success of the conference.

Program Committee

We especially want to thank the program committee: Dana Angluin (Yale),
Javed Aslam (Dartmouth), Peter Bartlett (BIOwulf Technologies), Shai Ben-
David (Technion), John Case (Univ. of Delaware), Peter Griinwald (CWI), Ralf
Herbrich (Microsoft Research), Mark Herbster (University College London),
Gébor Lugosi (Pompeu Fabra University), Ron Meir (Technion), Shahar Mendel-
son (Australian National Univ.), Michael Schmitt (Ruhr-Universitdt Bochum),
Rocco Servedio (Harvard), and Santosh Vempala (MIT).

We also acknowledge the creators of the CyberChair software for making a
software package that helped the committee do its work.

Local Arrangements, Co-located Conferences Support

Special thanks go to our conference chair Arun Sharma and local arrangements
chair Eric Martin (both at Univ. of New South Wales) for setting up COLT 2002
in Sydney. Rochelle McDonald and Sue Lewis provided administrative support.
Claude Sammut in his role as conference chair of ICML and program co-chair
of ILP ensured smooth coordination with the two co-located conferences.

COLT Community

For keeping the COLT series going, we thank the COLT steering committee,
and especially Chair John Shawe-Taylor and Treasurer John Case for all their
hard work. We also thank Stephen Kwek for maintaining the COLT web site at
http://www.learningtheory.org.

Sponsoring Institution

School of Computer Science and Engineering, University of New South Wales,
Australia


http://www.learningtheory.org

VIII  Thanks and Acknowledgments

Referees

Peter Auer

Andrew Barto
Stephane Boucheron
Olivier Bousquet
Nicolo Cesa-Bianchi
Tapio Elomaa

Ran El-Yaniv

Allan Erskine
Henning Fernau
Jirgen Forster
Dean Foster
Claudio Gentile
Judy Goldsmith
Thore Graepel

Lisa Hellerstein
Daniel Herrmann
Colin de la Higuera
Sean Holden
Marcus Hutter
Sanjay Jain

Yuri Kalnishkan
Makoto Kanazawa,
Satoshi Kobayashi
Vladimir Koltchinskii
Matti Kaaridinen
Wee Sun Lee

Shie Mannor

Ryan O’Donnell

Alain Pajor
Gunnar Rétsch
Robert Schapire
John Shawe-Taylor
Takeshi Shinohara
David Shmoys
Yoram Singer

Carl Smith

Frank Stephan
Gyorgy Turan
Paul Vitanyi
Manfred Warmuth
Jon A. Wellner
Robert C. Williamson



Table of Contents

Statistical Learning Theory

Agnostic Learning Nonconvex Function Classes ...................coooo... 1
Shahar Mendelson and Robert C. Williamson

Entropy, Combinatorial Dimensions and Random Averages ................. 14
Shahar Mendelson and Roman Vershynin

Geometric Parameters of Kernel Machines ............... .. ... .. 29
Shahar Mendelson

Localized Rademacher Complexities ......... ... ..., 44
Peter L. Bartlett, Olivier Bousquet, and Shahar Mendelson

Some Local Measures of Complexity of Convex Hulls
and Generalization Bounds ......... ... 59
Olivier Bousquet, Vladimir Koltchinskii, and Dmitriy Panchenko

Online Learning

Path Kernels and Multiplicative Updates ............. ... ... .. 74
Eiji Takimoto and Manfred K. Warmuth

Predictive Complexity and Information ............ ... ... ... ... .. 90
Michael V. Vyugin and Viadimir V. V’yugin

Mixability and the Existence of Weak Complexities ....................... 105
Yuri Kalnishkan and Michael V. Vyugin

A Second-Order Perceptron Algorithm ......... ... .. ... .. .c.oiiii... 121
Nicolo Cesa-Bianchi, Alex Conconi, and Claudio Gentile

Tracking Linear-Threshold Concepts with Winnow ........................ 138

Chris Mesterharm

Inductive Inference

Learning Tree Languages from Text ........ ... ..o ., 153
Henning Fernau

Polynomial Time Inductive Inference of Ordered Tree Patterns

with Internal Structured Variables from Positive Data .................... 169
Yusuke Suzuki, Ryuta Akanuma, Takayoshi Shoudai,

Tetsuhiro Miyahara, and Tomoyuki Uchida



X Table of Contents

Inferring Deterministic Linear Languages .............c.ociiiiiiine.... 185
Colin de la Higuera and Jose Oncina

Merging Uniform Inductive Learners .......... ..., 201
Sandra Zilles

The Speed Prior: A New Simplicity Measure
Yielding Near-Optimal Computable Predictions ........................... 216
Jiirgen Schmidhuber

PAC Learning

New Lower Bounds for Statistical Query Learning ........................ 229
Ke Yang

Exploring Learnability between Exact and PAC ........................... 244
Nader H. Bshouty, Jeffrey C. Jackson, and Christino Tamon

PAC Bounds for Multi-armed Bandit and Markov Decision Processes ..... 255

Eyal Even-Dar, Shie Mannor, and Yishay Mansour

Bounds for the Minimum Disagreement Problem
with Applications to Learning Theory ......... ... ..., 271
Nader H. Bshouty and Lynn Burroughs

On the Proper Learning of Axis Parallel Concepts ........................ 287
Nader H. Bshouty and Lynn Burroughs

Boosting
A Consistent Strategy for Boosting Algorithms ............... ... ... ... 303
Gabor Lugosi and Nicolas Vayatis

The Consistency of Greedy Algorithms for Classification .................. 319
Shie Mannor, Ron Meir, and Tong Zhang

Maximizing the Margin with Boosting ............ ... ... ... . ... 334
Gunnar Rdatsch and Manfred K. Warmuth

Other Learning Paradigms

Performance Guarantees for Hierarchical Clustering ....................... 351
Sanjoy Dasgupta

Self-Optimizing and Pareto-Optimal Policies
in General Environments Based on Bayes-Mixtures ....................... 364
Marcus Hutter

Prediction and Dimension .............ooiiiiiiii 380
Lance Fortnow and Jack H. Lutz



Table of Contents XI
Invited Talk

Learning the Internet ...... ... . i i 396
Christos Papadimitriou

Author Index . ... 397



Agnostic Learning Nonconvex Function Classes

Shahar Mendelson and Robert C. Williamson

Research School of Information Sciences and Engineering
Australian National University
Canberra, ACT 0200, Australia
{shahar.mendelson,Bob.Williamson}@anu.edu. au

Abstract. We consider the sample complexity of agnostic learning with
respect to squared loss. It is known that if the function class F' used for
learning is convex then one can obtain better sample complexity bounds
than usual. It has been claimed that there is a lower bound that showed
there was an essential gap in the rate. In this paper we show that the
lower bound proof has a gap in it. Although we do not provide a definitive
answer to its validity. More positively, we show one can obtain “fast”
sample complexity bounds for nonconvex F' for “most” target conditional
expectations. The new bounds depend on the detailed geometry of F,
in particular the distance in a certain sense of the target’s conditional
expectation from the set of nonuniqueness points of the class F'.

1 Introduction

The agnostic learning model [6] is a generalization of the PAC learning model
that does not presume the target function lies within the space of functions
(hypotheses) used for learning. There are now a number of results concerning
the sample complexity of agnostic learning, especially with respect to the squared
loss functional. In particular, in [9] it was shown that if ¢ is the required accuracy,
then the sample complexity (ignoring log factors and the confidence terms) of
agnostic learning from a closed class of functions F' with squared loss is O(d/e) if
F is convex, where d is an appropriate complexity parameter (e.g. the empirical
metric entropy of the class). This result was extended and improved in [10].

It was claimed in [9] that if F' is not convex, there exists a lower bound of
2(1/£?) on the sample complexity. Thus, whether or not F' is convex seemed
important for the sample complexity of agnostic learning with squared loss.

However, these are deceptive results. The claimed lower bound relies on a
random construction and the fact that for nonconvex F', one can always find a
target “function” (actually a target conditional expectation) f* which has two
best approximations in the class F. Unfortunately, as we show here, the random
construction has a gap in the proof.

It 4s the case though that sample complexity of agnostic learning does de-
pend on the closeness of f* to a point with a nonunique best approximation.
In this paper we will develop some nonuniform results which hold for “most”
target conditional expectations in the agnostic learning scenario from a non-
convex class F' and obtain sharper sample complexity upper bounds. The proof

J. Kivinen and R. H. Sloan (Eds.): COLT 2002, LNAI 2375, pp. 1-13, 2002.
© Springer-Verlag Berlin Heidelberg 2002



2 Shahar Mendelson and Robert C. Williamson

we present here is based on recently developed methods which can be used for
complexity estimates. It was shown in [10] that the complexity of a learning
problem can be governed by two properties. The first is the Rademacher com-
plexity of the class, which is a parameter that indicates “how large” the class is
(see [11,1]). The other property is the ability to control the mean square value
of each loss function using its expectation. We will show that indeed the mean
square value can be bounded in terms of the expectation as long as as one knows
the distance of the target from the set of points which have more than a unique
best approximation in the class.

In the next section we present some basic definitions, notation, and some
general complexity estimates. Then, we present our nonuniform upper bound.
Finally, we briefly present the proof of the lower bound claimed in [9] and show
where there is a gap in the argument.

Thus the present paper does not completely resolve the question of sample
complexity for agnostic learning for squared loss. The lower bound proof of [9]
may be patchable: O(1/£2) may be the best uniform lower bound one can achieve.
What is clear from the present paper is the crucial role the set of nonuniqueness
points of F' plays in the sample complexity of agnostic learning with squared
loss.

2 Definitions, Notation and Background Results

If (X,d) is a metric space, and U C X, then for ¢ > 0, we say that C C X
is an e-cover of U with respect to d if for all v € U, there exists w € C such
that d(v,w) < e. The e-covering number with respect to d, N(e,U,d), is the
cardinality of the smallest e-cover of U with respect to d. If the metric d is
obvious, we will simply say e-cover etc.

The closed ball centered at ¢ of radius r is denoted by B(c,r) := {z € X: ||z —
c|l < r}. Its boundary is 0B(c,r) :={x € X: ||z —¢|| =r}. If x € X, and A C X,
let the distance between A and x be defined as da(x) := inf{d(z,a): a € A}.
The metric projection of x onto A is Pa(z) := {a € A: ||z —a|| = da(z)}. Hence,
elements of Py (z) are all best approzimations of x in A.

Denote by Lo (X) the space of bounded functions on X with respect to the
sup norm and set B(LOO(DC)) to be its unit ball. Let 4 be a probability measure
on X and put La(p) to be the Hilbert space of functions from X to R with the
norm endowed by the inner product (f,g) = [ f(z)g(z)du(z). Let Y C [-1,1],
and set F to be a class of functions from X to Y, and thus a subset of La(p).
Assumptions we will make throughout are that F is a closed subset of La(u) and
that it satisfies a measurability condition called “admissibility” (see [4,5,15]) for
details.

Definition 1. Let F C Lao(p). A point f € La(u) is said to be a nup point
(nonunique projection) of F with respect to (w.r.t.) La(p) if it has two or more
best approximations in F with respect to the La(p) norm. Define

nup(F, u) :={f € La(p) : f is a nup point of F w.r.t. La(u)}.
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It is possible to show that in order to solve the agnostic learning problem of
approximating a random variable Y with values in Y by elements in F, it suffices
to learn the function f* = E(Y|X = z). Indeed, for every f € F,

E(f(X)-Y)* =EE(Y|X) - f(X))* +EEY|X) - V)

=E(f*(X) — f(X))* +E(f*(X) - Y)".

Thus, a minimizer of the distance between f(X) and Y will depend only on
finding a minimizer for E(f*(X) — f(X))2, that is, solving the function learning
problem of approximating f* by members of F' with respect to the La(u) norm.

Assume that we have fixed the target f*. We denote by f, its best approx-
imation in F with respect to the given Lo(x) norm. (Of course f, is unique
only if f* ¢ nup(F,pn).) For any function f € F, let the squared loss function
associated with f* and f be

g e (f@) = (@) = (fal@) = £ (@))%,

and set L(f*) =L :={gss+: f € F}.

Interestingly, although a “randomly chosen” f* € Lo(p) is very unlikely' to
be in nup(F, 1), as we shall see below, nup(F, ) nevertheless controls the sample
complexity of learning f* for all f* € La(p) \ F.

Definition 2. For any set {x1,...,x,} C X, let u, be the empirical measure
supported on the set; i.e. p, = %ZLI 0z,. Given a class of functions F, a
random variable Y taking values in'Y, and parameters 0 < e,6 < 1 let Cp(g,6,Y)
be the smallest integer such that for any probability measure p

Pr{3gss € L(f") : Ep, 91,1+ < &,Engpp- > 2e} <4, (1)
where f* =E(Y|X = x).

The quantity Cr(g,0,Y) is known as the sample complexity of learning a
target Y with the function class F. The definition means that if one draws a
sample of size greater than Cr(g,d,Y") then with probability greater than 1 — ¢,
if one “almost minimizes” the empirical loss (less than ¢) then the expected loss
will not be greater than 2e. Typically, the sample complexity of a class is defined
as the “worst” sample complexity when going over all possible selections of Y.

Recent results have yielded good estimates on the probability of the set in
(1). These estimates are based on the Rademacher averages as a way of mea-
suring the complexity of a class of functions. The averages are better suited
to proving sample complexity results than classical techniques using the union
bound over an e-cover, mainly because of the “functional Bennett inequality”
due to Talagrand [14].

! Since Hilbert spaces are uniformly convex it follows from a theorem of Stechkin [13]
(see [17, page 9] or [3, page 29]) that Lo(u) \ nup(F,u) is a countable intersection
of open dense sets. This implies that if one puts a reasonable probability measure v
on L(u), then v({f € Lo(u) : f ¢ nup(F, u)}) = 1.
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Definition 3. Let u be a probability measure on X and suppose F is a class of
uniformly bounded functions. For every integer n, set

ZEif(Xi)

where (X;)I_, are independent random variables distributed according to p and
(€)™, are independent Rademacher random variables.

1
R, (F) := E“Esﬁ Jsctelg

Various relationships between Rademacher averages and classical measures
of complexity are shown in [11,12]. It turns out that the best sample complexity
bounds to date are in terms of local Rademacher averages. Before presenting
these bounds, we require the next definition.

Definition 4. We say that F' C Lo(p) is star-shaped with centre f if for every
g € F, the interval [f, g ={tf+ (1 —t)g:0<t <1} C F. Given F and f, let

star(F, f) := | J [£. ]

geF

Theorem 1. Let F C B(Loo(X)), fiz some f* bounded by 1 and set L(f*) to be
the squared loss class associated with F' and f*. Assume that there is a constant
B such that for every g € L(f*), Eg? < BEg.

Let G := star(L,0) and for every e > 0 set G. = GN{h: Eh? < e}. Then for
every 0 <e,0 <1,

Pr{3ge L.E, g<¢c/2,Eg>c}<§
provided that

2 2
n > CmaX{L"(SE) 73 log 5 } )

ez 7 £

where C is an absolute constant.

Using this result one can determine an upper bound on the sample complexity in
various cases. The one we present here is a bound in terms of the metric entropy
of the class.

Theorem 2 ([12]). Let Y be a random variable on'Y and put f* = E(Y|X = x).
Let F,L,G and B be as in theorem 1.

1. If there are v,p,d > 1 such that for every e > 0,

supsuplog N (e, F, La(uy)) < dlog? (1) ,
€

no Hn

then for every 0 < e,6 < 1,

C 1 2
< Yo p e
C(e,6,Y) < - max{dlog E,Blog 5},

where C,  depends only on p and 7.
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2. If there are 0 < p < 2 and v > 1 such that for every e > 0,

supsuplog N (e, F, La(pn)) < ve™?

[T

then

C(e,0,Y) < Cp, max{(é)H%,Blog %},

where Cy,  depends only on p and .

From this result it follows that if the original class F' is “small enough”, one
can establish good generalization bounds, if, of course, the mean-square value
of each member of the loss class can be uniformly controlled by its expectation.
This is trivially the case in the proper learning scenario, since each loss function
is nonnegative. It was known to be true if F' is convex in the squared loss case [9]
and was later extended in the more general case of p-loss classes for 2 < p <
oo [10].

Our aim is to investigate this condition and to see what assumptions must
be imposed on f* to ensure such a uniform control of the mean square value in
terms of the expectation.

3 Nonuniform Agnostic Learnability of Nonconvex
Classes

We will now study agnostic learning using nonconvex hypothesis classes. The
key observation is that whilst in the absence of convexity one can not control
E[g%f*] in terms of E[gys ¢«] uniformly in f*, one can control it nonuniformly
in f* by exploiting the geometry of F. The main result is corollary 1.

The following result is a generalization of [3, lemma 14] (cf. [7, lemma A.12]).

Lemma 1. Let F be a class of functions from X to Y. Put a € [0,1), set f* €
Lo(u) and suppose f* has range contained in [0,1]. If for every f € F

(fa= I fa= 1) < S = I, (2)

then for every gs - € L(f*),

Elg? ;] < Elgy,f-]-

11—«

Proof. For the sake of simplicity, we denote each loss function by g¢. Observe
that

Elgf] = E[((f"(X) = £(X))* = (F"(X) = fa(X))*)*]
= E[((2f"(X) = f(X) = fa(X))(fa(X) = F(X)))’]
< 16E[(f(X) = fa(X))?]
= 16| f. — f*. (3)
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Furthermore,

E[gf] E[(f*(X) = f(X))* = (f*(X) = fa(X))?]
E[(f*(X) = fa(X))* + (fa(X) = f(X))?
(

+2(f*(X) = fa(X))(fa(X) = F(X)) = (f(X) = fa(X))?]
= E[(fa(X) = f(X))? + 2(£*(X) = fa(X))(fa(X) = F(X))]
=E[(fa(X) - f (X)) (fa(X) = F(X))]

= fa= FI?+2(f" = fas fa— f
= lfa = fIP = 2{fa = £, fa -
> | fa = fIP = allfa = £
=1 -a)llfa— fI?

1 —«

_ 2
~ 16 E[gf]'

) =

(X)) + 2E[(f*(X) = fa
)
)

O

Lemma 2. Fix f* € Lo(p). Then, [ € La(p) satisfies (2) if and only if f is not
contained in

=5 (L - s+ i - ).

which is the closed ball in La(p) centered at é(f* — fa) + fo with radius _||f* _
fall-

Proof. Note that (f*— fa, f — fu) < 3lLfu— I if and only if [[fu — £ — 2 (f*

fas f — fa) = 0. Clearly, the latter is equivalent to

<fa_fafa_f>+< (f*_fa»

S
QIr

(F = fad (" = ) = (7"~ fo),
<f faafa_f> -

QIr

s;lw

Thus,

Gam T4 = S T+ (= D) 2 U )2 = L)) (&)

Clearly, f satisfies (4) if and only if || f — (fo + 2 (f* = fa))|| = 2|/ f* = fall; hence
it belongs to the region outside of B(®), a

In the limit as o — 0, B, approaches a hyperplane. Then by the unique
supporting hyperplane characterization of convex sets [16, theorem 4.1] this im-
plies F' is convex.

We will use lemma 2 as indicated in figure 1. The key factor in bounding B
is the closeness of f* to nup(F, i) in a particular sense. Suppose f* € La(u) \
(F Unup(F, p)), and let

rep(f7) = f = Pe(fY): £ e A" = Pr(f7)) : A > 0} Nnup(F, p)}.
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Fig. 1. Illustration of lemma 2 and the definition of rg , (f*)

Observe that 75, (f*) = || faup — Pr(f*)|| where fyup is the point in nup(F, p)
found by extending a ray p from Pg(f*) through f* until reaching nup(F, u)
(see Figure 1). Let

P I P
rull) = T T T T = B G

and observe that ap,(f*) € [0,1] is the largest a such that B%a)( f*) only
intersects F' at Pp(f*) and as f* “approaches” nup(F, i) along p, ap ,(f*) — 1.
Note that if F' is convex then nup(F, p) is the empty set; hence for all f* €
La(p), 7r,u(f*) = 0o and ap,,(f*) = 0.
Combining theorem 2 with lemmas 1 and 2 leads to our main positive result:

Corollary 1. Let F C Lao(u) be a class of functions into [0,1], set Y to be
a random variable taking its values in [0,1], and assume that f* = E(Y|X) ¢
nup(F, u). Assume further that there are constants d,~v,p > 1 such that for every
empirical measure fi,, log N (g, F, Ly(py)) < dlogP(v/e). Then, there exists a
constant Cp, -, which depends only on p and vy, such that for every 0 <e,6 <1,

C 1 log 2
Cr(e,8,Y <ﬂmax{dlo p—,i‘s}.
rled¥)s = 8 T an, ()

Note that this result is non-uniform in the target Y because some functions f*
are harder to learn than others. For all f* € F'* := {f € H: ap,(f) > a}, one
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and o = = are the

Fig. 2. Illustration of the sets F*. The lines marked a = 5

boundaries of F'/2 and F'/3 respectively

1
3

obtains a uniform bound in terms of a. Figure 2 illustrates the boundaries of F'
for a given F' and two different values of a. If F' is convex, then ap,(f*) =0
always and one recovers a completely uniform result.

4 The Lower Bound

In this section we present the geometric construction which led to the claimed
lower bound presented in [9]. We then show where there is a gap in the proof
and the bound can not be true for function learning. In our discussion we shall
use several geometric results, the first of which is the following standard lemma,
whose proof we omit.

Lemma 3. Let X be a Hilbert space and set x € X andr > 0. Put By = B(z,r)
and let y € OBy. For any 0 < t < 1 let zz = tx + (1 — t)y and set By =
B(z, ||zt —yl||). Then By C By and 0B1 N 0By = {z}.

Using lemma 3 it is possible to show that even if = has several best approxima-
tions in GG, then any point on the interval connecting x and any one of the best
approximations of x has a unique best approximation.

Corollary 2. Let © € X, set y € Pg(x) and for every 0 < t < 1 let z; =
tex + (1 —t)y. Then, Pg(z) =y.

Proof. We begin by showing that Pg(z:) C Pg(x). To that end, note that
da(zt) = |lze —yll = (1 — 1) ||l — y||. Indeed, dg(z:) < |lz¢ —yl|. If there is
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Fig. 3. Illustration for lemma 4

some 3y € G such that ||y — 2| < (1 —t) ||z — y|| then by the triangle inequal-
ity ||y’ — || < ||y’ — 2| + ||zt — z|| < ||z — y]|, which is impossible. In fact, the
same argument shows that if y' € Pg(z;) then ||z — ¢/|| = dg(x), implying that
y' € Pg(z). Therefore,

Pg(z) C 9B(z,dg(x)) N OB (2, dg(21)),
and thus, by lemma 3, Pg(2:) contains a single element — which has to be y. O

In the next two results we deal with the following scenario: let R > 0 and let
B = B(0,R). Fix any y1,y2 € 0B which are linearly independent, and put
U C X to be the space spanned by y; and ya. Let ¢ = R(y1 + y2)/ ||ly1 + v2||
and set v € U to be a unit vector orthogonal to ¢, such that <v,y1> > 0.
Denote V_ = {z : (z,v) < 0} and S_ = V_ N Sx, where Sx is the unit
sphere Sx = {z € X : ||| = 1}. In a similar fashion, let V, = {z : (z,v) > 0}
and set S. =V, N Sx.

Lemma 4. For every 0 < t < 1, d(ty1, RS_) = |[ty1 — ¢|| and c is the unique
minimum.

The lemma has the following geometric interpretation: for every 0 < ¢t < 1, let By
be the ball centered in ty; which passes through c¢. Then, by the lemma, any
point in the intersection of By with V_ other than ¢ is contained in the interior
of B(0, R). (See Figure 3.)

Proof. For any Rs € RS_,

ltyr — Rs||2 = ||tyl||2 +R% - 2tR<y1, s>,
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hence, the minimum is attained for s € S_ which maximizes <y1, s> Set U = v+,
and since X =V @& U then

(y1,8) = (Pyy1, Pys) + (Pyyr, Pus),

where Py (resp. P,) is the orthogonal projection on U (resp. v). Note that for ev-
ery s € S_, (Pyy1, Pys) <0 and (Pyy1, Pys) < |[Pyyi. Thus, (y1,s) < || Pyyl|
and the maximum is attained only by s € S_ such that Pys = Pyya/ |[|[Puyil|
and P,s = 0. The only s which satisfies the criteria is s = Pyyi/ || Puyl|, and
Rs =c. a

Theorem 3. Let G C X be a compact set and x € nup(G, ). Set R = dg(x),
put y1,y2 € Pgx and set ¢ = R(y1 + y2)/ |ly1 + y2||. For every 0 < t < 1
let 2} = y1 + tR(z — )/ o —will, 2 = g1+ tR(z — 1)/ o — al] and e, =
|zt = || = ||z — w1||- Then, if p satisfies that da(z}) < p < da(zi) + &, and
g € B(z},p) NG then ||g — 1l < |lg — yzl|. Similarly, if g € B(z%,p) NG then
lg = yall <llg = wall-

Proof. Clearly we may assume that @ = 0, thus z} = ty; and 27 = tys. Also,
note that ¢; = Hzf — cH — Hzf — ng, hence the second part of the claim follows
by an identical argument to the first part. By corollary 2, y; is the unique
best approximation to z/, hence &; > 0. If y; and ys are linearly dependent
then yo = —y1 and the result is immediate, thus, we may assume that y1, yo are
independent. Let U be the space spanned by {y1,y2}, and let v € U be a unit
vector orthogonal to ¢ such that <v, y1> > 0. By lemma 4 and using the notation
of that lemma,

B(ty1, p) N V- C intB(tys, [[tyr — ¢||) N V- C intB(0, R).
Thus G N (B(tyi, p) NV-) C GNintB(0, R) = (), implying that
G N B(tyy,p) C V4.
Clearly, for every g € V4, |lg — y1|| < |lg — v2||, as claimed. O

Remark 1. It is easy to see that there is a constant Cg g such that for every
0<t<l,|z—c||—|z — vl > Cart, where R = dg(z) and d = |ly1 — y2||.

Theorem 3 was the key idea behind the argument in [9] for the lower bound.
What was claimed by the authors is the following;:

Theorem 4 (Unproven). Let G C La(p) NbB(Loo(p)) be compact and non-

convex. For any e > 0 there exists a random variable W, such that Cg(e,6, W.) =
2(1/€2).

Note that even this claim does not guarantee that there is a target concept
for which the sample complexity is O(¢~2). Rather, its actual claim is that it
is impossible to obtain an upper bound which is better than the GC limit in
the nonconvex case. The targets W, will be constructed in such a way that for
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smaller values of ¢, the conditional expectation of W, is closer to nup(F, u). It
does not (as incorrectly claimed in [9]) imply that Cg(s,6,Y) = 2(1/€2) for
some random variable Y. Below we shall present the outline of the incomplete
proof.

“Proof”. Set x € nup(G, p) and put d = diamPg(z) and R = dg(x). Let y1,y2 €
Pg () such that ||y; — 92| = d and for every 0 < ¢t < 1 and i = 1,2 let 2} =
ty; + (1 — t)z. Assume that y; and yo are linearly independent (the other case
follows from a similar argument) and let U = span{y;,y2}. As in theorem 3,
set ¢ = R(y1 + y2)/ |ly1 + y2|| and choose v € U to be a unit vector orthogonal
to ¢ such that (v,y1) > 0. Since v = (y1 — y2)/ |ly1 — y2| then [jv]|, < 2b/d.
Also, recall that by remark 1, there is a constant Cy, such that for 0 <t <1
and 1 = 1,2, p; = Hztl —cH - Hz§ —ylH > Cg,rt. For every 0 < ¢ < 1 define
the following {0, 1}-valued random sequence: let & be i.i.d Bernoulli random
variables such that

1_5
5

A= ’Egz 2| =
By a result stated as lemma 3 in [9] and originally proved in [2], there is an
absolute constant C' such that one needs a sample of at least C(log(1/§)e~?)
points to identify whether A = /2 or A = —&/2 with probability 1 — 4. The
idea is to assume that there is an efficient algorithm for agnostic learning, and
to use this algorithm to identify the value of A with high confidence.
Let c. = (1 —&)x +e(y1 + y2)/2, and for every integer n set

n_ Jdv4c if& =1,
we _{dv+05 if &, =0.

Note that the EW = dv/2 + c. = 2} if A =¢/2, and EW,. = 22 if A = —¢/2.
Also, for every 0 < e < 1, |[W||, < 3b. By remark 1, there is a constant Cq r

such that for every 0 < ¢ <1, ||2f — ¢|| = ||2f — vs|| = Ca,rt. Let € < 1/2 and set
e = %Cdﬂs. Assume that h € G is such that

o2 =8l = o2 = mll* <
Since Hzg - hH > Hzg - y1H then

e - e - Care
22 =Rl + 1l —wall — 2|2 =yl 2

22 = 2l = [l=2 = sl <

Therefore, h € intB(z}, |22 — c||), implying that || — 1| < ||k — y2]|.

Now, assume that one had an efficient algorithm to learn W at the scale &’.
Since the conditional expectation of W, is either 2} or 22 depending on A, then
the learning rule would produce a function h which satisfies either stl - h||2 -
|22 - y1||2 <& or [[22 - h||2 — |22 — w1 ? < . We can identify which one it
was according to the distances ||h — y1|| and ||h — y2||. We predict that A =¢/2
if h is closer to y; and that A = —¢/2 if h is closer to ys.
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By the lower bound on the sample complexity of estimating A, it was claimed
that the agnostic sample complexity
K 1
2

Ca(e,0,W.) > 1ogg,

€
where K is an absolute constant. To conclude, if this were the case, one could
find constants K;, Ko (which depend only on R and on d) such that for every
0 < & < 1/2 there is a random variable Y, such that E(Y|X) = 2! and

K, 1
Ca(Kie,0,Y) > E—;logg.

The gap in the proof is due to the different probability spaces used. The first
is the space defined by the Bernoulli random variables, and the second is the one
associated with the learning problem. The transition between the two algorithms
corresponds to a map between the two probability spaces. The problem arises
because this map does not have to be measure preserving (it is certainly not
proven to be measure preserving in [9]. Hence, a “large” subset in one space
could be mapped to a very small set in the other.

Thus, just because with probability 1 — ¢ (over the Bernoulli random vari-
ables) one can not identify which of the two values W[ takes on, one can not
conclude that with probability 1 — § (over the random variables X,Y") one can
not agnostically learn E(Y'|X). O

5 Conclusion

We have shown that a previously presented lower bound on the sample com-
plexity of agnostically learning nonconvex classes of functions F' with squared
loss has a gap in its proof. We have also presented an improved upper bound on
that sample complexity in terms of the geometry of F' and nup(F, ). The new
bound holds for “most” target conditional expectations (recall footnote 1). The
interesting thing about the upper bound is that it is intrinsically nonuniform —
functions closer to nup(F, i) are harder to learn.

The nonuniform upper bound does not, by itself, contradict the lower bound
the validity of which still remains in some doubt. The upper bound only holds
for f* ¢ nup(F, p) and, crucially, is nonuniform. The lower bound argument
relies on the construction of a series of targets f* approaching nup(F, u).

Finally, we stress that although the nonuniform upper bounds are obviously
of no use in the direct sense (in that the bound depends on a parameter that
depends on f* and thus can not be known), they do provide some guidance: if
a priori one knows something about the target function, and one wants to use a
nonconvex F'; then the bound suggests it may be wise to try and choose an F
such that nup(F, p) is very distant from f*.
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Abstract. In this article we introduce a new combinatorial parameter
which generalizes the VC dimension and the fat-shattering dimension,
and extends beyond the function-class setup. Using this parameter we
establish entropy bounds for subsets of the n-dimensional unit cube, and
in particular, we present new bounds on the empirical covering numbers
and gaussian averages associated with classes of functions in terms of the
fat-shattering dimension.

1 Introduction

Empirical entropy estimates play an important role in Machine Learning since
they are one of the only ways in which one can control the “size” of the function
class one is interested in, and thus obtain sample complexity estimates.

Thanks to the development of the theory of empirical processes in recent
years, entropy bounds are no longer the best way to obtain sample complexity
estimates. Rather, the notion of random averages (such as the Rademacher or
gaussain complexities) seems to be a better way to obtain generalization results.
However, entropy bounds are still extremely important, since they are almost
the only way in which one can establish bounds on the random complexities.
Thus, finding ways to control the empirical entropy of function classes remains
an interesting problem.

In an attempt to tackle this issue, several combinatorial parameters were
introduced, in the hope that using them, one would be able to bound the entropy.

This approach was pioneered by the work of Vapnik and Chervonenkis [17]
who introduced the VC dimension to obtain bounds on the L., empirical entropy
of Boolean classes of functions. Other results regarding the empirical entropy
of Boolean classes with respect to empirical L, norms for 1 < p < oo were
established by Dudley (see [3]) and then improved by Haussler [6].

Extending these results to classes of real-valued, uniformly bounded func-
tions is very difficult. To that end, the notion of the fat-shattering dimension
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was introduced and in [1] the authors presented empirical Lo, bounds and gen-
eralization results using this parameter. Only recently, in [9], improved empirical
entropy bounds were established for L, spaces, when 1 < p < oc.

The motivation for this article is the fact that the combinatorial parameters
used in Machine Learning literature were also used to tackle problems in Convex
Geometry [13]. Our original aim was to study a new combinatorial parameter
which would be suitable for the analysis of convex bodies in R™, but our methods
yield improved entropy bounds in terms of the fat-shattering dimension as well.

All the results presented here are based on new entropy estimates for subsets
of the unit cube in R", which is denoted by BZ . For example, we show that if
K C Bl is convex, then its controlled by its generalized Vapnik-Chervonenkis
dimension. This parameter, denoted by VC(A, t), is defined for every 0 < t < 1 as
the maximal size of a subset o of {1,...,n}, such that the coordinate projection
of K onto R? contains a coordinate cube of the form 2 + [0,¢]?. This notion
carries over to convexity the “classical” concept of the VC dimension, denoted
by VC(A), and defined for subsets A of the discrete cube {0,1}" as the maximal
size of the subset o of {1,...,n} such that P,A = {0,1}7, where P, is the
coordinate projection onto the coordinates in o (see [8] §14.3).

To see how this relates to function classes, assume that F' consists of func-
tions which are all bounded by 1. For every sample s, = {21, ....,x,} let p, =
n~t3" | 8,,, where &, is the point evaluation functional at z. Set F/s, =
{(f(xl))?zl}f € F} and note that F/s, C B". One can see that the L (u,)
covering numbers of F at scale ¢ are simply the number of translates of tn'/ PBy
needed to cover F/s,, where B;' = {(a;)f_;| >_i_ [a;|’ < 1}. Thus, by investi-
gating the structure of the sets F'/s,, the problem of estimating the empirical
entropy numbers is reduced to the analysis of the entropy of subsets of BZ .

If K is a convex body then a volumetric bound on the entropy shows that
for every 0 <t <1,

log N(K, nl/pBg,t) <log(5/t) - n,

where N (K, B,t) is the covering number of K at scale ¢, that is, the number of
translates of ¢B needed to cover K.

One question is whether it is possible to replace the dimension n on the
right-hand side of this estimate by the VC dimension VC(K, ct), which is gener-
ally smaller? This is perfectly true for the Boolean cube: the known theorem of
R. Dudley that lead to a characterization of the uniform central limit property
in the Boolean case states that if A C {0,1}" then

log N(A,n'/2BY 1) < Clog(2/t) - VC(A).

This estimate follows by a random choice of coordinates and an application of
the Sauer-Shelah Lemma (see [8] Theorem 14.12). The same problem for convex
bodies is considerably more difficult, since in that case, one needs to find a cube
in P, K with well separated faces, not merely disjoint. The same difficulty occurs
in the case of classes of real-valued functions. We prove the following theorem.
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Theorem 1. There are absolute constants C,c > 0 such that for every convex
body K C BY, every 1 < p < oo and any 0 <t <1,

log N(K,nl/pBg,t) < Cpvlog?(2/t), (1)

and n
log N(K, B2 ,t) < Cv logz(t—), (2)

v

where v = VC(K, ct).

Observe that (2) is best complemented by the lower bound log N(K, B, t) >
VC(K,ct), for some absolute constant ¢ > 0, which follows from the definition
of the generalized VC dimension and a comparison of volumes.

A very similar theorem can be formulated for general subsets of the unit
cube, which leads to this next result regarding function classes.

Theorem 2. There are absolute constants ¢ and C' such that for every 0 <t < 1,
every 1 < p < oo and every empirical measure fiy,,

log N (F, Ly(ptn), t) < Cp*vlog®(2/t) (3)

and

10g N(F, Loo($0),t) < Cv 1og2(tﬁ), (4)
v
where v = fat(F) and s, is the sample on which p, is supported.

The main difference between (3) and (4) is that the first is dimension free, in the
sense that is does not depend on the cardinality of the set on which the sample
is supported. Note that (3) is linear in the fat-shattering dimension. One can
also show that both these bounds are optimal up to the power of the logarithmic
factor. For example, a volumetric bound show that for (3) one needs at least a
factor of log(2/t).

These two theorems show that the ||-||o-entropy of a subset of B is governed
by the appropriate combinatorial parameter, up to a logarithmic factor in 1/%.

The other main result we present, deals with estimating the gaussian aver-
ages associated with a class of functions. Given a class F' and a sample s,, =
{x1,...,zn}, et E(sy) = Esupsep | 2.0 gif (2i)], where (g;)7; are independent
standard gaussian random variables.

There are many results which show that the gaussian averages (and likewise,
the Rademacher averages) play an important part in the quest for generalization
bounds [10,11], hence their importance in the Machine Learning context.

It is easy to see that E(s,) = Esupcp [(f/sn, > iy gi€i)|, where f/s, =
(f(z1),...f(zn)) and (e;)7_, is the standard basis in the n-dimensional inner
product space 3.

This naturally leads to the use of the polar of a subset of £3; if F' is a bounded
subset of £3, let the polar of F be F° = {x € {3|supscp |[(f,x)| < 1}. Let K
be the symmetric convex hull of F. As a convex and symmetric set, it is the
unit ball of a norm denoted by || ||x. It is easy to see that F'° is the unit ball
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of the norm dual to || ||k, and for every = € R", |[z|[po = supscp (f,z). Thus,
E(sn) =Bl 3211 gi€ill (7750
We shall present bounds on E = EH Dy giei‘ o for arbitrary subsets F' C
B in terms of their generalized VC dimension or their fat-shattering dimension.
Both are relatively easy once we know (1) or (3). Indeed, replacing the en-
tropy by the VC dimension in Dudley’s entropy inequality it follows that there
are absolute constants C' and ¢ such that

1

E < C/Oo \/log N(K, B, t) dt < C\/ﬁ/ V VC(K, ct)log(2/t) dt. (5)
cE/\/n c

E/n
and (o)
B(sw) <OVi [ lata(F) log(2/t) de. (6)
cE(sp)/n

where 0F(s,) = supsepn=t 30 2 ().

Inequality (5) improves the main theorem of M. Talagrand in [15].

An additional application which follows from (3) is that if F' is a class of uni-
formly bounded functions which has a relatively small fat-shattering dimension,
then it satisfies the uniform central limit theorem. This extends Dudley’s char-
acterization for VC classes to the real-valued case.

The paper is organized as follows; in Section 2 we prove the bound for the B}-
entropy in abstract finite product spaces, and then derive (1) by approximation.
In Section 3 we apply (1) to prove (3) and obtain the uniform CLT result. In
Section 4 we obtain the bounds on the gaussian complexities of a class. Finally,
in Section 5 we prove (2) for the B -entropy by reducing it to (1) through an
independent lemma that compares the Bj-entropy to the B’ -entropy.

Throughout this article, positive absolute constants are denoted by C' and c.
Their values may change from line to line, or even within the same line.

2 Bj-Entropy in Abstract Product Spaces

We will introduce and work with the notion of the VC dimension in an abstract
setting that encompasses the classes considered in the introduction.

We call amap d: T xT — Ry a quasi-metric if d is symmetric and reflexive
(that is, Va,y, d(z,y) = d(y,z) and d(z,z) = 0). We say that points 2 and y
in T are separated if d(x,y) > 0. Thus, d does not necessarily separate points or
satisfy the triangle inequality.

Definition 1. Let (T,d) be a quasi-metric space and let n be a positive inte-
ger. For a set A C T™ and t > 0, the VC-dimension VC(A,t) is the mazimal
cardinality of a subset o C {1,...,n} such that the inclusion

P, A D [[{asbi} (7)
1€0
holds for some points a;,b; € T, i € o with d(a;,b;) > t. If no such o exists,

we set VC(A,t) = 0. When there is a need to specify the underlying metric, we
denote the VC dimension by VCq(A,t).
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Since VC(A,t) is decreasing in ¢ and is bounded by n, which is the “usual”
dimension of the product space, the limit VC(A) := lim;_o, VC(A,t) always
exists. Equivalently, VC(A) is the maximal cardinality of a subset o C {1,...,n}
such that (7) holds for some pairs (a;, b;) of separated points in T.

This definition is an extension of the “classical” VC dimension for subsets of
the discrete cube {0, 1}", where we think of {0, 1} as a metric space with the 0—1
metric. Clearly, for any set A C {0,1}™ the quantity VC(A,t) does not depend
on 0 <t < 1, and hence VC(A) = max{|a| :oC{l,...,n}, P,A={0, 1}‘7},
which is precisely the “classical” definition of the VC dimension.

The other example discussed in the introduction was the VC dimension of
convex bodies. Here T' = R or, more frequently, ' = [—1, 1], both with respect
to the usual metric. If K C T™ is a convex body, then VC(K, ) is the maximal
cardinality of a subset o C {1,...,n} for which the inclusion P, K D z+(t/2)BZ,
holds for some vector € R? (which automatically lies in P, K). It is easy to see
that if K is symmetric, we can set © = 0. Also note that for every convex body
(that is a convex, symmetric subset of R” with a nonempty interior) VC(K) = n.

The generalized VC dimension may be controlled by the fat-shattering di-
mension, in the following sense. Assume that F' is a subset of the unit ball
in Loo(£2), which is denoted by B(Loo(£2)). Let s, = {1,..., 2, } be a subset of
2 and set F/sp, = {(f(21), ... f(zn))|f € F} C R". If VC(F/sp,t) = m, there
is a subset 0 C {1,...,n} of cardinality m such that P,F/s, D [[;c,{ai bi}
where |b; — a;| > t. By selecting s(z;) = (b; + a;)/2 as the witness to the
shattering (see [2]), it is clear that (x;)c, is t/2-shattered by F, and thus
VCO(F/sn,t) < faty/o(F).

The main results of this article rely on (and are easily reduced to) a dis-
crete problem: to estimate the generalized VC-dimension of a set in a product
space T™, where (T,d) is a finite quasi-metric space. T is usually endowed
with the normalized Hamming quasi-metric d,,(z,y) = n~' > d(z(i),y(i))
for xz,y € T".

In this section we bound the entropy of a set A C T"™ with respect to d,, in
terms of VC(A).

Theorem 3. Let (T,d) be a finite quasi-metric space with diam(T) < 1, and
set n to be a positive integer. Then, for every set A CT™ and every 0 < e < 1,

log N (A, dy,€) < Clog?(IT|/2) - VC(A),
where C' is an absolute constant.

Before presenting the proof, let us make two standard observations. We say
that points z,y € T™ are separated on the coordinate ig if (i) and y(ig) are
separated. Points 2 and y are called e-separated if d,, (z,y) > e.

Clearly, if A’ is a maximal e-separated subset of A then |A'| > N(A,d,,¢).
Moreover, the definition of d,, and the fact that diam(7") < 1 imply that every
two distinct points in A’ are separated on at least en coordinates. This shows
that Theorem 3 is a consequence of the following statement.
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Theorem 4. Let (T,d) be a quasi-metric space for which diam(T) < 1. Let
0 < e <1 and consider a set A C T™ such that every two distinct points in A
are separated on at least en coordinates. Then

log | 4] < C'log?(|T]/2) - VC(A). (8)

The first step in the proof of Theorem 4 is a probabilistic extraction principle,
which allows one to reduce the number of coordinates without changing the
separation assumption by much. Its proof is based on a simple discrepancy bound
for a set system.

Lemma 1. There exists an absolute constant ¢ > 0 for which the following
holds. Let ¢ > 0 and assume that S is a system of subsets of {1,...,n} which
satisfies that each S € S contains at least en elements. Let k < n be an integer
such that log |S| < cek. Then there exists a subset I C {1,...,n} of cardinality
|I| = k, such that

[INS|>ck/4 forall SeS.

Proof. If |S| = 1 the lemma is trivially true, hence we may assume that
|S] > 2. Let 0 < § < 1/2 and set d1,...,0, to be {0,1}-valued independent
random variables with E§; = § for all 4. By the classical bounds on the tails of
the binomial law (see [7], or [8] 6.3 for more general inequalities), there is an
absolute constant ¢y > 0 for which

Pl - 0)] > %571} < 2 exp(—codn). (9)

=1

Let 6 = k/2n and consider the random set I = {i : 4¢; = 1}. For any set
B c{l,...;n}, [INB|=3,c50i. Then (9) implies that

P{|10 B > 6|B|/2} > 1 — 2exp(—cod| Bl).

Since for every S € S, |S| > en, then P{|I N S| > ek/4} > 1 — 2exp(—coek/2).
Therefore, P{VS € S, [INS| > ek/4} > 1 — 2|S|exp(—coek/2). By the as-
sumption on k, this quantity is larger than 1/2 (with an appropriately chosen
absolute constant ¢). Moreover, by a similar argument, |I| < k with probability
larger than 1/2. This proves the existence of a set I satisfying the assumptions
of the lemma. a

Proof of Theorem 4. We may assume that |T]| > 2, & < 1/2, n > 2 and
max(4, exp(4c)) < |A| < |T|", where 0 < ¢ < 1 is the constant in Lemma 1. The
first step in the proof is to use previous lemma, which enables one to make the
additional assumption that log|A| > cen/4. Indeed, assume that the converse
inequality holds, and for every pair of distinct points x,y € A, let S(z,y) C
{1,...,n} be the set of coordinates on which z and y are separated. Put S to

be the collection of the sets S(z,y) and let k be the minimal positive integer for
which log |S| < cgk. Since |A] < |S] < |A|?, then

1
ce(k—1) <log|S| <2log|A| < cen,
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which implies that 1 < k < n. Thus, by Lemma 1 there is a set I C {1,...,n},
|I| = k, with the property that every pair of distinct points z,y € A is separated
on at least €]I]/4 coordinates in I. Also, since 4¢ < log|4| < log|S| < cek,
then ¢|I|/4 > 1 and thus |PrA| = |A|. Clearly, to prove the assertion of the
theorem for the set A C T™, it is sufficient to prove it for the set P;A C T!
(with |I| instead of n), whose cardinality already satisfies log|PrA| = log |A| >
ce(k—1)/2 > ce|I|/4. Therefore, we can assume that |A| = exp(an) with o > ce
for some absolute constant c.

The next step in the proof is a counting argument, which is based on the
proof of Lemma 3.3 in [1] (see also [3]).

A set is called a cube if it is of the form D, = [[;c,{ai, bi}, where o is a
subset of {1,...,n} and a;,b; € T. We will be interested only in large cubes,
which are the cubes in which a; and b; are separated for all ¢ € o. Given a set
B C T™, we say that a cube D, embeds into B if D, C P,B. Note that if a large
cube D, with |o| > v embeds into B then VC(B) > v.

Forall m > 2, n > 1 and 0 < & < 1/2, let t.(m,n) denote the maximal
number ¢ such that for every set B C T™, |B| = m, which satisfies the separation
condition we imposed (that is, every distinct points x,y € B are separated on at
least en coordinates), there exist ¢ large cubes that embed into B. If no such B
exists, we set t.(m,n) to be infinite. The number of possible large cubes D,, for
lo| < v issmaller than Y-, (7)|T|?*, as for every o of cardinality k there are less
than |T'|?* possibilities to choose D,. Therefore, if t-(|Al,n) > >, (})|T|*,
there exists a large cube D, for some |o| > v that embeds into A, implying that
VC(A) > v. Thus, to prove the theorem, it suffices to estimate t.(m,n) from
below. To that end, we will show that for every n > 2, m > 1 and 0 <e < 1/2,

t-(2m-|T|?/e,n) > 2t.(2m,n — 1). (10)

Indeed, fix any set B C T™ of cardinality |B| = 2m - |T|?/e, which satisfies the
separation condition above. If no such B exists then t.(2m - |T|?/e,n) = oo, and
(10) holds trivially. Split B arbitrarily into m - |T|?/e pairs, and denote the set
of the pairs by P. For each pair (z,y) € P let I(x,y) C {1,...,n} be the set of
the coordinates on which x and y are separated, and note that by the separation
condition, |I(x,y)| > en.

Let 79 be the random coordinate, that is, a random variable uniformly dis-
tributed in {1, ..., n}. The expected number of the pairs (z,y) € P for which iy €

I(x,y) is
E Z liiver(ey)) = Z P{ig € I(z,y)} > [P|-e =m|T|>.
(z,y)eP (z,y)eP
Hence, there is a coordinate ip on which at least m|T|* pairs (z,y) € P are
separated. By the pigeonhole principle, there are at least m|T|2/(|§|) > 2m
pairs (z,y) € P for which the (unordered) set {x(ip), y(io)} is the same.

Let I ={1,...,n}\ {io}. It follows that there are two subsets of B, denoted
by B; and Bs, such that |By| = |Bz| = 2m and

By C {bi} xT!, By c{bo} xT'!
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for some separated points by,bs € T. Clearly, the set By satisfies the separa-
tion condition and so does Bs. It is also clear that if a large cube D, embeds
into By, then it also embeds into B, and the same holds for By. Moreover, if
the same cube D, embeds into both By and Bs, then the large cube {by,ba} x
D, embeds into B (since {b1,b2} x Dy C Pp3ueB). Therefore, t.(|B|,n) >
2t en (|Byi|,n — 1)> 2t.(|B1|,n — 1), establishing (10).

n—1

Since t.(2,n) > 1, an induction argument yields that t.(2(|T|*/e)",n) > 2"
for every r > 1. Thus, for every m > 4

1
ts(m, n) > m2los(ITI2/e) |

(It is remarkable that the right hand side does not depend on n). Therefore,
VC(A) > v provided that v satisfies

v

() 2 e (o) 2 2 (1) T )

To estimate v, one can bound the right-hand side of (11) using Stirling’s approx-
imation >, _; () < [y (1 =~)'77]7", where v = v/n < 1/2. It follows that for
v<n/2, 3 (M)ITPP* < (@)2”. Taking logarithms in (11), we seek integers
v < n/2 satisfying that

an

2log(|T[?/¢)

< (g /28 (D)

proving our assertion since o > ce. O

T
> 2vlog (m)
v

This holds if

Corollary 1. Let n > 2 and p > 2 be integers, set 0 < € < 1 and g > 0.
Consider a set A C {1,...,p}" such that for every two distinct points z,y € A,
|x(?) — y(i)| > q for at least en coordinates i. Then

log [A| < Clog?(p/e) - VC(4, q).
Proof. We can assume that ¢ > 1. Define the following quasi-metric on T' =

{1,....p}
0 ifla—0
dlapy =0 Tl <a
1 otherwise.

Then N(A,d,,e) = |A|. By Theorem 3, log |A| < C'log®(p/e) - VC4(A), which
completes the proof by the definition of the metric d. O
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Now we pass from the discrete setting to the “continuous” one - namely,
we study subsets of B . Recall that the Minkowski sum of two convex bodies
A, B CR" is defined as A+ B={a+blac A, be B}.

Corollary 2. For every AC BL,0<t<1land0<e<1,
log N(A,v/nBy,t) < Clog?(2/te) - VC(A + eB™, 1/2).
Proof. Clearly, we may assume that ¢ < t/4. Put p = 2_15 and let
T ={-2ep,—2e(p—1),...,—2¢,0,2¢,...,2e(p — 1), 2ep}.

Since t — e > 3t/4, then by approximation one can find a subset A; C T™ for
which A; € A+eB? and N (A1, /nBY,t—e) > N(A,/nBY,t). Therefore, there
exists a subset Ay C A; of cardinality [As] > N(A,/nBg,t), which is 3y/n-
separated with respect to the || - ||2-norm. Note that every two distinct points
z,y € Ay satisfy that Y7, |z(i) — y(2)]* > (9t%/16)n > t*n/2 and that |z(i) —
y(i)|> < 4 for all 3. Hence |x(i) — y(i)| > t/2 on at least t>n/16 coordinates i. By
corollary 1 applied to Ay, log|As| < C'log?(2/te) - VC(Ag,t/2), and since Ay C
Ay C A+ eBL, our claim follows. ad

From this we derive the entropy estimate (1).

Corollary 3. There exists an absolute constant C such that for any convex body
K C BL, and every 0 <t <1,

log N (K, v/nBy,t) < Clog?(2/t) - VC(K,t/4).

Proof. This estimate follows from Corollary 2 by selecting e = ¢/4 and recalling
the fact that for every convex body K C R™ and every 0 < b < a,

VC(K +bB,,a) < VC(K,a —b).

The latter inequality is a consequence of the definition of the VC-dimension
and the observation that if 0 < b < a are such that aB}, C K + bBZ, then
(a—b)BL C K. O

Note that Corollary 2 and Corollary 3 can be extended to the case where the
covering numbers are computed with respect to nl/pBg for 1 < p < oo, thus
establishing the complete claim in (1).

3 Fat-Shattering Dimension and Entropy

Turning to the case of function classes, we will show that one can obtain empirical
entropy bounds in terms of the fat-shattering dimension.

Let F C B(Ls(£2)) and fix a set s, € §2. For every f € F let f/s, =
>oicy f(xi)ei € F/sn. Recall that, || f =gl L, () = II1f /0 —39/3nllympy, implying
that for every t > 0, N(F, Lg(un),t) = N(F/sn, \/ﬁBg,t). Also, observe that
for any t > 0,

VC(F/s, + éBgo, %) < faty (F/sn + éB;;) < faty (F/s,) < fats (F).  (12)
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Theorem 5. There is an absolute constant C such that for any class F C
B(LOO(Q)), any integer n, every empirical measure p, and every t > 0,

log N (F, La(pn), t) < Cfatys(F)log®(2/t).

Proof. Let s, = {z1,...,x,} be the points on which p,, is supported, and apply
corollary 2 for the set F/s,. We obtain that

t
log N (F/sn, VB, 1) < Clog*(2/t) - VC(F/sn + < B2, 1/2)

and our claim follows from (12). a

Remark. It is possible to show that this bound is essentially tight. Indeed, fix
a class F C B(Loo(£2)) and put H(t) = sup, sup,, log N (F, Ly(un),t) (that is,
the supremum is taken with respect to all the empirical measures supported on
a finite set). By theorem 5, H(t) < Cfat%(F) log® (2/t). On the other hand it
was shown in [9] that H(t) > cfatie:(F, £2) for some absolute constant c.

This uniform entropy estimate gives us the opportunity to prove a result
which is important in the context of empirical processes.

Empirical covering numbers play a central role in the theory of empirical
processes. They can be used to characterize classes which satisfy the uniform
law of large numbers (see [1] or [18] for a detailed discussion). Indeed, if F C
B(Loo(£2)) then F satisfies the uniform law of large numbers if and only if
sup,,, logN(F7 Lo(pn), 5) = o(n) for every ¢ > 0, where the supremum is taken
with respect to all empirical measures supported on at most n elements of (2.
In [1] it was shown that F' C B(Lo(2)) satisfies the uniform law of large
numbers if and only if fat.(F) < oo for every € > 0.

Another important application of covering numbers estimates is the analysis
of the uniform central limit property.

Definition 2. Let F C B(Loo(£2)), set P to be a probability measure on {2
and assume Gp to be a gaussian process indexed by F, which has mean 0 and
covariance

BGr(f)Grelg) = [ foap ~ [ jap [ gap

A class F is called a universal Donsker class if for any probability measure P
the law Gp is tight in loo(F) and vl = n'/?(P, — P) € {o(F) converges in law
to Gp in loo(F).

A property stronger than the universal Donsker property is the uniform Donsker
property. For such classes, v’ converges to Gp uniformly in P in some sense.
A detailed discussion on uniform Donsker classes is beyond the scope of this
article. We refer the reader to [5] or [4] for additional information.

It is possible to show that the uniform Donsker property is connected to

estimates on covering numbers [1].
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Theorem 6. Let F C B(Loo(£2)). If

/ sup sup \/logN(F, Lg(un),a) de < o0,
0 n pn

then F is a uniform Donsker class.

Having this entropy condition in mind, it is natural to try to find covering
numbers estimates which are “dimension free”, that is, do not depend on the size
of the sample. In the Boolean case, such bounds where first obtained by Dudley
(see [8] Theorem 14.13), and then improved by Haussler [6,18] who showed that
for any empirical measure p,, and any Boolean class F,

N(F, Ly(p),e) < Cd(4e)?e 27,

where C' is an absolute constant and d = VC(F'). In particular this shows that
every VC class is a uniform Donsker class.
We can extend Dudley’s result from VC classes to the real valued case.

Corollary 4. If F' C B(Loo(£2)) and fol VTatys(F)log 2 dt converges then F

s a uniform Donsker class.

In particular this shows that if fat.(F') is “slightly better” than 1/&2, then F
is a uniform Donsker class.

4 Gaussian Complexities

The result we present below improves the main result of M. Talagrand from [15].

Theorem 7. There are absolute constants C,c > 0 such that for every convex

body K C B,
1

E < C\/ﬁ/ V' VC(K,ct)log(2/t)dt,

E/n
where E =E|| Y"1 | giei| ko, and (e;)i, is the canonical vector basis in R™.

For the proof, we need a few standard definitions and facts from the local
theory of Banach spaces, which may be found in [12].

Given an integer n, let S~ ! be the unit Euclidean sphere with the normal-
ized Lebesgue measure o, and for every measurable set A C R™ denote by
vol(A) its Lebesgue measure in R™. For a convex body K in R", put Mg =
Jon—1 |zl x don(z) and let Mj; denote Mgo, where K° is the polar of K. Re-
call that for any two convex bodies K and L, My, < My + Mj. Urysohn’s

inequality states that (‘:;OII((BI?) ) Vv I
2

Next, put ¢(K) = E| 31", giei|| x, where (g;)7; are independent standard
gaussian random variables and (e;)}_; is the canonical basis of R™. It is well
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known that ¢(K) = ¢,/nMg, where ¢, < 1 and ¢,, — 1 as n — co. Recall that
by Dudley’s inequality (see [14]) there is an absolute constant Cy such that for
every convex body K,

U(K°) < 01/ \/log N(K, B}, €) de.
0

It is possible to slightly improve Dudley’s inequality using an additional
volumetric argument. This observation is due to A. Pajor, and we omit its proof.

Lemma 2. There exist absolute constants C and ¢ such that for any set K C R"

K(KO)SC/ \/log N(K, By, ¢) de.
cM iy,

Proof of Theorem 7. By Lemma 2, there exist absolute constants C' and ¢

such that o
E:f(K")gC/ \/log N(K, By, t) dt.
cE/\n

Since K C B C /nB%, the integrand vanishes for all ¢ > /n. Therefore,
changing the integration variable and using Corollary 3,

1

\/ﬁ
Egc/ byWKngﬁ:Qﬁ/,/w%Nmnﬂ@gﬂﬁ
cE/\/n c

E/n
1

< C\/ﬁ/ VVC(K,ct)log(2/t) dt,

E/n
as claimed. ]
In a similar way to theorem 7 one can obtain the following:

Theorem 8. There are absolute constants C' and ¢ for which the following holds.
Let F be a class of functions which are all bounded by 1, set s, = {x1,...,xn} to
be a sample and let G, = n~"?sup cp | S0, gif (xi)]. Then,

or(sn)
G, < C / ata (B log(2/4) dt, (13)
G/V

where o%(s,) = n~ Y1, f2(x;) and p, is the empirical measure supported
on Sy,

To complement this result, let us mention another one of Talagrand’s results,
which enables one to estimate the expectation of 0% when s, is selected randomly
according to an underlying probability measure.

Lemma 3. [/6] There is an absolute constant C such that for any class F of
functions bounded by 1,

E 2(X;)) <nt®> +CE if (Xo)|,

where (X;) are independent, distributed according to p and 72 = SUP e E,f%
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Results of the nature of theorem 8 combined with lemma 3 were used to ob-
tain estimates or the “localized” gaussian averages in [10,11] to obtain improved
complexity estimates for various learning problems.

5 Application: B? -Entropy

In this section we prove estimate (2), which improves the main combinatorial
result in [1]. Our result can be equivalently stated as follows.

Theorem 9. Let K C BZ be a convex body, sett > 0 and put v = VC(K,/8).
Then,

log N (K, B" ,t) < Cv -log?(n/tv), (14)
where C' is an absolute constant.

This estimate should be compared with the Sauer-Shelah lemma for subsets
of the Boolean cube {0,1}™. It says that if A C {0,1}" then for v = VC(K) we
have [A| < (3) + (1) + ...+ (}), so that

log |A] < 2v -log(n/v)

(and note that, of course, |A| = N(K,B%,t) for all 0 < ¢t < 1/2).

We reduce the proof of (14) to an application of the Bj-entropy estimate
(1). As a start, note that for p = logn, B C nl/pB;} C eB . Therefore, an
application of (1) for this value of p yields

log N(K,B" ,t) < Cv -log?(n/t),

which is slightly worse than (14).
To deduce (14) we need a result that compares the B -entropy to the B -
entropy, and which may be useful in other applications as well.

Lemma 4. There is an absolute constant ¢ > 0 such that the following holds.
Let A be a subset of Bl such that every two distinct points x,y € A satisfy
|z — yl|loo > t. Then, for every integer 1 < k < n/2, there exists a subset A’ C A
of cardinality

0= (1) erial

with the property that every two distinct points in A" satisfy that |z (i) — y(i)| >
t/2 for at least k coordinates i.

Proof. We can assume that 0 < ¢ < 1/8. Set s = t/2. The separation as-
sumption imply that N(A, BZ,s) > |A|. Denote by Dy, the set of all points
in R™ for which |2(¢)] > 1 on at most k coordinates i. One can see that
N(A,Dy,s) = N(A,sDy,1) = N(A,sDy N 3BZ2,1). Then, by the submulti-
plicative property of the covering numbers,

N(A,BZ,s) < N(A,sDyN3B%,1)- N(sDy N3BL, B, s)
< N(A,sDg,1) - N(sDy N3BL, B, s). (15)
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To bound the second term, write Dy, as
D= (R" +(-1, 1)””),
lo|=k

where the union is taken with respect to all subsets o C {1,...,n} and o€ is the
complement of . Thus,

sDyN3BL = | (3B§0 + (—s, s)ac).
lo|=k
Denote by N’(A, B, t) the number of translates of ¢B by vectors in A needed to
cover A. Therefore,
N(sDyN3BY, < > N(3BL + (5,57 ,BL.s)
lo|=k
< > N'(3BL,BL.s).
lo|=k

The latter inequality holds because any cover of 3B by translates of sBl,
automatically covers 3BZ + (—s,5)° . Hence, for some absolute constant C,

N(sDyN3BL,BY,s) < (Z) N'(3B% , B" | s)

< ()enr

by a comparison of the volumes, and by (15) we obtain

N 2 (7) eornanzs 2 (1) era)

from which the statement of the lemma follows by the definition of Dy,. a

Proof of Theorem 9. Fix 0 < ¢t < 1, and define a by log N(K, B ,t) =
exp(an). Hence, there exists a set A C K of cardinality |A| = exp(an), where
every two distinct points z,y € A satisfy that ||z — y|lec > t. Applying Lemma 4
we obtain a subset A’ C A C K of cardinality

—1
1= () oren

such that for every two distinct points in A’, |x(i) — y(i)| > t/2 on at least k
coordinates i. Selecting k = 57— we sce that |A'| > ean/?,

The proof is completed by discretizing A’ and applying Corollary 1 with
p = 4/t and € = k/n in the same manner as we did in the previous section.
Therefore

an/2 =log|A'| < C'log? ( ) VC(A' + (t/4)BZ ,t/2)
< C'log? (1/ta) -VC(K,t/4),

and thus an < clog?(n/tv) - v, as claimed. ad
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Remark. As the proof shows, only a slight modification is needed to obtain
the analogous result for function classes. Due to the lack of space, we omit the
formulation and the proof of this assertion.
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Geometric Parameters of Kernel Machines
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Abstract. We investigate the fat-shattering dimension and the localized
Rademacher averages of kernel machines and their connection to the
eigenvalues associated with the kernel.

1 Introduction

In this article we investigate two parameters which may be used to obtain er-
ror bounds for various kernel machines - the fat-shattering dimension and the
Rademacher averages'.

Using the reproducing kernel property, the problem of estimating the fat-
shattering dimension becomes a problem in convex geometry. The approach we
introduce uses estimates on the volume of convex bodies which are naturally asso-
ciated with kernel machines. We show that from this viewpoint, the most impor-
tant quantity is the volume of the symmetric convex hull of {®(z1), ..., P(x,)},
where @ is the kernel feature map and {z1, ...,z,} is the shattered set (see sec-
tion 3). The bound we present is given in terms of eigenvalues of Gram matrices,
and we show that in some cases the bound is optimal. We then impose a “global”
assumption on the kernel, namely, that the eigenfunctions of the integral oper-
ator are uniformly bounded. In that case, it is possible to bound the volume
of the symmetric convex hull of {®(z1),...,P(z,)} using the eigenvalues of the
integral operator, which yields a bound on the fat-shattering dimension of the
class.

The second result we present deals with the Rademacher averages of kernel
machines. Let p be a probability measure on {2 and set (X;)!"; to be inde-
pendent random variables distributed according to u. One can show that the
function H} (o) =n~/?Esup,cp, B, f2<0? |2imy €if (Xi)|, where (g;)i; are in-
dependent Rademacher random variables, plays an important role in the perfor-
mance of the class F' (see appendix A).

We establish tight bounds on H7 for kernel classes defined by an integral
operator, in terms of the eigenvalues of the integral operator.

An observation which follows from our analysis is that any attempt to obtain
tight generalization bounds using spectral methods (assumptions on either the
eigenvalues of the integral operator associated with the kernel K or on those of

! T would like to thank Gideon Schechtman and Vladimir Koltchinskii for many stim-
ulating discussions. This work was supported by the Australian Research Council.

J. Kivinen and R. H. Sloan (Eds.): COLT 2002, LNAI 2375, pp. 29-43, 2002.
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the Gram matrices) is bound to fail. Indeed, since the spectrum of the integral
operator might change dramatically when the measure changes, such spectral
bounds are useless without an a-priori information on the underlying measure u,
which is unavailable in the usual formulation of a learning problem. Furthermore,
we show that the fat-shattering dimension depends on the set (€(z;)) and not
just on the spectrum of the Gram matrix, thus, a purely spectral-based bound
would always be suboptimal.

In this work all absolute constants are denoted by C' or ¢. Their values may
change from line to line, or even within the same line.

1.1 Kernel Machines

A kernel is a bounded positive definite continuous function K : 2 x 2 — R
for a compact domain (2. For every fixed set {yi,...,y,} (r may be infinite)
we are interested the class F' = {3/ v K (y;, —)|(ci)i_; € A}, where A is a
constraint. For example, the most commonly used constraint is to assume that
each (a;)$2, € Aif and only if it satisfies that Z;}fj:l a; ;K (yi,y;) < 1. Another
example is the case of the so-called ¢, machines, where the constraint is given
by Yoi_;lagl? <1, reN.

Recall that if y is a Borel measure on {2 then each positive definite ker-
nel K is associated with an integral operator Tk : La(u) — Lao(p), defined
by Tk f = fy K(z,y)f(y)du(y). There are many results connecting the perfor-
mance of kernel machines and the eigenvalues of the integral operator defined
by K [3]. All the results are based on two fundamental ideas. Firstly, one may
apply the notion of reproducing kernel Hilbert spaces to show that each class F' is
embedded in a Hilbert space. To that end, note that every y € {2 may be embed-
ded in /5 using the feature map @ : {2 — {5. Indeed, by Mercer’s Theorem, there is
a complete orthonormal basis of L (1) consisting of eigenfunctions of the integral
operator Tk, such that K(y1,y2) = > oy Ni¢i(y1)di(y2) for every y1,y2 € £2,
where (¢;)5°, are the eigenfunctions and ();)$°, are the corresponding eigen-
values of the integral operator Tk. For every y € (2, let $(y) = (‘//\_1@(3/))21
Moreover, each f € F may be embedded in {5, by mapping Y _;_, o; K (y;, —) to
Yoi_ i ®(y;) = D(f). Tt is easy to see that for every f € F and every y € {2,
1) = (@), 2(y)).

The second observation is that the “size” of ®(F) and ¢({2) may be con-
trolled. For example, in [14] the authors used estimates on the entropy numbers
of diagonal operators to bound the empirical L., covering numbers of several
families of kernel machines, under an assumption that the eigenfunctions of the
kernel are uniformly bounded. The argument is based on the fact that the image
of the feature map @({2) is contained in an ellipsoid in ¢2, for which the lengths
of the principle axes have a similar behaviour to the eigenvalues of the integral
operator associated with the kernel. In the volumetric approach presented here
we investigate the volume of sections of @(F) and &(f2), since these quantities
may be used to control the fat-shattering dimension of F'.
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We focus on Fx = {327, aiK (yi, 2)| Y55_; iy K (yi,y;) < 1}, and on
FP(y1,.ym) = {Xi) aiK(yi,x)’ Sl <1, |Iflle < 1} Recall that
&(Fk) is the unit ball in the reproducing kernel Hilbert space.

Let us turn to a few standard definitions and notation which will be needed
in the sequel. From here on we sometimes abuse notation and identify a class
with its image in the reproducing kernel Hilbert space under the feature map.

Denote by fat.(F, {2) the fat-shattering dimension of the F' at scale e. For
every integer n, let fat, ! be the largest e such that there exists a set of car-
dinality n which is e-shattered by F. Hence, fat, ! is the formal inverse of the
fat-shattering dimension.

Given a metric space (X,d), let N(e, X,d) be the covering numbers of the
set X by balls (with respect to the metric d) of radius €. One metric we shall
be interested in is the empirical Lo metric: if {z1,...,x,} C 2, let J,, be the
point evaluation functional at ; and put o, =n~' 370, 85,. Then, [|f]l;, (.. ) =
(0t S0 f2 )

The following is tightest known bound on the Ly(u,) covering numbers in
terms of the fat-shattering dimension [8].

Theorem 11 There is an absolute constant C such that for every class F of
functions bounded by 1, every empirical measure [, and every e > 0,

log N (e, F, Ly(pin)) < Cfat.s(F)log(2/e).

The results regarding the fat-shattering dimension we establish will enable us to
bound the covering numbers of kernel classes, and this provides an alternative
way to estimate the localized Rademacher averages (see definition below) as in [7].

One of the main difficulties in the way performance bounds depend on the
fat-shattering dimension is the fact that the fat-shattering dimension is a “worst
case parameter” and does not take into account the measure according to which
the sampling is done. A parameter which serves as a powerful alternative to the

fat-shattering dimension is a “localized” version of the Rademacher averages.

Definition 12 For every class of functions F on (£2,1), every integer n and
every o > 0, let H (o) = n’l/QEsuprF,]Eufz<gz >0 i f(Xa)| where (5)1,
are independent, Rademacher random variables and (X;) are independent, dis-
tributed according to .

Since the way in which the localized Rademacher averages may be used to con-
trol the generalization performance of the class is not the main topic of this
article, we will not present such results in the body of the text. Results which
describes how H7}: can be used to establish error bounds will be briefly discussed
in appendix A.

1.2 Background in Convex Geometry

Given a real Banach space X, let Bx (or B(X)) be its unit ball and set X* to
be the dual space. For every integer n, we fix the Euclidean structure < , > on
R™ with an orthonormal basis denoted by (e;) .
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A set K is called symmetric if the fact that x € K implies that —x € K.
The symmetric convex hull of K, denoted by absconv(K), is the convex hull of
KU-K.

If K C R" is bounded, convex and symmetric with a nonempty interior,
then K is a unit ball of a norm denoted by || || . It is possible to show that the
polar of K, defined as K° = {z € R"|sup,cx(k,z) < 1} is the unit ball of the
dual space of (R", || || 5)- In the sequel we shall abuse notation and denote by K
the normed space whose unit ball is K. From here on, a ball will be a bounded,
convex and symmetric subset of R”, with a nonempty interior.

If 1 < p < oo, let £7 be R™ endowed with the norm [y, azeqll, =
(o0 Jail!)VP. £ is R™ endowed with the norm [0 azeql| = sup; |ag|.
By is the unit ball of £, and for every 1 < p < oo, (By)° = By, where
1/p+1/p’ = 1. In this case, p’ is called the conjugate index of p.

If £2 is a set, let Lo (£2) be the space of bounded functions on {2 with respect
to the norm |[f[| = sup,ep | f(w)]-

As stated above, we can identify /5 with R™. Hence, ¢ is endowed with the n-
dimensional Lebesgue measure, denoted by | |. Let GL,, be the set of invertible
operators T : R™ — R™. It is easy to see that for every measurable set A C R"
and every T' € GL,,, |TA| = |det(T)| |A|. We say that a set A C R™ is an ellipsoid
if there is some T' € GL,,, such that A =T B3

It will be useful to determine the volume of the balls B]' and the volume of

P
their sections. First, let us mention the following well known fact.

Theorem 13 [/1] There are absolute constants C' and c¢ such that for every

integer n and every 1 < p < oo, en~ P < |Bg|1/n < Cn~Y/e,

Unlike the clear structure of sections of By, the geometry of sections of B} is
far less obvious. The following result, due to Meyer and Pajor [9], bounds the
volume of k-dimensional sections of B,

Theorem 14 For every k-dimensional subspace E C R" and every

B'NE B"NE
1<p<q<oo, ||ka| | > | |j9k| |
P q

By selecting ¢ = 2 it follows that for 1 < p < 2, the volume of any k-dimensional
section of By is smaller than the volume of B;f. Similarly, by taking p = 2, the
volume of any k-dimensional section of By for 2 < ¢ < oo is larger than the
volume of Bf;.

An important fact about the volume of balls are the Santal6 and inverse
Santald inequalities.

Theorem 15 There is an absolute constant ¢ such that for every integer n and

every ball K C R", ¢ < (%)1/71 <1.
2
The upper bound was established by Santald, while the lower bound is due to
Bourgain and Milman. The proof to both parts may be found in [11].
One of the tools used in modern convex geometry is the notion of volume

ratios. The idea is to compare the volume of a given ball with the “best” possible
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volume of an ellipsoid contained in it, since this may be used to understand “how
close” the norm induced by the ball is to a Euclidean structure.

Definition 16 For every ball K C R™, the volume ratio of K is vr(K) =

1/
sup( |1|1}];in| ) "

that TBY C K. The external volume ratio is defined as evr(K) = inf
where the infimum is with respect to all T € GL,, such that K C TB%.

, where the supremum is taken with respect to all T € GL, such

|TBy| ) 1/n
|K]

)

It is possible to show [l1] that both the supremum and the infimum in the
definition above are uniquely attained. Hence, for every ball K C R™ there is an
ellipsoid of maximal volume contained in K and an ellipsoid of minimal volume
containing K. The ellipsoid of maximal volume contained in K is denoted by
€k, and the ellipsoid of minimal volume containing K is denoted by Ex. Tt is
evident that for every ball K, £f, = Exo.

If K is an ellipsoid then vr(K) = evr(K) = 1. Moreover, one can show that
for every ball K C R™, vr(K) < y/n. A significant fact is that the volume ratio
of ¢ is asymptotically the worst possible, and is of the order of /n (see [1]).
In fact, For every integer n, vr(BX) = 4/ |B§|1/n.

A different notion of volume ratios is the cubic ratios which was introduced

by Keith Ball. For every ball K C R" let cx(K) = infrear,, kcrpn (%) .

Lemma 17 [1] There are absolute constants ¢ and C such that for every inte-
ger n and every ball K C R™, ¢cy/n < vr(K)cr(K) < Cy/n.

2 Linear Fat-Shattering Dimension

The goal of this section is to bound the fat-shattering dimension in a scenario
which is more general than just kernel machines. To that end, we present a
geometric interpretation of the fat-shattering dimension in the linear case, when
2Cc X and F = Bx-+.

Lemma 21 Let X be a Banach space. Assume that {x1,...,2,} C X, let A be
the symmetric conver hull of {x1,...,x,} and set E = span{xy,...,x,}. Then
{z1, ...,z } is e-shattered by Bx« if and only if {x1,...,x,} are linearly indepen-
dent and e(Bx N E) C A.

[154

We present a proof only to the “if’” part. The “only if” is a modification of a
result from [7] and we omit its proof.

(Partial) Proof: Define T : {7 — (5 by Te; = x;. For every I C {1,...,n}
there is some v € B such that <v,ei> =1ifie I and <v,ej> = —1 otherwise.
Note that (v,e;) = (v,T"1Te;) = (T~ v, Te;) and that A° = (TB})° =
T-Y" B2, implying that T~ v € A°. If ¢(Bx N E) C A then A° C e '(Bx N
E)° = ¢ 'PgBx-, where Pg is the orthogonal projection onto E. Thus, there
is some z* € Bx- such that T v = tPgz* for some 0 < t < 1. Hence,
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<x*,:1ci> = <:B*,Tei> = <PEx*,Tei> = t_1<T_1*v,Tei> > e ifi € I. By a similar
argument, <:E*,Tej> < —¢ if j & I, which shows that {x1,...,2,} is e-shattered
by BX* .
O
Using this geometric interpretation, the question we investigate can be for-
mulated in the following manner:

Question 22 Let K and L be two convex and symmetric subsets of R®. For
every € > 0, what is the largest integer n such that the following holds: there
exists a set {x1,...,x,} C K of linearly independent vectors, such that eL C
absconv{z, ..., xn}?

The next theorem provides a partial solution to this problem, based on the
volumetric approach.

Theorem 23 There is an absolute constant C' such that for every integers
n < m and every conver and symmetric sets K, L C R™ the following holds:

if {x1,...,2n} C K is e-shattered by L° then
C |[KNE[\=
< = KNE)Y)|——) .

Vs Zvr(( ))(|LmE|)

Proof: Assume that {xi,...,2,} C K is e-shattered by L°. By Lemma 21,
e(LNE) C AC KnNE, where A is the symmetric convex hull of {z1,...,2,},
and thus, (K N E)° C A°. By Lemma 17

oVt < (K N EP)ar((K 0 EY) < (080 (5 )

[(KNE
1 o/ (LNEY\N% C o (IKNEN\=®
§gvr((Kﬁ E) )<W> < ;Vr((KﬁE) )(m) ,

where the last inequality follows from the Santalo and inverse Santalo inequali-
ties.
O
Let us mention a few facts we require. Firstly, the assumption that K and L
are finite dimensional bodies is merely for convenience. It suffices to assume
that they are both bounded subsets of /5. Secondly, using Santalo’s inequality,
vi((KNE)°)|K NE| " < |Exnp| ™. Therefore, from the volumetric point of view,
all that matters is the volume of the ellipsoid of minimal volume containing the
section of K spanned by {1, ..., 2, }.
Finally, if one is interested in fat,:l of a given of set {z1,...,x,}, one can
take K to be the symmetric convex hull of the given set. Thus K = TBY,
where T : {} — {2 is defined by Te; = x;. In this case, we are interested in

the volume of the ellipsoid of minimal volume containing 7T'B7'. Observe that

|Erpp|Y/™ s equivalent to n~Y/2([]}, )\i)l/n, where (\;)"_, are the singular

values of the operator T', that is, the eigenvalues of vT*T. Also note that if
£ C ly is an ellipsoid and if TB} C & then |Erpn| < [['2; a;, where (a;){2, are
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the lengths of the principle axes of £ arranged in a non-increasing order. Indeed,
the n-dimensional section of £ spanned by T'BY' is an ellipsoid containing T'BY',
therefore, its volume must be larger than that of Erpn.

3 The Fat-Shattering Dimension of Kernel Machines

Applying the volumetric approach, one can investigate the fat-shattering dimen-
sion of kernel machines. In most cases, the bounds we present will be given in
terms of the geometric mean of the eigenvalues of Gram matrices. The difficulty
arises since the bounds will be in a “worst case scenario” - the supremum with
respect to all Gram matrices of a given dimension, making it difficult to compute.
Therefore, we will present some bounds which depend on the eigenvalues of the
integral operator, under an additional assumption on the kernel. Throughout
this section, we denote by f5 the reproducing kernel Hilbert space.

3.1 The Fat-Shattering Dimension of Fik

Assume that S = {z1,...,z,} C 2. We wish to estimate fat, ' (Ff,S) in terms
of the eigenvalues of the Gram matrix (K (z;,z;)).

For every S = {x1,...,x,} let Ps be the orthogonal projection in the re-
producing kernel Hilbert space onto the space spanned by {®(z1),...,2(x,)}.
Clearly, S is e-shattered by Fk if and only if it is e-shattered by Pg(Fk).
Moreover, since Fg is the unit ball in the reproducing kernel Hilbert space
then Ps(Fr) C Fy, and thus, fat, ' (Fx,S) = fat, ' (Ps(Fx),S). Recall that
Ps(Fk) C 42 is an n-dimensional Euclidean ball BY. Let Tg : {7 — {5 be given
by Tse; = ®(x;). Hence, fat, '(Fx,S) = fat, "(BY,{Tsei,...,Tse,}), imply-
ing that fat, ' (Fi, 2) = SUP g fat, ' (By,{Tsei, ..., Tse,}), and the supremum
is taken with respect to all the injective operators which map the formal unit
vector basis in R™, (e;)!_;, into ®(£2).

Using the volumetric approach (Theorem 23), we may take K = T B} and
L° = By. Hence, if {1, ...,x,,} is e-shattered by Fx then n < Ce=2([[/_, A\})¥/",
where ()\;) are the singular values of T's. However, in this case one can use a more
direct approach, which yields the optimal bound in terms of the singular values
of the operator Tgs.

Given a set of singular values (arranged in a non-increasing order) A =
{A\1, s An}, let T4 be the subset of GL,, consisting of matrices which have A as
singular values and set a,, (T) = fat, ' (BY, {Tey, ..., Te,}).

Theorem 31 For every set A of singular values, infrer, an(T) = A /v/n and
supper, om(T) = (31 )\_2)71/2. This implies that for every \,/v/n < t <

i=1"\
(>, )\;2)_1/2, there is some T € Ty such that fat, ' (BY,{Tey,...,Te,}) = t.
A consequence of this result is that the geometry of &({2) is as important as
the spectral properties in determining the fat-shattering dimension. Indeed, the
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geometry of @({2) is the constraint which determines which values of A, /\/n <
t< (X, A;2)71/2 can be obtained.

Proof: By lemma 21, for every T' € GL,,,

o (T) = sup{ele By C TB}} = (Hnlllaxl ||x||TBIL)71.
z|[,=
Thus, supper, an(T) = (infrer, max),,=1 [|2|lpp;,) ", while infrer, an(T) =

(suprer, maxz),=1 [|/lppp) 7"
Since (TB})° = T~'" B2, then for every ,

n
o ’ _ 7T—1* = T_l ) i€/
[ ye(s%lg?)jx y) yselg%o@ y) (Ei)?j;lf,l,l}n< @ ;aze)

and maXquzzl ”‘T”TB{‘ = Sup(ai)?:le{_l,l}n Sup‘|$‘|2:1<T—1gg, Z?:l Eiei>- By the
polar decomposition, T—! = ODU where U and O are orthogonal and D is diag-
onal, and since the Euclidean ball is invariant under orthogonal transformations,

n
inf max Ha:HTB? = inf sup sup <ODx,Z€iei>
TeTA |lz]l,=1 0€0(n) (g e{~1,1}" ||a|l,=1 o

n
sup max H;CHTB{L = sup sup sup <OD.’L',ZEZ'€Z'>.
TET, llzl,=1 0€0(n) (1), €{—1,1}" [|zll,=1 i—1

where D is the diagonal matrix with the set of eigenvalues A\; ' and O(n) is the
set of orthogonal matrices on R™. Set (u;) to be the eigenvalues of D=1 arranged
in a non-increasing order. That is, 1 = A\t < ... < i, = AT L

Let f(O) = Sup(ei)?:1€{71,1}n Sllp“z“2:1<ODI, Z?:l €i6i>-

To compute infoeom) f(O), fix any orthogonal matrix O = (O;;) and any
vector (g;)7, € {—1,1}". A straightforward use of Lagrange multipliers shows

that
sup <OD:C,ZEZ'€¢> = (Z u? (Z aiOij)Q) ’. (3.1)
i=1 j=1 i=1

llzll,=1

Set H(er,.nen) = D0y 13 (20 51-017-)2. Taking the expectation of H with

respect to the Rademacher random variables (¢;)1_,

BH =Y 2B () ei0y)" =Y 12> 04 =3 42
j=1 i=1 j=1  i=1 j=1

Thus, there is a realization (¢;)/_; € {—1,1}" such that H(e1,...,e,) > >7_ 3,
implying that infrer, max|,, =1 [#ll75, = >r, )\;2)1/2, as claimed.

To show that we actually have an equality, take T" to be the diagonal operator
and observe that f(I) = (3, u?)lm, proving that the upper bound is optimal.
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Finally, by (3.1),

/2
sup f(O) = Sup Zu = Vnp,

0€O0(n) I2ll,=vn =1

which yields the lower bound on the fat-shattering dimension.
O

It is easy to see that if Te; = ¢(z;) then T*T = (K (x;,2;)). Thus, we obtain
the following

Corollary 32 Let K be a kernel. Then, for every e >0

1 5
s oe) 20

i=1"1

fat. (Fg, 2) < sup{ann ={x1,...,zn} (

where (0;(sy)) are the eigenvalues of the Gram matriz (K (z;, z;)).

Since the harmonic mean of (6;(s,)) is bounded by the geometric mean, this
bound is better than the bound established via the volumetric approach.

3.2 The Fat-Shattering Dimension of ¢, Machines

Next, we prove an estimate on the fat-shattering dimension of ¢, machines.
Unlike the previous case, we will see that the number of the basis functions
which form the class influences the fat-shattering dimension.

Theorem 33 Let K be a kernel and let 1 < p < 2. If {x1,...,2,} is e-shattered
by FP(y1, ..., Yym) then n < C’e’p(Hzlzl 010)952))10/2”, where (910)) are the eigen-
values of (K(xi,xj)), (91@)) are the n largest eigenvalues of (K(yl,yj)) and C

is an absolute constant.

Proof: Fix an integer m and a set {y1, ..., ym }. By the reproducing kernel prop-
erty, if s, = {21, ..., . } is e-shattered by H = F?(y1, ..., Ym ) then the same holds
for {&(x1), ..., P(x,)}. Define Ty : €7 — Ly by The; = &(x;) and Ty : €5 — Lo
by Tee; = P(y;). Set Q = Tidgm —ep and note that H = QB]'. Therefore,

fat. (H, sn) = fat, (QB;", {Teq, ...,Tlen}) = fat, (B;”, {Q*Teq, ..., Q*Tlen}).

Let T = QT : {1 — {7 and set E to be T'¢}. Using the notation of theo-
rem 23, K = TB? and L° = B™. Thus, i < Ce='(|€x|/ LN E|)"". De-
note by Q% the restriction of Q* to E. Since £ = Q4 T1BY then |[Ex|/" <
en V2 (TT, AV where (M), j = 1,2 are the singular values of T}. By
the Meyer-Pajor Theorem, |B£7 N E| |B" | Thus, n < Ce™? (H 0, 1)0(2 )2"

where (910)) are the eigenvalues of (K (z;,x;)) and (91( )) are the n largest eigen-

values of (K (y;,y;)).
O
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3.3 Global Assumptions

As we mentioned in previous sections, one important aspect in the volumetric
approach is to bound on the volume of the ellipsoid of minimal volume containing
T BT, where T : {7 — {5 maps e; to @(x;). Our aim is to replace the eigenvalues
of the Gram matrix by a “global” quantity. To that end, we assume that the
eigenfunctions of the integral operator are uniformly bounded, which implies
that there is a relatively small ellipsoid £ C 5 such that ¢(£2) C &.

Lemma 34 [7,1/] Assume that K(x,y) = Y .01 Nidi(x)di(y) for every z,y €
2 and that the eigenvalues (¢;)32, of Tk are all bounded by 1. Set (a,)32, € £o to
be such that (bp)o>y = (VAn/an)ozy € L2 and put R = ||(by)ll,,. If A: Ly — lo
is defined by Ae; = Raze; = dieq, and if € = A(B(EQ)), then for every x € (2,
P(x) € E.

As an example, we can apply our results (using the notation of the previous
results) and obtain the following estimates on the fat-shattering dimension

Theorem 35 There is an absolute constant C such that the following holds:
for every kernel which satisfies the assumption of lemma 34 and any sam-

ple s, which is e-shattered by Fi, € < C’(H?:l di) 1/n/\/ﬁ. If s,, is e-shattered
by F*(y1, ey Ym) then e < C(H?Zl df)l/n/\/ﬁ.

Proof: In both cases we shall use theorem 23. Let £ C /5 be the ellipsoid con-
taining #(£2) with (d;)$°, as axes. Then, fat.(Fg, 2) < fat.(B2,&) for every
€ > 0. Take K = £ and L° = Bs. Since K is an ellipsoid then for every sub-
space FE, K N E is also an ellipsoid and thus vr((K N E)") = 1. Moreover, if

dim(E) = n then [N E|Y™ < Cn=1/2 (IT-, di)l/n and the first part of our
claim follows. As for the second, by convexity F'(yi,...,ym) C conv®(§2) C £.
Hence, fat.(F1, 2) < fat.(&,€). As an ellipsoid, [(E° N E)|” ™ = |Pg&|™ / |B§|%,
where Pg is the orthogonal projection on FE, and the latter is smaller than
cvn([Ti, di)l/n for an absolute constant C. Our claim now follows from the-
orem 23.

O

4 Localized Averages of Kernel Classes

Here we present a direct tight bound on the localized Rademacher averages
H} (o) of the class Fi in terms of the eigenvalues of the integral operator Tk . It
is important to note that the underlying measures in the definitions of Hj and
of Tk have to be the same, which stresses the problem one faces in the learning
scenario; the eigenvalues can not be computed since the underlying measure is
unknown.

Fix a probability measure p on 2, let Tk f = [ K(z,y)f(y)du(y) and put Fx
to be the reproducing kernel Hilbert space associated with Tx. Set (A;)$2; to be
the eigenvalues of Tk arranged in a non increasing order, and let (X;)22; to be
independent random variables distributed according to u.
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Theorem 41 There are absolute constants C' and ¢ such that if \y > 1/n, then
for every o > 1/n,

c(i min{\;, 02})% < Hp (o) < c(i min{\;, 02}) :

Remark 1. As will be evident from the proof, the upper bound is true even with-
out the assumption of A1, and holds for every o > 0. The additional assumptions
are needed only to handle the lower bound.

Our proof is divided into two parts. We begin by showing that the estimate above
is true not for Hp but for n™ /2 (Esupse g &, f2<o2 | Yoimy sl-f(Xl-)|2) "2 Then,
we prove that all the L, norms are equivalent for functions of the form R, =
n= 2 sup e p, E,f2<o? | > eif (X))

Lemma 42 There are absolute constants C' and ¢ which satisfy that for every
o>0,

(S

c(imin{)\i,a2}> < (ER?(Fg)) 1 <C (me{)\l,a })

Proof: Let /5 be the reproducing kernel Hilbert space and recall that Fx =
{7() = (8,8())| I8l < 1}. By Setting B(o) = {f|E,,f> < 02} it follows that
f € Fk is also in B(c) if and only if its representing vector [ satisfies that
Yoo B2N; < o2 Hence, in bo, Fx NB(o) = {3 > i, B2 <1, D2, B2\ < o?}.
Let £ C /5 be defined as {B|> ", u;8? < 1}, where p; = (min{1,0?/X;})~ " It
is easy to see that £ C Fx N B, C v/2&. Therefore, one can replace Fx N B(o)
by € in the computation of the Rademacher complexities, losing a factor of v/2
at the most. Finally,

IEZEEKB,ZSJ-@(X]-) Esup| Z\//Tzﬁzel,z ZEJ@ )el>|

i=1

—Ez zsﬂ:z =B 20 =030 2,
ij

zl'ul

which proves our claim.
O
The next step is to prove that all the L, norms of R, equivalent, as long as o
is not “too small”.

Theorem 43 For every 1 < p < oo there is an absolute constant c, for which
the following holds. Let F be a class of functions bounded by 1, set u to be a
probability measure on 2 and put 0% = SUpfep E,f%. If n satisfies that 0% > 1/n
then

CP(E?ZE"ZEif(Xi)‘p)% < E?22|Zalf(X1)| < (E?22|Z€if<Xi)|p)%’
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where (X;)I, are independent random variables distributed according to p and
(e:), are independent Rademacher random variables.

The proof of this theorem is based on the fact that supycp | i &if(X;)| is
highly concentrated around its mean value, with an exponential tail. The first
step in the proof is to show that if one can establish such an exponential tail for
a class of functions, then all the L, norms are equivalent on the class. In fact,
we show a little more:

Lemma 44 Let G be a class of nonnegative functions which satisfies that there is
some absolute constant ¢ such that for every g € G and every integer m, Pr{|g—
Eg| > mEg} < 2e7". Then, for every 0 < p < oo there is are constants cp
and Cp, which depends only on p and c, such that for every g € G,

cp(EgP) % < Eg < C,(EgP)¥.

Proof: Fix some 0 < p < o0 and g € G. Set a = Eg and for a set A denote by
X A its characteristic function. Clearly,

Egp = I['?‘ng{g<a} + Z IEgpX{(’m-i-1)a§g<(m-‘r2)a}~
m=0
By the exponential tail of g, Pr{g > (m + 1)a} < 2™, and thus Eg¥ <
aP +2aP Y00 (m + 2)Pe=°™, proving that c,(EgP)'/? < Eg.
To prove the upper bound, set h,, = EgX{y>ma}- We will show that there is
an absolute constant C' > 1 such that for every m > C, h,,, < (Eg)/2. Indeed,

hm = Z EgX {na<g<(nt1)a} < 20 Z (n+1)e " = 2aby,.

n=m n=m

b, is a tail of a converging series that does not depend on the choice of g, hence
for a sufficiently large m and every g € G, h,, < (Eg)/2.
Set A = {g < a/4} and observe that

a a
5 = Egxig<cay = Egxa + EgX{a/a<g<ca} < ZPT(A) + Ca(l — Pr(A)).

Hence, Pr(A¢) > 1/(4C — 1) and EgP > EgPxac > (%) 15— = Cpa?, as
claimed.

O
Before we continue with our discussion, let us observe that the exponential
tail assumption can be slightly relaxed. In fact, all that one needs is that the
probability that ¢ is much larger than its expectation decays rapidly, uniformly
in g.
For any class F' let R,(F) = n~'?Esup;cp| Y, & f(Xi)|. We show that
R, (F) may be bounded below by o = supcp E, f>.

Lemma 45 There is an absolute constant ¢ such that if F C B(Loo(£2)) and if
w is a probability measure for which % > 1/n then R, (F) > cop.
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Proof: By the assumption on op, there is some f € F for which UJ% =E,f*>
1/n. Applying the Kahane-Khintchine inequality [10], there is an absolute con-
stant ¢ such that for every {1, ..., x,}

E. §EE|Z eif (x:)| > c(Ee ;gg!Z eif(@)’)? = C(Z ()2

1
2

Hence, R, (F) > cE,(n= >0, f3(x))
Define g(Xi,...,X,) = n~t Y7, f?(X;) and since f is bounded by 1 then
Eg? < U?. By Bernstein’s inequality ([13]),

n?m?(Eu9)?

T T nmE
Pr{lg —E,g| > mE,g} <2 i,

But since E, g = oj% then the exponent is of the order of nmaj%, and because
ncrj% > 1, there is an absolute constant ¢ such that Pr{|g — E,g| > mE,g} <

2e~ ™. Using the previous lemma for p = 1/2 it follows that there are absolute
constants ¢ and C such that ¢(E,g'/?)? <E,g < C(E,g"/?)?. Thus,

1 1 1 1
(Eng?) =2 c(Eug)? = C(EE;L ZfQ(Xz)) > =coy,

as claimed.
O
To prove theorem 43 we require the “functional” version of Bernstein’s in-
equality. This result is originally due to Talagrand [12], but we shall use it in
the following version, established by Massart [5].

Theorem 46 Let v be a probability measure on {2, set F' C B(LOO(Q)) and put
0% = supsep vy var(f(X;)), where (X;) are independent random variables
distributed according to v. Then, there is an absolute constant C > 1 such that
for every x > 0, there is a set of probability larger than 1 —e™* on which

1 & 2R, (F)
sup|— Y f(Xi) —Euf| <
feF| n ; g | vn
proof of theorem 43: Denote by E the expectation with respect to the product
measure 1" = (¢ ® p)" and set R = n~2supcp |1 & f(X;)|. We apply
(4.1), for the random variable

+ %(aﬁ+x). (4.1)

n

Z = ;lelg|z eif(Xi) — Ez€if(Xi)| =/nR.

i=1

Using the notation of theorem 46, 0 = no%, and with probability larger than
1—e™7,

% ?gg|é eif (Xi)| < 2E% ;lelgzzj; eif (Xi)| + Clorva + %),
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for some absolute constant C'. By our assumption, or > 1/4/n, and by lemma 45,
cop <n Y2Esupjep | Yo, i f(Xi)|. Thus, selecting & = m for some integer m,
it follows that there is an absolute constant C' such that with probability larger
that 1 —e™™, R < CmER. Hence, PT{R > mER} < e~ %", for an appropriate
absolute constant c. Using the same argument as in lemma 44, it follows that all
the L, norms of R are equivalent, which proves our assertion.

O

Remark 47 It is possible to prove theorem 43 in an alternative way, using the
Hoffmann-Jorgenson inequality (see [/] theorem 1.2.5 and lemma 1.2.6) com-
bined with the Marcinkiewicz inequalities ([/] lemma 1.4.18). This argument
was pointed out to us by V. Koltchiinskii.

Proof of theorem 41: The upper estimate follows since for any probability
measure v and every o > 0, ||Rs||1,(v) < [[Ro||L,()- For the lower one, we have
to show there is some h € F, = {f € FK|EMf2 < 02}, for which E,h% > 1/n.

Indeed, let ¢1 be the eigenfunction of Tk associated with the largest eigen-
value A1, and set g = /T ¢1 = A\1¢1. Then, g € Fir and IEMg2 =X\ > 1/n. Put
h = tg for an appropriate selection of 0 < t < 1. Then, h € F as a convex com-
bination of g and 0, E,h* > 0, and thus, supscp E,f? > 1/n. Our assertion
follows from lemma 42 and theorem 41.

O

This result yields bounds in the case when the sampling is conducted accord-
ing to the same probability measure for which one has the Mercer decomposi-
tion. This reveals the fundamental weakness in the attempt to characterize error
bounds of kernel machines using only the spectral properties of the integral op-
erator - since those might change dramatically when the measure changes, and
the learner does not have a-priori information on that measure.

A HY and Error Bounds

Before presenting the error bound we require, we need to define random variables
associated with the class F'. Let V;. = supscp g, r2<, |Euf— 130, f(Xi)|, and
put Wr = Supsep g, for 2,725 5.7 |E.f— 232", f(Xi)|- Below we define two
properties of sets which will be essential in our discussion.

Definition A1 We say that a class F on (£2, 1) is a Bernstein class with con-
stant B (B class), if for every f € F, E, f?> < BE, f.

The reason for the name of Bernstein class is that the ability to uniformly control
the variance of class members in terms of their expectations is very significant
when trying to apply “functional Bernstein” inequalities.

Definition A2 A set A is called star-shaped with x as a center, if for every
a€Aand every0 <t <1, tx+ (1 —t)ac A
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Important examples of B-classes are p-loss classes in the proper learning scenario
(which are actually 1-classes, since each function in nonnegative) and 2-loss
classes in the improper setup (see [7]). Now, we can present error bounds for
bounded B-classes of functions.

Theorem A3 [2] Let F be a B-class of functions bounded by 1. If s, is a
sample for which W,.(s,) < r then for every f € F,

RS nt e F(XG)

B <maclr, L3 g0+, 1 ER IO
wf < n;f( DV T
Moreover, there is an absolute constant C such that for any star-shaped class F
with 0 as a center and every x > 0, there is a set of measure larger than 1 —2e~",

on which
1 B
max{V,, W, } < c(ﬁﬂg(\/m) =+ %) (A1)
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Abstract. We investigate the behaviour of global and local Rademacher
averages. We present new error bounds which are based on the local av-
erages and indicate how data-dependent local averages can be estimated
without a priori knowledge of the class at hand.

1 Introduction
In this article we investigate the role that Rademacher averages have in formu-

lating error bounds. Given a class F of functions on a probability space (X, P),
the (global) Rademacher averages associated with the class and with P are

E

1 n
- i X; )
e |2 »\]

where (X;)"_, are independent random variables distributed according to P
and (o), are independent Rademacher (that is, symmetric {—1,1}-valued)
random variables. The expectation is taken with respect to both (X;) and (o;).
Recent results have shown [5,1,6,9,2] that the Rademacher averages can be used
to measure the sample complexity of a learning problem or as a complexity term
in error bounds.

At the heart of our discussion is a concentration inequality which estimates
the deviation of sup e | Yo7 f(Xi)| (or By [£| Y27 03 f(X;)|]) from its mean
value. The result we use is a version of Talagrand’s concentration inequality for
empirical processes [1]. The benefit of this result is that it enables one to control
the deviation in terms of the Rademacher averages and the largest variance of a
class member.

As an application of this result we obtain error bounds for loss classes using
the Rademacher averages of the entire class (see Section 5). Moreover, we show
that the important quantity is not the Rademacher averages associated with the

J. Kivinen and R. H. Sloan (Eds.): COLT 2002, LNAI 2375, pp. 44-58, 2002.
© Springer-Verlag Berlin Heidelberg 2002
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entire class, but rather, the local Rademacher averages, which are defined for

every r > 0 as
n

E | sup [ Y o f(X)]]

nfej:v Pf2<r i=1

where Pf? denotes the expectation of f? with respect to P.

Thus, instead of computing the supremum over the entire class, the supre-
mum is taken with respect to the intersection of the class and a ball in Lo(P) of
radius /7, which leads to significantly better bounds.

Our results are based on two structural assumptions on the class. The first
one is that the class consists of uniformly bounded functions. The other assump-
tion is that for every member of the class, it is possible to control its variance
using its expectation. In other words, we assume that there is some constant B
such that for every f € F, Pf? < BPf. The classes we are interested in are
loss classes naturally appearing in learning theory. Although this structural as-
sumption seems restrictive, in the learning setup it is satisfied by many loss
classes. For example, in proper learning, where the target is assumed to be a
member of the class, each loss function is nonnegative and uniformly bounded.
Thus, Pf? < BPf for every loss function. The case of improper learning is less
trivial. It is possible to show that if the original class is convex and F is the
class of excess squared loss (so that each f € F is the difference between ex-
pected squared loss and minimal expected squared loss), then for every f € F,
Pf? <16Pf [7]. Related results are known for other loss classes, such as those
defined using p-norms with p > 2 [9], and for certain non-convex classes [10].

This article is organized as follows; first, we present some definitions and
notation. Then, we present the basic properties of the Rademacher (both local
and global) complexities. In Section 4 we recall the basic concentration result
and prove a deviation bound based on the Rademacher complexities of the class.
Then, in Section 5 we present error bounds using the global averages. The er-
ror bounds based on the local Rademacher complexities are presented in Sec-
tion 6. Finally, we establish several results which can enable one to compute the
Rademacher complexities using empirical data.

2 Definitions and Notation

Let X be the input space and Y C IR. Fix a probability measure P on the prod-
uct space X x ) and consider n independent random pairs (X1, Y1), ..., (X,, Ys)
distributed according to P. Denote by G a class of functions mapping X" into ),
and by D,, the data (X;,Y;)" ;. We use P to denote both the probability dis-
tribution on X x ) and the marginal distribution on X. The distinction should
always be clear from the context.

Let ¢ be a loss function and define the loss class

F={fla,y) =Lg(x),y): g € G}. (1)
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For every f € F, denote by Pf the expectation of f, IE[f(X,Y)], and in our
case, this would be called the expected loss. Given a sample D, set P,f =
n~t 3", f(X;,Y:) to be the empirical loss.

Forevery f € F,let R, f =n~' Y " | 0:f(X;,Y;). Hence, R, f is a function of
both the Rademacher random variables and the sample D,,, and the expectation
of its magnitude is the Rademacher average of F. We use IE, [R,, f] to denote
IE Ry /D).

A class F is called star-shaped around fy if for every f € F and every
0<t<1,tf+(1—1t)fo € F. We denote by star(F, fy) the set of all functions
tf + (1 —t)fo, with 0 < ¢t <1 and f € F. We call this set the star hull of F
around fo.

Finally, recall that a V b = max(a,b) and a A b = min(a,b).

3 Measuring the Complexity Locally

We are interested in the local Rademacher average, defined for some r > 0 as

E| sup [Rnf

feF:Pf2<r

This is a function of r which measures the so-called Rademacher complexity of
subspaces of the function class defined by a bound on the variance. In order to see
why this is important for bounding the generalization error, suppose that the
function chosen by a learning algorithm has small expected error. For classes
where there is a relationship between the variance and the expectation, this
function also has small variance. In this case, the algorithm chooses elements
with small variance and the generalization error bound should thus take into
account the complexity of the subclass of elements with small variance only.

However, since the local Rademacher average is a function of r, we have to
specify some rg at which we compute it. We shall see in Section 6 that the
complexity term (the only term in the bound that depends on the ‘size’ of the
class of functions) is proportional to the value ro of r which satisifies the following
fixed point equation,

P(r)=r,

where 9(r) is an upper bound on the local Rademacher average at radius 7.

Of course, in order for this fixed point equation to have a (unique) solution,
) should satisfy certain regularity conditions (which may not be satisfied by the
local Rademacher average itself).

The relevance of the quantity ry defined above has been pointed out by
Koltchinskii and Panchenko [6] and Massart [8]. Typically one upper bounds the
local Rademacher average by an entropy integral [0]

IE[ sup  |Ryf]|
feF:Pf<r

K[ g N wdn)
<IE —/ log N(F,u,dy,)du| ,
Vv Jo
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where N(F,u,d,) is the covering number of F at radius u for the empirical Lo
metric. Another possibility is to upper bound it using VC-dimension or VC-
entropies as in [8].

Both of these approaches are rather indirect, and introduce some looseness.
Here we show that it is possible, by slightly enlarging the class on which the
local Rademacher average is computed, to ensure that this average satisfies the
required conditions for the existence of a (unique) fixed point ry.

Lemma 1. Let F be a class of functions. We have

=

?

E l sup | Ry f|
festar(F,0)

sup [ Ry, f]|
feF
and defining for all r > 0,

Y

F(r)=1E sup IR, f|
festar(F,0):Pf2<r

then F(r) is an upper bound on the local Rademacher average of F at radius r
and F(r)/+/T is non-increasing.

Proof. The first claim is true since the averages of a class and of its symmet-
ric convex hull coincide. Therefore, they both equal the averages of star(F,0)
because the latter contains F and is contained in the symmetric convex hull
of F.

For the second claim, we will show that for any r1 < rq, F(ry) > \/71/72 -
F(rq). Indeed, fix any sample and any realization of the Rademacher random
variables, and set f to be a function for which supscp prac,, | Doiey 0if (2i)]
is attained (if the supremum is not attained only a slight modification is re-
quired). Since Pf? < ry, we have P(\/r1/ra - f)? < r1. Furthermore, the
function /71 /rof is in F because F is star-shaped around zero, and satisfies

P(y/r1/r2f)? < r1. Hence,
sup |Zng(ﬂfz)‘2|zaz\/gf(%)|\/g sup ‘Zaif(fﬂi”;
i=1 i=1

feF:Pf2<r, JEF:Pf2<ry 1

and the proof follows by taking expectations with respect to the Rademacher
random variables. O

We observe that the global Rademacher average is not affected by taking the
star hull of a class, while the local Rademacher average is affected.

Also, we notice that taking the star hull makes the complexity uniform over
the balls {f : Pf? < r}, in a sense. In other words, computing a local average
in a star-shaped class corresponds to taking into account the complexity of the
whole class, scaled appropriately. One could think that we thus lose the interest
of looking locally, but this is not the case since we gain the fact that we have a
scaling parameter (the radius of the ball) to adjust.



48 Peter L. Bartlett et al.

To see why this is interesting, consider again the entropy bound. Assume that
we have a Vapnik-Chervonenkis class of functions of VC dimension V. Then it is
well known [12] that one has the bound N(F, e, d,) < Ke~V. Moreover, taking
the star hull of the class does not affect significantly the covering numbers (see
e.g. [9]) and we obtain

N (star(F,0),e,d,) < Ke V.

SK\/ﬁlogﬁ,
n r

so that the complexity 7o of the class (or its star-hull) will be of order

7’00<%10g%) ,

which is optimal for such classes. It is possible to check that, for other rates of
growth of the covering numbers, the value of ry obtained by this computation
gives the optimal rate of convergence of the generalization error (see [6]).

Thus, in considering upper bounds F' on the local Rademacher average of
the class, we can say that taking the local Rademacher average of the star-hull
gives the smallest (at least, in order of magnitude) upper bound that satisfies
the condition that F'(r)/+/r is non-increasing.

As a result, we obtain by the entropy bound

E sup | R f]
festar(rF,0):Pf2<r

4 Concentration Results

This section is devoted to the main concentration results we require. The fol-
lowing is an improvement of Rio’s [11] version of Talagrand’s concentration in-
equality and is due to Bousquet [4].

Theorem 1. Assume the X; are identically distributed according to P. Let F
be a countable set of functions from X to R and assume that all the func-
tions in F are P-measurable, square-integrable and satisfy E[f] = 0. If
supjer ess supf < 1, denote Z = supser > iy f(X;) and if supser || flloo < 1
denote Z = sup;c £ 13101 f(X3)].

Let o be a positive real number such that o > sup e Var[f(X1)]. Then, for
any x > 0, we have

x
P(Z>E[Z)+a] <exp (- (T))
where h(x) = (1 +z)log(1 + x) — x and v = no? + 2IE [Z]. Also,

IP[ZEIE[ZH\/%JFQ <e .
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In a similar way one can obtain a concentration result for the Rademacher av-
erages of a class (see e.g. [3]).

Theorem 2. Assume |f(x)| < 1. Let

and

IP[ZgIE[Z]f\/W[Z]} <e®.

A standard fact we shall use is that the expected deviation of the empirical
means from the actual ones can be controlled by the Rademacher averages of
the class.

Lemma 2. [12] For any class of functions F,

IE |sup Pf— P,f

feF

<E <2E

sup |Pf — P, f|
feF

sup | R, f|
feF

Using the concentration results and the symmetrization lemma one can es-
timate the probability of the deviation of the empirical means from the actual
ones in terms of the Rademacher averages. Note that the bound in the following
result improves as the largest variance of a class member decreases.

Corollary 1. Let F be a class of functions which maps X x Y into [a,a + 1]
for some a € R. Assume that there is some r > 0 such that for every f € F,
Var[f(X;)] < and set
V =sup |Pf—P,f| .
fer

Then, for every x > 0 and every o > 0 there is a set of probability larger than
1 —e™" on which

V§(1+a)IE[V]+\/?+<%+é) %

Moreover, for all 0 < a < 1, with probability at least 1 — 2™,

1+a 2rx 1 1 1 x
V<2 YR, R, V(g m —— )
T l-a ?22' =+ n Jr<3+oz+204(1—04)>n

The proof requires two additional preliminary results. The first is easy to
verify.
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Lemma 3. For u,v >0,

Vu+v < Vu+ Vo,
and for any o > 0,
2\/uv§au+2
@

x

Lemma 4. Using the notation of Corollary 1, with probability at least 1 —e™",

x

E —_—.
* 2na(l — a)

P
T 1-«

sup | Ry, f| sup | Ry, f|
feF fer

Proof. The last inequality of Theorem 2 and Lemma 3 imply that

2
E |sup |Rof|| <, [sup |Raf|| + | —IE |sup [R, f|
fer fer n fer

<E, +olE + =
2no

sup |Rnf| sup |Rnf|
= fer

hence, our claim follows. O

Proof. (of Corollary 1) The proof of the first part follows from Theorem 1. Using
its notation,
o? = sup Var[f(X;)] <.
fer

Thus, with probability at least 1 — e™", we have

2zr  4xE |V T

V<E[V]+ —+A+—.

n n 3n

The first part of the corollary follows from Lemma 3. The second part follows
by combining this inequality with Lemmas 2 and 4. O

5 Error Bounds and Global Averages

Using the various concentration results presented in the previous section, we are
now ready to present the error bounds we promised. The bounds are based on
the Rademacher averages of the entire class.

Simply applying uniform convergence results to the entire class leads to un-
satisfactory error bounds. Better results can be obtained by using various nor-
malization or scaling schemes, in which more weight is assigned to functions that
are likely to be the best ones in the class (that is, closer to 0), thus allowing one
to “zoom in” on the best region of the space.

When the functions in the class are nonnegative and bounded one can nor-
malize by dividing class members by P f. Otherwise one normalizes by dividing
by Pf2. In both cases, one needs to be careful when getting too close to zero.
Hence, the normalization is conducted only for functions which are “sufficiently
far” from 0.



Localized Rademacher Complexities 51

5.1 Normalizing by Pf

Let us introduce some additional notation. Given the class F and some r > 0

set
o= [ty is <7}

It is easy to see that G, C {af : f € F, a € [0,1]} C star(F,0). It is also easy
to check that every g € G, satisfies Pg < r. Define

V. = sup Pg— P,g.
9€Gr

Lemma 5. For anyr >0 and K > 1, if V. < & then every f € F satisfies

Pf<
f_K—l

.
Pof +—
It %

Proof. Observe that for any g € G,, Pg < P,g+ V,. Let f € F and thus
g=rf/(rVPf).

First, assume that Pf < r. By the definition of G., g = f, hence Pf <
Pf+V <(K/(K-1)P,f+r/K.

Otherwise, if Pf > r, then g = rf/Pf. Therefore, since Pg < P, g+ V, then

P,
r < r—f + V.

In that case, if V;. <r/K < r, we obtain

P.f
P12y,

K
Pf_K Per?

a

Combining this deterministic result and the probabilistic estimates of the previ-
ous section gives the main result of this section.

Lemma 6. Let F be a class of nonnegative functions which are bounded by 1.
For any K > 1 and x > 0 there is a set of probability larger than 1 —2e™", such
that for any f € F,

pf< L @K +17)z

K
P,f+ 12IE, |sup |R, f]
-1 feF

Although this result suggests that the error decreases at the rate 1/n, this is
misleading because one can show that if F has even a single function for which
Pf? > ¢ then [E, [supfef |Rnf|} > ' /\/n, where ¢’ depends only on ¢. Thus,
when applied to the whole class, this bound will typically be dominated by the
Rademacher term. However, when we consider subsets of the class, this result
will enable us to obtain error bounds using local averages.
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Proof. We begin with the observation that functions in G, satisfy that Pg? < r.
Indeed, if Pf < r then g = f and Pg? = Pf? < Pf < r (where we used the fact
that f maps to [0, 1], and hence f? < f). Otherwise, if Pf > r then g = rf/Pf
and Pg? = r2Pf%/(Pf)? <rPf?/Pf <r.

Applying Corollary 1 and Lemma 2 to V. it follows that for any 0 < a < 1,

2 1 1
Ve <2(1+o)E {sup|Rng|} NI i <_+_) z
9eg n 3 a/)n

x

with probability larger than 1 —e™".
Since G, C star(F,0) and by Lemma 1,

=E .

IE [Sulengl] <IE sup  |Rnf|
9€G festar(F,0)

sup | Ry, f|
fer

x

Therefore, with probability at least 1 — e~ %,

2rx (1 1):0
=+ (s+=)=.
n 3 a/n

Now, we can select a specific value of r (which is denoted by 7*). Fix some K > 1
and set 7 to be such that the term on the right hand side is equal to /K. (Such
an r always exists, since the right hand side is of the form C' + A./r.) Note that
if r/K =C+ Ay/r then r < K?A? + 2K C, and thus 7* may be selected as

Ve <2(1+a)E |sup R, f]
feF

1 1
r* <4K(1+ )IE |sup |R,. f]| +<2K2+2K<_+_>>£
fer 3 « n
1 2K (1 1 1
l-a fer na(l — ) 3" n

where the second inequality holds with probability of at least 1—e™* by Lemma 4.
By Lemma 5 there is a set of probability at least 1 — 2e~* such that for every

feF,
K 1+« 21+ a)x 1 1 x
Pf< P, 4 E, R —— 42| K —4+—)] -,
f_Kfl nf -« ?22' &l +na(1fa)+ ( +(3+a))n
and our result follows by taking oo = 1/2. ad

5.2 Normalizing by Pf?

In this section, we present error bounds in the more general case, where the
elements of F are not assumed to be nonnegative. The results are analogous to
those of the previous section, but here we must impose the assumption that the
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variance of class members is small if their expectation is small. In particular, we
assume that there is some B > 0 such that for every f € F, Pf? < BPf.
Given a class F let

,
gr{mfhfef}a

and note that G, C {af : f € F, a €[0,1]} C star(F,0). Define

V. = sup Pg— Ppg.
9€Gr

Lemma 7. Let F be a class of functions with ranges in [—1,1]. Assume that
there is a constant B > 0 such that for every f € F, Pf? < BPf. For every
r >0 and K > 1 which satisfy that V;. < 55, and any f € F,

r
Pf< —.
f_K—l BK

Pof +

The proof is similar to that of Lemma 5, we omit it due to lack of space.

Lemma 8. Let F be a class of functions with ranges in [—1,1]. Assume that
there is a constant B > 0 such that for every f € F, Pf? < BPf. For any
K > 1 and x > 0 there is a set of probability larger than 1 — 2e~%, on which for
any f € F,

2BK + 22)x
 (2BK v

Pf<

P 12
< T Puf +12E,

sup |Ry, f|
fer

Again, the proof is similar to the one used in the previous section, and we omit
it.

6 Error Bounds and Local Averages

Thus far, the Rademacher averages of the entire class were used as the complexity
measure in the error bounds. In this section our aim is to show that the local
Rademacher averages can serve as a complexity measure. The advantage in using
the local version of the averages is that they can be considerably smaller than
the global ones.

6.1 Distribution Dependent Complexity

Our analysis is connected to the idea of peeling and was inspired by the work of
Massart [8].
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Theorem 3. Let F be a class of functions with ranges in [0,1]. Let ¢ be a
function such that 1(r)/\/T is non-increasing for r > 0 and for all v >0

IE[ sup  [Rn(f)]| <(r).

feF . Pf<r

For any K > 1 and every x > 0, there is a set of probability larger than 1 —e™ ",
on which every f € F satisfies

K 5+ 4K
Pf< & Pf+300Kro+%,

where ro is the largest solution of the equation ro = 1(ro).

Proof. Let G, be defined as in section 5.1. Fix any r > 0 and recall that for all
x > 0, with probability 1 — e™%,

2 1 1
V. <2(14+ a)E [sup |Rng|} \/ﬁ-f—(—-y—)f,
€G- n 3 a/n

Let F(z,y) :={f: 2 < Pf <y, f€F} Let A > 1 and let k be the smallest
integer such that rARtl > 1. We have

E [sup |Rng|} <IE| sup |[R.f|| +IE
g€G, _]:(O,r)

Ry f]

sup
F(r1) Pf2 |

k
r
S E sup |Rnf| + Z]E [ sup P—fg |Rnf|‘|

F(0,r) F(rAd,rXitt)

<IE| sup |R,f| +Zwml sup Ry f|
_f(O,r) - F(rXi,rAitl)

k
)+ Z ATp(r AT

§=0
By our assumption it follows that for a > 1
Plar) < Vap(r),

so that

k

E [sup |Rng|] < (r) 1+\/XZ)\_j/2
9EGr =0

and taking \ =4, the rlght hand 51de is upper bounded by 5¢(r). Moreover, for

r > 10, we have ¢(r) < \/r/roy(ro) = \/TTo, and thus

2 1 1
V, < 10(1+ a)y/iTg + ;x+<_+_)£.

3 a/n
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Let r* be the value of r for which the right hand side is equal to r* /K. Tt follows

that 5
2 1 1\ z
*< K2 (1001 Vo F 4/ = 2K [=+ =) =2
= < (1+a)yro+ n) - (3+a)n’

(we use the fact that r/K = C + A\/r implies r < K2A% + 2KC). The same
reasoning as in previous proofs gives the result. O

We now derive a similar result for general classes of functions.

Theorem 4. Let F be a class of functions with ranges in [—1,1] and assume
that there is some B such that for every f € F, Pf?> < BPf. Let ¢ be a function
such that ¢(r)//r is non-increasing for r > 0 and

IE[ sup R (f)]
feF.Pf2<r

For any K > 1 and every x > 0, there is a set of probability larger than 1 —e™*
on which every f € F satisfies

)

10 + 4BK
Pof + 300K, + “L0FABE)
K -1 n

where ¢ s the largest solution of the equation ro = ¢(ro).

Pf<

Notice that by Lemma 1, when F is star-shaped around 0, one can choose

¢(7“)=1E[ sup R (f)]

feF,Pfi<r

Proof. Let G, be defined as in section 5.2. As before we have with probability

1—e™7,
2 11
WS2(1+a)E[sup|Rng|]+,/ﬁ+z<_+_)f,
9EGr n 3 a)n

Also we can prove as in the previous proof,
k . .
B | sup [Ragl| < 00r) + 3N 7oA )).
9€G, =0
By our assumption it follows that for a > 1
blar) < Vao(r),

so that we can get as before

[2rx 1 1\ x

Choosing r* such that the right-hand side is equal to r*/BK and using the same
reasoning as in the previous proof gives the result. O



56 Peter L. Bartlett et al.

6.2 Applications

As an application of Theorem 4 we present oracle inequalities for the empiri-
cal risk minimization procedure, i.e. inequalities that relate the performance of
minimizer of the empirical risk to that of the best possible function in the class.

For a class G of functions, we consider the class F defined as in (1) and we
define

F={f-f:feF},

where f* = argmin¢cz Pf is the function achieving minimal error in the class F.
We want to apply Theorem 4 to F, we thus have to check that there exists some
B > 0 such that

VfeF, P(f—f)?<B(Pf-Pf). (2)

Corollary 2. Let F be a class of functions with range in [0,1], satisfying (2)
for some B. Let f, be a function in F such that

P.fn = inf P,f.
In = jek g

Let ¢ and ro be defined as in Theorem J for the class F. Then for every x > 0,
there is a set of probability larger than 1 — e™" on which we have

10+ 4B
Pf, — P < 3007 + 200 F48)

As mentioned before, condition (2) is satisfied by the class of quadratic loss
functions associated with a convex function class [7]. It is also satisfied for dis-
crete loss in pattern classification under specific circumstances. For example,
suppose that some function in the class has conditional error probability uni-
formly bounded over z, that is, for some 0 < 7 < 1/2, there is a function g* € G
satisfying

Va, Pr(Y # g"(X)|X = 2) <n.

Then if f* is the corresponding loss function (f*(z,y) = €(g*(x),y)), then it is
straightforward to show that, for any f € F, P(f — f*)? < (Pf—Pf*)/(1—2n).

6.3 Data Dependent Complexity

In this section we present a computable iterative procedure that gives error
bounds, at least in the proper case, without having a priori knowledge regarding
the global structure of the given class.

We present a result due to Koltchinskii and Panchenko [6] which gives an
upper bound on the generalization error of the minimizer of the empirical risk
in terms of local Rademacher averages computed on empirical balls.
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Theorem 5 ([6]). Let x > 0, N be a positive integer and define

ro=1 and rgp1 =1AN | KilE, sup R, f]
fEF P, f<2ry

Then for some appropriate choice of the constants K; we have that for any
integer k < N there is a set of probability larger than 1 — Ne™* on which

Pf, <rg.

This result only applies to classes of nonnegative functions that contain 0 (proper
learning or zero-error case) and the result is valid for empirical risk minimization
only, which limits its applications.

As proved in [0], it turns out that if there exists a non-decreasing concave
function v such that

IEU[ sup  Ru(f)| < o(vr),

fEF Pnf<r

then the solution 7 of the equation r = ¢(4/r), is, with high probability, and up
to a constant, an upper bound on ry for a some large enough N (roughly of the
order of loglog1/7).

In order to use the result of Theorem 5, one has to compute, from the training
sample, the quantity IE, [supfeﬁ Py f<r R,( f)} . In the classification case, we
consider a class G of {—1, 1}-valued functions and ¢(z,y) = 1|z — y|. As noticed
in [1], we have

E, |sup R,(f)

fer gegn

1 L1
S, [mf £ oo o)

This shows that computing the global Rademacher average is equivalent to min-
imizing the empirical error on a sample where the labels have been randomly
switched.

For the local Rademacher averages, we have an extra constraint on P, f which
can be handled, for example, by modifying the functional to optimize. Indeed,
one can prove that for all » > 0, and all fixed o, there is a A\ such that

1-x 1
e ) = 5T B S - e g(en) o)

This amounts to minimizing a weighted empirical error after switching of the
labels. However, the value of A which satisfies this equality may depend on o
and r. Since we need to compute the local Rademacher average for various values
of r (in order to find rg), this corresponds to solving the above minimization
problem for various values of \. It remains to be investigated whether this can
be done efficiently for real-world data.
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Abstract. We investigate measures of complexity of function classes
based on continuity moduli of Gaussian and Rademacher processes. For
Gaussian processes, we obtain bounds on the continuity modulus on
the convex hull of a function class in terms of the same quantity for
the class itself. We also obtain new bounds on generalization error in
terms of localized Rademacher complexities. This allows us to prove new
results about generalization performance for convex hulls in terms of
characteristics of the base class. As a byproduct, we obtain a simple
proof of some of the known bounds on the entropy of convex hulls.

1 Introduction

Convex hulls of function classes have become of great interest in Machine Learn-
ing since the introduction of AdaBoost and other methods of combining classi-
fiers. Working with convex combinations of simple functions allows to enhance
the approximation properties of the learning algorithm with a small increase
of computational cost. However, since the convex hull of the class is typically
much larger than the class itself, the learning complexity gets also increased. It
is thus of importance to assess the complexity of a convex hull in terms of the
complexity of the base class.

The most commonly used measure of complexity of convex hulls is based on
covering numbers (or metric entropies). The first bound on the entropy of the
convex hull of a set in a Hilbert space was obtained by Dudley [9] and later refined
by Ball and Pajor [1] and a different proof was given independently by van der
Vaart and Wellner [21]. These authors considered the case of polynomial growth
of the covering numbers of the base class. Sharp bounds in the case of exponential
growth of the covering numbers of the base class as well as extension of previously
konwn results to the case of Banach spaces were obtained later [7,19,16,11,3].

In Machine Learning, however, the quantities of primary importance for de-
termining the generalization performance are not the entropies themselves but
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© Springer-Verlag Berlin Heidelberg 2002
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rather the so-called Gaussian or Rademacher complexities of function classes [3].
It turns out that there is a direct relationship between such quantities measured
on the convex hull and measured on the class itself as pointed out in [14].

More recently, it has been proven that it is possible to obtain refined gener-
alization bounds by considering localized Gaussian or Rademacher complexities
of the function classes [13,2]. These quantities are closely related to continuity
moduli of the corresponding stochastic processes.

Our main purpose in this paper is to study such quantities defined on convex
hulls of function classes. In section 2, we provide a bound on the continuity
modulus of a Gaussian process on the convex hull of a class in terms of the
continuity modulus on the class itself.

Then, in section 3, we combine this result with some new bounds on the
generalization error in function learning problems based on localized Rademacher
complexities. This allows us to bound the generalization error in a convex hull
in terms of characteristics of the base class.

Finally, we use the bounds on continuity moduli on convex hulls to give very
simple proofs of some previously known results on the entropy of such classes.

2 Continuity Modulus on Convex Hulls

Let F be a subset of a Hilbert space H and W denote an isonormal Gaussian pro-
cess defined on H, that is a collection (W (h))nen of Gaussian random variables
indexed by H such that

Vh e H, E[W(h)] =0 and Vh,h' € H, E[W ()W ()] = (h,h'),, .

We define the modulus of continuity of the process W as

w(fv(s) = W'H(}-aa) =E fsup |W(f) 7W(g)|
17 i<s

Since we are in a Hilbert space, we use the natural metric induced by the inner
product d(f,g) = ||f — 9l = V/{f — g, f — g) to define balls in H. Let F. denote
a minimal e-net of F, i.e. a subset of F of minimal cardinality such that F is
contained in the union of the balls of radius € with centers in F.. Let F¢ denote
a maximal e-separated subset of F, i.e. a subset of F of maximal cardinality
such that the distance between any two points in this subset is larger than or
equal to €. The e-covering number of F is then defined as

N(F,e) := Ny(F,e,d) = |F.|,

and the e-entropy is defined as H(F,e) = log N(F,¢) (this quantity is usually
referred to as the metric entropy of F).

In the remainder, K will denote a non-negative constant. Its value may
change from one line to another.
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2.1 Main Result

Our main result relates the continuity modulus of an isonormal Gaussian process
defined on the convex hull of a set F to the continuity modulus of the same
process on this set.

Theorem 1. We have for all § > 0

w(conv(F),d) < iI€1f (2w(.7:, g)+ 0 N(F, 5)) :

Proof. Let € > 0, and let L be the linear span of F.. We denote by II; the
orthogonal projection on L. We have for all f € F,

f=H0L(f)+ o (f),
so that
w(conv(F),d) <IE sup |W(IHLf)—W(IllLg)|

f,g€conv(F)
If—gll<s

FE | sup  (W(Hpa )~ W(lILg)
g

Now since for any orthogonal projection IT, || II(f) — II(g9)|| < ||f — g|l we have
w(conv(F),d) < w(IIconv(F),d) + w(Ilprconv(F),0). (1)

We will upper bound both terms in the right hand side separately. For the first
term, since 1z, (conv(F)) C L, we have

w(ITrconv(F),d) < w(L,d),
and by linearity of W and the fact that L is a vector space,
w(L,0)=IE | sup [W(f)|| <0E | sup (Z,y)]| ,

ret Iyl ga <1
Iri< yemd

where Z is a standard normal vector in IR? (with d = dim L and ||| the
euclidean norm in IR?). This gives

(L, 8) < OB | Z]la] < 8/ T [I1Z]/50a | < 6V

Since L is the linear span of F. which is a finite set of size N(F,e) we have

d < N(F,e) so that
w(L,0) < dy/N(F,e).
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Now let’s consider the second term of (1). We crudely upper bound it as
follows

w(ITprconv(F),0) <2IE| sup |W(I,f)|| .
feconv(F)

Since ;. is linear, the supremum is attained at extreme points of the convex
hull which are elements of F, that is

w(ITyLconv(F),d) < 2IE lsup |W (I f)]
feF

Now for each f € F, let g be the closest point to f in F.. By definition we have
Ilf —gll <eand g € LNF so that I+ g =0 and thus

w(ITprconv(F),6) <2IE | sup |W(Ip.f)—W(II519)|
1o
Now since 171 is a contraction, using Slepian’s lemma (see [15], Theorem 3.15
page 78) we get

w(ITpconv(F),6) <2IE | sup |[W(f)—W(g)|| =2w(F,e).

f.9€eF
I =gll<e
This concludes the proof. O

Note that Theorem 1 allows us to give a positive answer to a question raised
by Giné and Zinn in [12]. Indeed, we can prove that the convex hull of a uniformly
Donsker class is uniformly Donsker. Due to lack of space, we do not give the
details here.

2.2 Examples

As an application of Theorem 1, we will derive bounds on the continuity modulus
of convex hulls of classes for which we know the rate of growth of the metric
entropy.

Let’s first recall a well-known relationship between the modulus of continuity
of a Gaussian process defined on a class and the metric entropy of that class'.
By Dudley’s entropy bound (see [15], Theorem 11.17, page 321) we have

w(F,e) §K/ HY?(F,u)du.
0

L with respect to the natural metric associated to the process, which in the case of the
isonormal Gaussian process is simply the metric induced by the inner product.
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It is well known (and easy to check by inspection of the proof of the above
result) that when the class is d-separated, the integral can start at 0, so that for
a maximal d-separated subset F? of F we have

w(Fe) < K/ HY?(F0 ) du,
5

for all € > 4.
We first consider the case when the entropy of the base class grows logarith-
mically (e.g. classes of functions with finite Vapnik-Chervonenkis dimension V).

Ezxample 1. If for all € > 0,
N(F,e) < Ke ",
then for all § > 0,
w(conv(F),8) < K§¥ CHV) 1ogV/(2HV) 51

Proof. We have from Theorem 1,

w(conv(F),d) < inf (K/ log!/? uw='du + 5€_V/2)
€ 0

< inf (KE logl/2 et 4 5€_V/2> .
€

Choosing
£ = §2V/2HV) 1p2V/ (V) -1

we obtain for § <1,
w(conv(F),8) < K&/ V) 10g"/2HV) 51
O

Although the main term in the above bound is correct, we obtain a superflu-
ous logarithm. This logarithm can be removed if one uses directly the entropy
integral in combination with results on the entropy of the convex hull of such
classes [1,21,19]. At the moment of this writing, we do not know a simple proof
of this fact that does not rely upon the bounds on the entropy of convex hulls.

Now we consider the case when the entropy of the base class has polynomial
growth. In this case, we shall distinguish several situations: when the exponent is
larger than 2, the class is no longer pre-Gaussian which means that the continuity
modulus is unbounded. However, it is possible to study the continuity modulus
of a restricted class. Here we consider the convex hull of a d-separated subset of
the base class, for which the continuity modulus is bounded when computed at
a scale proportional to §.
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Ezxample 2. If for all € > 0,
H(F,e) <KV,
then for all § > 0, for 0 <V < 2,
w(conv(F), ) < Klog/?>~1/V 51,

for V=2,
w(conv(F/*),8) < Klogd™,

and for V > 2,
w(conv(F/*),6) < K§'=V/2.

Proof. We have from Theorem 1, for ¢ > §/4,

w(conv(F*/*),8) < inf <K/ uw V2 du + 5exp(K5V/2)> .
€ 5/4

For 0 <V < 2, this gives

w(conv(F),d) < inf (Kae(%v)/2 + 5exp(K5*V/2)) .

Choosing
e=KYV 10g71/v oL,

we obtain for § small enough
w(conv(F),8) < K logV=2/2V 51
For V =2, we get
4
w(conv(F/*),8) < inf (K log § + 5exp(K5_2/2)) .
€
Taking £ = 1/4 we get for ¢ small enough
w(conv(F/*),6) < Klogd.

For V > 2, we get

w(conv(F*/*),8) < inf <K5(27V)/2 — V72 4 5exp(K5*2/2)) .

Taking ¢ — 0o, we obtain

w(conv(F°/*),6) < K63=V)/2,
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3 Generalization Error Bounds

3.1 Results

We begin this section with a general bound that relates the error of the function
minimizing the empirical risk to a local measure of complexity of the class which
is the same in spirit as the bound in [13].

Let (S, A) be a measurable space and let Xi,..., X, be n iid. random
variables in this space with common distribution P. P,, will denote the empirical
measure based on the sample

In what follows, we choose’ H = Ly(P,) and we are using the notations of
Section 2.

We consider a class F of measurable functions defined on S with values in
[0,1]. We assume in what follows that F also satisfies standard measurability
conditions used in the theory of empirical processes as in [10,21].

We define

Ralf) = 5 D0 eif (X0,

and let v, be an increasing concave (possibly data-dependent random) function
with ¢, (0) = 0 such that

< Yn(Vr), Vr > 0.

Prf<r

IE. [ sup R, (f)|

Let 7, be the largest solution of the equation

r=1n(Vr). (2)

The solution 7, of (2) gives what is usually called zero error rate for the class
F[13], i.e. the bound for Pf given that P, f = 0.

The bounds we obtain below are data-dependent and they do not require
any structural assumptions on the class (such as VC conditions or entropy con-
ditions). Note that 7, is determined only by the restriction of the class F to the
sample (X1,...,Xp).

Theorem 2. If v, is a non-decreasing concave function and 1,(0) = 0 then
there exists K > 0 such that with probability at least 1 — e~ for all f € F

t 4+ loglogn
—_— . 3
Blosn) 3

Pf<K <Pnf+fn+
2 This choice implies that we work with the random metric induced by the training
data. In other words, we measure the distance between two functions f and g by

d(f,9) = (C(f(X:) — g(Xi)*)V/2.
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It is most common to estimate the expectation of Rademacher processes via an
entropy integral (Theorem 2.2.4 in [21]):
\/— /\f /2

IE. HY?(F u)du,

sup |Rn(f)
=

nJ >

which means one can choose ,,(8) as the right hand side of the above bound.
This approach was used for instance in [13].

If the (empirical L) covering numbers of the base class grow polynomially,
e.g. the base class is a Vapnik-Chervonenkis class of VC dimension V' > 0, then

N(G,e) < Ke™V,
and thus using results in [19]
log N (conv(G),e) < Ke=2V/+V) |

so that the entropy integral is upper bounded by Kn~=/2§/Z+V) and thus we
obtain 7,, of the order of
’Ilié +V
If the metric entropy is polynomial with exponent 0 < V' < 2, the same reasoning
gives 7, of the order of
nié 1Og1/271/v n

These results are optimal in the sense that there are classes with such entropy
growth for which they cannot be improved. However, our goal is to avoid using
entropies as measures of the complexity of the classes and to rather use localized
Rademacher or Gaussian complexities.

We will thus apply the bound of Theorem 2 to the function learning problem
in the convex hull of a given class.

Let G be a class of measurable functions from S into [0, 1]. Let go € conv(G)
be an unknown target function. The goal is to learn gy based on the data
(X1,90(X1)),. -, (Xn,g0(Xpn)). We introduce g, defined as

gn :=arg min_P,lg— gol,
g€conv(G)

which in principle can be computed from the data.
We introduce the function 1, (G, d) defined as

¥n(G, 5) ;:,/—mf( (G, e) +0y/N(G, 5)
Corollary 1. Let #,(G) be the largest solution of the equation

r= wn(g; \/;) .

Then there exists K > 0 such that for all go € conv(G) the following inequality
holds with probability at least 1 — e™*

. . t +loglogn
Plgn — gol gK(rn(gH%) .
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Proof. Let F = {|g — go| : g € conv(G)}. Note that ¢, (G,d) is concave non-
decreasing (as the infimum of linear functions) and v, (G,0) = 0, it can thus be
used in Theorem 2. We obtain (using bound (4.8) on page 97 of [15])

E | sup |R.(f)] S\/;IE sup [We,(f)

fer ferF
P f<r Pp f<r

ZE| s (We ()

—V 2n feF
L (Pnf2)t/2<vr

< \/;w(com)g, V) < Yn(G, V),

where in the last step we used Theorem 1. To complete the proof, it is enough
to notice that P,|g, — go| = 0 (since go € conv(G)) and to use the bound of
Theorem 2. a

A simple application of the above corollary in combination with the bounds of
examples 1 and 2 give, for instance, the following rates. If the covering numbers
of the base class grow polynomially, i.e.

N(G,e) < Ke™V,

we obtain 7, of the order of (up to logarithmic factors)

N
<

+

+V

n

=

If the random metric entropy is polynomial with exponent 0 < V' < 2, 7, is of
the order of )
n-2 1og1/2_1/v n.

Notice that in both cases we obtain the same results as with a direct application
of the entropy bound of the convex hull.

However the bound of corollary 1 contains only terms that can be computed
from the data and that depend on the base class. This means that if one actually
computes ¥, (G, d) (without using an entropy upper bound), one can only obtain
better results.

3.2 Proof of Theorem 2

STEP 1: Concentration. We define §;, = 27 for £ > 0, and consider a
sequence of classes
fk:{f€f25k+1<Pf§5k}.

If we denote

Rk = ]Ee |:Sup |Rn(f)|:| )
Fr
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then the symmetrization inequality implies that
E [sup|Pnf - Pf|] <2E|[Ry] .
Fr

Note that for f € Fi, P(f — Pf)?> < Pf?> < Pf < 6, so that Theorem 3 in [5]
implies that with probability at least 1 — e™¢ for all f € Fy

25:t\ /2 4t
P.f—Pf| <4 Z0kE -
P - pol s+ (2074 L

Now, Theorem 16 in [4] gives that with probability at least 1 — e~

2t
E[Rk] < o + 2Ry .
Therefore, with probability at least 1 — 2e~* for all f € Fy,

20,t\ % 10t
k) ¥ (1)

|Pnf—Pf|§8Rk+(— —
n n

STEP 2: Union Bound. Now we apply an union bound over k =0,1,.... We
define

1(6) = 2log (% log, %) .

2

_ 1 1
S e =TY Ty

k>0 k>0

‘We have

Therefore, replacing ¢ by t+1(d;) in Inequality (4) and applying the union bound
we get that with probability at least 1 — e~ for all k > 0 and for all f € Fy

1/2
|Panf|§8Rk+<M) +M. (5)

Now we reason on the event where this inequality holds.
STEP 3: Empirical Complexity. If we denote

Uy = 0 + 8Ry, +

<25k<t21<5k>>>”2 | 100 +1(6))

n

Y

then on this event for any k and for all f € Fy, P,f < U so that

< Yn(\/U),

PnfSUk
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and thus

25,@(15;1(5,6)))1/2 . 10(t + 1(6%))

Up < 0k + 8Yn(V/Ur) + < -

Notice that for k > log, n, we have for f € Fi, Pf < 6, < 1/n so that the
result holds trivially for such functions. We thus have to prove the result for the
other values of k. For k <log,n, 6; > 1/n so that we have

Uk < 0k + 8Un (v Ugk) + /20,10 4+ 109 < 8y, (v/Uyk) + 205 + 1119,

with ro = (¢t + Kloglogn)/n for some large enough K (we used the fact that
2vab < a+b).

STEP 4: Solving. Let’s denote by f(1/Uy) the right hand side of the above
inequality. f is a non-decreasing concave function so that the above inequality
implies that Uy is upper bounded by the largest solution z* of f(y/x) = =.
Moreover, any non-negative real number z such that f(y/z) < z is an upper
bound for 2* and thus for Uy. Let’s prove that z = K (7, + 0 + ro) satisfies such
a condition (for some large enough K).

Since ¥, is concave and 1,(0) = 0, we have for z > 0, ¢, (VKz) <
VE Y, (yZ). Also, for & > 0, 1, (v/Fn + ) < #n + x since 7, + 2 upper bounds
the solution of 1, (v/7) = r. We thus have

F(VK(Fn + 6k +10)) < 8VEK (i + 0k +70) + 261 + 117,

and this is less than K (7, + 0 + ro) for a large enough K.
We thus get Uy, < K (7, + 0 +170). Finally, (5) implies that for all k£ < logy n
and f € Fy,

Pf < Pyf 4 80n(\/ K (7n + 0k 4 10)) + /20,70 + 10770 .

If f € Fj then §; < 2P f, which proves

Pf < Pof 4+ 8n(V/K(fn +2Pf +10)) + \/4roPf + 10r¢ .

Now the same reasoning as above proves that there exists a constant K such
that Pf is upper bounded by K (P, f + 7, + r¢) which concludes the proof. O

4 Entropy of Convex Hulls

4.1 Relating Entropy With Continuity Modulus

By Sudakov’s minoration (see [15], Theorem 3.18, page 80) we have

supEHl/Q(]:,E) < KIE [SUP |W(f)|] .
e>0 feFx
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Let B(f,d) be the ball centered in f of radius §. We define

H(F,d,e):= JsclelgH(B(f,(S)ﬂ]:,E).

The following lemma relates the entropy of F with the modulus of continuity of
the process W. This type of bound is well known (see e.g. [17]) but we give the
proof for completeness.

Lemma 1. Assume F is of diameter 1. For all integer k we have

k
H'2(F,27F) < K 2'w(F,2'7).

=0

This can also be written
1
HY2(F,6) SK/ u 2w (F,u) du.
5

Proof. We have

w(F,8) = | sup [W(f)—-W(g)l

fi9eF
If=gll<s

> sup [E [ sup (W (f) - W(g)ﬂ
feF | 9eB(f.0)NF

> sup supsHl/Q(B(f, 0)NF,e),
feF e>0

so that we obtain 5 5
SH2(F,6,5) < Kw(F,0).

Notice that we can construct a 2~% covering of F by covering F by N (F, 1) balls
of radius 1 and then covering the intersection of each of these balls with F with
N(B(f,1)NF,1/2) balls of radius 1/2 and so on. We thus have

k

Hence

We thus have
H1/2 ]: 9= < ZHI/Q 21—1'72—1') S KZ2iW(]:,21_i)7

which concludes the proof. O



Some Local Measures of Complexity 71

Next we present a modification of the previous lemma that can be applied
to d-separated subsets.

Lemma 2. Assume F is of diameter 1. For all integer k we have

k
HY2(F27%) < K 2lw(F? 7 2270,
=0

Proof. Notice that for f € F, there exists f/ € F%/* such that
B(f,6)NF C B(f,6 +§/4)NF.
Moreover, since a maximal J-separated set is a d-net,
N(F,8) < |N°| = N(F°,5/2),
since for a d-separated set A we have N(A,J/2) = |A|.
Let’s prove that we have for any -,

(B(f,’y)Uf)‘s/Q‘ < ‘B(f,’y+5/4)uf5/4 :

Indeed, since the points in F9/4 form a 6 /4 cover of F, all the points in (B(f,~v)U
F)®/? are at distance less than §/4 of one and only one point of F°/* (the unicity
comes from the fact that they are §/2 separated). We can thus establish an
injection from points in (B(f,~) U F)%? to corresponding points in F%/* and
the image of this injection is included in B(f,~ + 6/4) since the image points
are within distance 0/4 of points in B(f, 7).

Now we obtain

N((B(f',6 +6/4) UF)*/?,6/4) < N(B(f',35/2) U F*/*,5/8).
‘We thus have
N(B(f,6) UF,6/2) < N(B(f',6+6/4)UF,5/2)
< N((B(f',6 +6/4) UF)*/2,6/4)
< N(B(f',36/2) U F/*,5/8).

This gives
sup N(B(f,0) N F,86/2) < sup N(B(f,35/2)NF* 5/8)
fer feFs/a
= N(F%/*,35/2,5/8).
Hence

H(F,6,6/2) < H(F®/*,36/2,6/8).
By the same argument as in previous Lemma we obtain

gHI/Q(f5/4,35/2,5/8) < Kw(F9/4,35/2).
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4.2 Applications
Ezxample 3. If for all € > 0,
N(F,e)<eV,
then for all € > 0,
H(conv(F),e) < e 2V/HV) 1og2V/(2+V) —1
Proof. Recall from Example 1 that
w(conv(F),8) < K§¥ CHV) 1og"/CHV) 51
Now, using Lemma 1 we get
k
H'?(cono(F),27%) < K 21220 70/CHV) (1) V/ GV
i=0
k
i=0

We check that in the above sum, the i-th term is always larger than twice the
i — 1-th term (for ¢ > 2) so that we can upper bound the sum by the last term,

Hl/Q(]:, 2719) < K(QV/(“V))’“(]@ _ 1)V/(2+V) ,
hence, using ¢ = 27%, we get the result. O

Note that the result we obtain contains an extra logarithmic factor compared to
the optimal bound [21,19].

Ezample 4. If for all € > 0,
H(F,e)<e™ ",
then for all e > 0, for 0 < V < 2,

H(conv(F),e) < e 2log™V/2e71,

for V=2,
H(conv(F),e) < e 2log?e™?,
and for V > 2,
H(conv(F),e) <e V.
Proof. The proof is similar to the previous one. ]

In this example, all the bounds are known to be sharp [7,11].
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Path Kernels and Multiplicative Updates
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Abstract. We consider a natural convolution kernel defined by a di-
rected graph. Each edge contributes an input. The inputs along a path
form a product and the products for all paths are summed. We also have
a set of probabilities on the edges so that the outflow from each node
is one. We then discuss multiplicative updates on these graphs where
the prediction is essentially a kernel computation and the update con-
tributes a factor to each edge. Now the total outflow out of each node
is not one any more. However some clever algorithms re-normalize the
weights on the paths so that the total outflow out of each node is one
again. Finally we discuss the use of regular expressions for speeding up
the kernel and re-normalization computation. In particular we rewrite
the multiplicative algorithms that predict as well as the best pruning of
a series parallel graph in terms of efficient kernel computations.

1 Introduction

Assume we have a directed graph with a source and a sink node. A weight v,
is associated with each edge e of the graph so that the total outflow from each
non-sink node is one. The weighting on the edges extends to a weighting on the
source-to-sink paths: wp = Hee p Ve. Bach such path contributes a feature wp
to a feature vector w = &(v) (see Figure 1) and in this paper we focus on
the kernel associated with the path features of directed graphs. The predictions
of the algorithms are often determined by kernel computations, i.e. there is a
second weighting x. on the edges and the prediction of the algorithm is based

on:
K(v,xz) =d(v) - P(x) = Z H Vele.
P ecP

Similar related kernels that are built from regular expressions or pair-HMMs were
introduced in [Hau99, Wat99] for the purpose of characterizing the similarity
between strings. Any path kernel can easily be used for additive algorithms such
as the Perceptron algorithm and Support Vector Machines. Such algorithms
compute a linear model in a feature space, i.e. the weight vector w; at trial ¢ is

* Part of this work was done while the author visited University of California, Santa
Cruz.
** Supported by NSF grant CCR, 9821087

J. Kivinen and R. H. Sloan (Eds.): COLT 2002, LNAI 2375, pp. 74-89, 2002.
© Springer-Verlag Berlin Heidelberg 2002
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source

sink

€4

Fig.1. An example of a digraph. If the weight of e; is v;, then its feature vec-
tor is @(v) = {vav7, V1V5Us, V2U3V5Vs, V1V4U5Vs, V1 U5UGUT, U2U3U4U5U8, U2U3U5UGUT,
V1V4V4V50V8, V1 UV5V6V3V5VS, - - }

a linear combination of the expanded past inputs ®(x4) (1 < g <t —1). The
linear predictions w; - &; can be computed via the dot products &(z,) - P(x¢).
In this paper we are particularly concerned with multiplicative update al-
gorithms where each path is an expert or a feature. Typically there are expo-
nentially (sometimes infinitely) many features and maintaining one weight per
feature is prohibitive. However in this paper we manipulate the exponentially
many path weights via efficient kernel computations. A key requirement for our
methods is that the loss of a path P decomposes into a sum of the losses over
its edges. Except for a normalization, the updates multiply each path weight wp
by an exponential factor whose exponent decomposes into a sum over the edges
of P. Thus the path weights are multiplied by a product containing a factor per
edge of the path. Viewed differently, the updates multiply each edge by a factor.
We want three properties for the weightings on the paths.

1. The weighting should be in product form, i.e. wp =[] cp ve.

2. The outflow from each node u should be one, i.e. Zu,:(u’u,)eE(G) Viuu) = 1,
where E(G) denotes the set of edges of G.

3. The total path weight is one, i.e. Y, wp = 1.

The three properties make it trivial to generate random paths: Start at the
source and iteratively pick an outgoing edge from the current node according to
the prescribed edge probabilities until the sink is reached.

The additional factors on the edges that are introduced by the multiplicative
update mess up these properties. However there is an algorithm that rearranges
the weights on the edges so that the weights on the path remain unchanged but
again have the three properties. This algorithm is called the Weight Pushing
algorithm. It was developed by Mehryar Mohri in the context of speech recogni-
tion [Moh9g].

One of the goals of this paper is to show that multiplicative updates nicely
mesh with path kernels. The algorithms can easily be described by “direct” algo-
rithms that maintain exponentially many path-weights. The algorithms are then
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simulated by “indirect” algorithms that maintain only polynomially many edge-
weights. There is a lot of precedents for this type of research
[F1S97, MWO98, HPWO02, TW99]. In this paper we hope to give a unifying view
and make the connection to path kernels. We will also re-express many of the
previously developed indirect algorithms using our methods.

In the next section we review the Weight Pushing algorithm which reestab-
lishes the properties of the edge weights after each edge received a factor. We
also give the properties of the update that we need so that the updated weights
contribute a factor to each edge. We then apply our methods to a dynamic rout-
ing problem (Section 3) and to an on-line shortest path problem (Section 4). We
prove bounds for the algorithm that decay with the length of the longest path
in the graph. However we also give an example graph where the length of the
longest path does not enter into the bound. The set of paths associated with
this graph can be concisely presented as a regular expression and was implicitly
used in the BEG algorithm for learning disjunctions [[IPW02]. In Section 5 we
introduce path sets defined as regular expressions and give an efficient imple-
mentation for the Weight Pushing algorithm in this case. Finally we rewrite the
algorithms for predicting as well as the best pruning of Series Parallel graph
using the methods just introduced (Section 5.2).

2 Preliminaries

Let G be a directed graph with a source and a sink node. Assume that the
edge weights v, and the path weights wp fulfill the three properties given in the
introduction.

Now each edge receives a factor b, and the new weights of the paths become

'(I}p _ wp HeeP be _ HeEP ’l)ebe
dopwp HeeP be  Xp HeeP Vebe

The normalization needs to be non-zero, i.e. we need the following property:

(1)

4. The edge factors b, are non-negative and for some path P, [] Vebe > 0.

ecP

Our goal is to find new edge weights v, such that the first two properties are
maintained. Note that Property 3 is maintained because the path weights in (1)
are normalized.

We begin by introducing a kernel. For any node u, let P(u) denote the set of
paths from the node u to the sink. Assume that input vectors v and x to edges
are given. For any node u, let

K,(v,x) = Z HveHze: Z Hveze.

PEP(u)ec€P  e€P PEP(u) e€P

Clearly Kgource(v, x) gives the dot product @(v)-&(x) given in the introduction
that is associated with the whole graph G.
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The computation of K depends on the complexity of the graph G. If G is
acyclic, then the functions K, (v, ) can be recursively calculated as

Ksink(va 17) =1

and in the bottom up order

Ku(v,a:) = Z v(u,u/)z(u,u/)Ku’ (’U,:B).
u':(u,u’)EE(G)

Clearly this takes time linear in the number of edges.

In the case when G is an arbitrary digraph then K, can be computed using
a matrix inversion or via dynamic programming using essentially the Floyd-
Warshal all-pairs shortest path algorithm [Moh98]. The cost of these algorithms
is essentially cubic in the number of vertices of G. Speedups are possible for
sparse graphs.

A straight-forward way to normalize the edge weights would be to divide the
weights of the edges leaving a vertex by the total weight of all edges leaving the
vertex. However this usually does not give the correct path weights (1) because
the product of the normalization factors along different paths is not the same.
Instead, the Weight Pushing algorithm [Moh98] assigns the following new weight
to the edge e = (u,u'):

5 — veb;(Kuf('v,b)' @)
(v, b)

It is easy to see that the new weights v, are normalized, i.e.

Z ﬁ(u,u’) =1.

u':(u,u')EE(G)

Property 1 is proven as follows: Let P = {(uo,u1), (u2,us), ..., (ux—1,ur)} be
any path from the source ug to the sink ug. Then

~ d Va1 u) O 1 ) Ko (v,b)
egfe - 1;[1 Ko, ,(0,b)

Heep Vebe Ksink (v, b)

T Keouee(v,D)

_ wp [lecpbe
Ksource(va b)

_ wp HeeP be
ZP wp HeeP be .

The last expression equals wp (See (1)).
Typically the multiplicative weights updates have the form

1—1

) wp exp(—nL(P)) _ wpexp(—nGa)

wp = or wp = 5
S wp exp(—nL(P)) S pwp exp(—n )
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where L(P) is the loss of path P. So if the loss L(P) can be decomposed into
a sum over the edges of P, i.e. L(P) =) _.pl(e), then these update rules have
the form of (1) and so they can be efficiently simulated by the edge updates
using the Weight Pushing algorithm. Property 4 is also easily satisfied. In most
cases, however, the loss is given by

L(P) = L(y,@(ﬂ?)p) = L(ya Heepxe)

for some loss function L, which cannot be decomposed into a sum over the
edges in general. Actually, Khardon, Roth and Servedio show that simulating
Winnow (a multiplicative update algorithm) with the monomial kernel (which
is a path kernel) is # P-hard [[XRS01]. Still certain problems can be solved using
multiplicative updates of the form of (1). In the subsequent sections we will give
some examples. In the full paper we will also discuss in more detail how the
efficient disjunction learning algorithm (such as Winnow with one weight per
variable) may be seen as examples of the same method.

3 A Dynamic Routing Problem

In this section we regard the digraph G as a probabilistic automaton and consider
a dynamic routing problem based on G. At trial ¢ = 1,2,... we want to send
a packet X; from the source to the sink and assign transition probabilities vy .
to the edges that define a probabilistic routing. Starting from the source we
choose a random path to the sink according to the transition probabilities and
try to send the packet along the path. But some edges may reject the request
with a certain probability that is given by nature and the current trial may fail.
The goal is make the success probability as large as possible. Below we give the
problem formally.
In each trial t = 1,2,...,T, the following happens:

1. The algorithm assigns transition probabilities v . € [0, 1] to all edges e.

2. Real numbers d; . € [0,1] for all edges are given. The number d; . is inter-
preted as the probability that the edge e “accepts” the packet X;. A path P
“accepts” Xy if all the edges e of P accept X; and the probability of this is

Pr(X; | P) =[] dr..

ecP

We assume that Pr(X; | P) > 0 for at least one path P, so that Property 4
holds. Moreover, this probability is independent for all trials.
3. The probability that the current probabilistic automaton accepts X; is

At == Zwt,pPr(Xt | P),
P

where wy p =[] vt,e is the probability that the path P is chosen.

ecP
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The goal is to make the total success probability Hthl Ay as large as possible.

In the feature space we can employ the Bayes algorithm. The initial weight
wy,p is a prior of path P. Then the Bayes algorithm sets the weight w1 p as
a posterior of P given the input packets X7,..., X; observed so far. Specifically
the Bayes algorithm updates weights so that

wit1,p =Pr(P | Xy,...,Xy)
_ wpPr(Xy,..., Xy | P)
- YpwipPr(Xy,...,X: | P)
~w,pPr(Xy | P)
> pwepPr(Xe | P)
B we, p Heep dt,e
B ZP We, P HeeP dt,e.

It is well known that the Bayes algorithm guarantees that

T
[T4: =Y wipPr(Xy,.... X7 | P) > maxwy p Pr(Xy,..., X7 | P).
t=1 P

This implies that the probability that the Bayes algorithm succeeds to send the
all packets X1,..., X is at least the probability for the path P that attains the
maximum of the success probability.

It is easy to check that the Bayes update rule (3) has the multiplicative form
(1). So we can run the Bayes algorithm efficiently using the Weight Pushing
algorithm.

4 On-Line Shortest Path Problem

We consider an on-line version of the shortest path problem. The problem is
similar to the previous one, but now d, . is the distance of the edge e at trial ¢.
Furthermore we assume that the given graph G is acyclic, so that any path has
a bounded length.

In each trial t = 1,2,...,T, the following happens:

1. The algorithm assigns transition probabilities v . € [0, 1] to all edges e.
2. Then distances d¢ . € [0,1] for all edges are given.
3. The algorithm incurs a loss L; which is defined as the expected length of

path of G. That is,
Ly = Z wy, ple, p,

PeP(G)
where
bp=> die (4)
ecP

is the length of the path P, which is interpreted as the loss of P.
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Note that the length I; p of path P at each trial is upper bounded by the number
of edges in P. Letting D denote the depth (maximum number of edges of P)
of G, we have [, p € [0, D]. Note that the path P minimizing the total length

T T T
D lp=3 D die=D > dic
t=1

t=1ecP ecP t=1

can be interpreted as the shortest path based on the cumulative distances of
edges: Zthl dy,c. The goal of the algorithm is to make its total loss Zthl L; not
much larger than the length of the shortest path.

Considering each path P as an expert, we can view the problem above as a
dynamic resource allocation problem [F597] introduced by Freund and Schapire.
So we can apply their Hedge algorithm which is a reformulation of the Weighted
Magority algorithm (see WMC and WMR of [LW94]). The Hedge algorithm
works over the feature space. Let wq p be initial weights for paths/experts that
sum to 1. At each trial ¢, when given losses l; p € [0, D] for paths/experts, the

algorithm incurs loss
L, = Zwt,Plt,P
P

and updates weights according to

wt,Pﬂl”’P/D

ZP’ wt,P’ﬁlt’Pl/D ’

where 0 < 3 < 1 is a parameter. It is shown in [LW94, FS97] that for any
sequence of loss vectors for experts, the Hedge algorithm guarantees' that

ZL . (m(l/g) tz_;lt,p—i—%ln ij> . (6)

Since It p = D .cp die, the update rule (5) is the multiplicative form of (1).
So we can employ the Weight Pushing algorithm to run the Hedge algorithm
efficiently. Below we give a proof of (6).

Let Wy = > wlypﬂll‘»fflvP/D, where [; +_1,p is shorthand for 22;11 lq, P
Note that Wy = 1. It is not hard to see that the update rule (5) implies wy p =
wl’P/Bll..t—l,P/D/Wt. So

. Wit . ZP wl,Pﬁll..t,P/D
W W,

w ﬂllutfl,P/D
= 1nz < == W, _> pgler/b
P

=1In Z wt,pﬂl”’/D.
P

(5)

Wi1,P =

! In [FS97] losses of experts are upper bounded by 1 at each trial, while in our case
they are upper bounded by D. So the second term of the loss bound in (6) has the
factor D.
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Since Iy p/D € [0,1] and 0 < B < 1, we have gr/P < 1 — (1 — B)l; p/D.
Plugging this inequality into the above formula, we have

In WI;/—:I < lnzP:wt7p (1—(1—pB)l.p/D)
=In(1—(1-p)L:/D)

< —(1-B)L¢/D.

Summing the both sides over all t’s, we get

D(ln W1 —In WT+1)
t=1 1-6

- Danp wl,Pﬁll..T,P/D
= -5
DIl . Bh.r.px/D
- n(wl,P 61 T,P )
> 1-5
/8 D 1

l x 1
=g T T

(]
&
IN

where P* is any path. This proves (6).

Unfortunately, the loss bound in (6) depends on the depth D of G. Thus the
graphs of large depth or for cyclic graphs the bound is vacuous. In some cases,
however, we have a bound where D does not appear in the bound although the
depth can be arbitrarily large. We give an example of such graphs in Figure 2.
The graph has n+1 nodes and each node i (1 < ¢ < n) has two outgoing edges e;
and e} to node i + 1. Let v;; and 1 — v ; denote the weights of these edges at
trial ¢, respectively. Let d;; and d;,i be the distances assigned to these edges at
trial . Note that the depth of the graph is n.

er €2 €n
OO ORI IO

’ / ’

€1 €9 €n

Fig. 2. An example graph whose depth D does not appear in the loss bound

Now we give a loss bound of the Hedge algorithm when applied to this graph.
In this case we use the following update rule

wy, p BT

ZP’ wt,P'ﬂlt'P,

Wi1,P =

(7)
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instead of (5). The key property we use in the analysis is that In(W;41 /W) is
decomposed into n independent sums:

W
t+1 =1In Z Wy, pBler

=1In Z <H (ve,i3%) H(l — ’Utd)ﬁdé,i)
n}

AC{1,.. icA i¢A

=1In H (vt B+ (1 — v Z)ﬂd;l)
= Zhl (Ut,iﬂdt’i +(1- Ut,i)ﬂd;”') .
i=1

Here we used the following formula: 3_ , [T, 4 @i [T;¢ 4 0s = [1;(ai + bi). Using
the approximation 8% <1 — (1 — )z for x € [0, 1] as before, we have

W n
V;trl < Zln (1= (1= B)(ve,idei + (1 = vei)dy ;)
—~(1=8) Y (vridei + (1 —vi5)d; )
=1

- 7(1 76)2Lta

which ends up in the following tighter bound

T

1 (1
E L; < min n( /ﬂ E ly,p + In .
~ P 1-8 wip

So why did the ratio M decompose into a product? This is because the
graph of Figure 2 may be seen as sequential composition of n two-node graphs,
where there are always two edges connecting the pairs of nodes. As you go from
the source to the sink (from left to write), the choices at each node (top versus
bottom edge) are “independent” of the previous choices of the edges. In the next
section we will make this precise. A sequential composition will cause the kernel
computation to decompose into a product (And conveniently logs of products
become sums of logs). The graph of Figure 2 represents n sequential binary
choices, i.e. a product of Bernoulli variables and this was used to model the
BEG algorithm for learning disjunctions [P W02] (A literal in the disjunction
is either on or off). The direct algorithm maintains one weight per disjunction
(subset of {0,1,...,n}). If the loss of a disjunction is measured with the at-
tribute loss then the loss of a disjunction is the sum of the losses of its literals.
We obtain an efficient indirect algorithm by maintaining only one weight per
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Jr

€2 €3 /\

€1 .

€6 /\
+ er
el €4 €5 /\
. €6
er + +
€2 €3 €4 €5

Fig. 3. An example of an SP digraph and its syntax tree

literal and the analysis decomposes as shown above. In this case the Weigh-
Pushing algorithm converts the update (7) for the path weights to an update for
the edge/literal weights, resulting in the standard BEG algorithm for learning
disjunctions [HPW02].

5 Regular Expressions for Digraphs

In this section we consider a digraph as an automaton by identifying the source
and the sink with the start and the accept state, respectively. The set of all
source-sink paths is a regular language and can be expressed as a regular expres-
sion. For example the set of paths of the digraph given in Figure 1 is expressed
as

eser + (e1 + ezes)eses(egeseres)” (es + eger).

The convolution kernel based on regular expressions is introduced by Haus-
sler [Hau99] and is used to measure the similarity between strings. Here we show
that the kernel computation gives an efficient implementation for the Weight
Pushing algorithm. For the sake of simplicity we assume that the source has no
incoming and the sink no outgoing edges, respectively.

5.1 Series Parallel Digraphs

First let us consider the simple case where regular expressions do not have the
x-operation. In this case the prescribed graphs are series parallel digraphs (SP
digraphs, for short). See an example of SP digraphs with its regular expression
(in terms of the syntax tree) in Figure 3. Note that any edge symbol e; appears
exactly once in the regular expression that represents an SP digraph. The syntax
tree is used to compute the dot product @(v) - &(x): Replace the leaves labeled
edge e; by the input product v;z; and + by plus (4) and o by times (-) (See
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+ + +
U1 o X1 o V171 .
+ U7 + g VX7
N
@) Te

7
SN

o Vg : V66
+ + + + + +
A NIVZAN A NIVAN VAN
(%) V3 V4 Vs To I3 Ta Is VX9 V3T3V4T4 V55

Fig. 4. The dot product ®(v) - &(x)

Fig. 4). Now the value of the dot product is computed by a postorder traversal
of the tree. This takes time linear in the size of the tree (number of edges).

Although SP digraphs seem a very restricted class of acyclic digraphs, they
can define some important kernels such as the polynomial kernel: &(z) - &(x) =
(1+ z-x)*, for some degree k. This is essentially the path kernel defined by the
regular expression

(€+@1,1+"'+€1,n)(€+€2,1+"'+€2,n)"'(€+€k,1+"'+€k,n)7

where any set of k edges ey, ...e,; happen to receive the same input values z;
and x; and the edges labeled with € always receive one as input. Note that z does
not necessarily represent edge weights that define a probability distribution over
the paths. But if all z;’s are non-negative, then the Weight Pushing algorithm
when applied to the weights z; produces the edge weights v, ; = z;/(14+21+-- -+
zp) for the edges e; ; and and vg; = 1/(1+21+- - -+ 2,) for all € edges. The edge
weights v of resulting kernel now satisfy Property 1 and 2, and &(v) - &(x) =
D(z) - ®(x)/(1 + 21 + -+ + 2,)F. This kernel (without the e edges) is the path
kernel underlying the Normalized Winnow algorithm [FHPW02]. Also the case
k = 2 (related to the kernel associated with Figure 2) is perhaps the simplest
kernel of this type:

n

D(z) - P(x) = Z H 2 = H(l + z;x;).

AC{1,...,n}i€A i=1

This is the “subset kernel” introduced in [KW97] (also the “monomial kernel”
of [KRS01]) which was the initial focal point of this research.

Now we give an efficient implementation for the Weight Pushing algorithm
that guarantees normalized updates (1), namely,

L S Theep vebe  9(v) - 9(b)

H ’De _ HeGP Uebe HeEP Uebe (8)
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for any path P. Each node of the syntax tree corresponds to a regular expres-
sion which represents a component of the given SP digraph G. Note that the
root of the tree corresponds to the entire graph G. For any component regular
expression H of G, let P(H) denote the set of all paths that H generates. For

values x on the edges of H, let ®(x) = > pep(m) Llecp Te. Furthermore, we
define the kernel associated with H as

K'(0,b) = 9" (v) - 0" (6) = 3 ] veb.
PEP(H) e€P

As stated in the beginning of this section, this is recursively calculated as follows.

Vebe if H = e for some single edge e,
K (v,b) = { T[], KHi(v,b) if H=Hy 00 Hy,
S KHi(v,b)if H=H, +---+ Hy.

Now we give an update rule for v. For any edge e in H, let 97 be defined
recursively as

1 if H = e for some single edge e,
. KHi(v,b) ~ H if H = Hy+---+ Hy and e is the prefix of some path
e = Kb P e P(H,),
1, otherwise, where H; is a child node of H for which
Ve e € P for some path P € P(H;).

Finally the weights on the edges are given by 9. = 8. The next theorem shows
that this update assures (8).

Theorem 1. For any component graph H of G and any path P € P(H),
Vebe

H — eEP b) )

ecP

Proof. We show the theorem by an induction on the depth of the syntax tree.
In the case where H consists of a single edge, the theorem trivially holds.
Consider the case where H = Hj o --- o Hy,. In this case any path P € P(H)

is a union P = P; U UPkforsomePG”P( ;) for 1 <i<kEk. So

k
~H __ ~H
[T =1111 #
ecP i=1lech;
k

= H H ol by the definition of ¢
i=1ceP;

o k HeEPq, ’l)ebe
KHi(v,b)
1

_ Ileep vebe
- KH(v,b)’

by the induction hypothesis
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Finally for the case where H = H;y + -+ -+ Hy, any path P € P(H) is a path
in some P(H;). Moreover only the prefix edge of P changes its weight. Therefore,

. KHi(v,b .
11 KH(('U b)) 11 o"
b)

ecP

b
= KT (v.b) lj_l{i‘ilzqieb)e by the induction hypothesis
_ lecpvebe
- KH(v,b)’

which completes the proof. O

It is not hard to see that the weights © can be calculated in linear time.

5.2 Predicting Nearly as Well as the Best Pruning

One of the main representations of Machine Learning is decision trees. Frequently
a large tree is produced initially and then this tree is pruned for the purpose
of obtaining a better predictor. A pruning is produced by deleting some nodes
in the tree and with them all their successors. Although there are exponen-
tially many prunings, a recent method developed in coding theory and machine
learning makes it possible to maintain one weight per pruning. In particular,
Helmbold and Schapire [[1597] use this method to design an elegant multiplica-
tive algorithm that is guaranteed to predict nearly as well as the best pruning
of a decision tree in the on-line prediction setting. Recently, the authors [TW99]
generalizes the pruning problem to the much more general class of acyclic planar
digraphs. In this section we restate this result in terms of path kernels on SP
digraphs.

A pruning of an SP digraph G is a minimal set of edges (a cut) that interrupts
all paths from the source to the sink. In the example of Fig. 3, all the prunings
of the graph are {e1, e, e3,¢e5}, {€1, eq,€5,¢6}, {€1,e7}. The key property we use
below is that for any path P and pruning R, the intersection always consists of
exactly one edge. Let PN R denote the edge.

First we describe an algorithm working on the feature space that performs
nearly as well as the best pruning of a given SP digraph. The algorithm maintains
a weight w; r per pruning R. Previously an input vector x; at trial ¢ is given
to all edges. Now an input vector a; is given only to the edges of a single
path P;. In the decision tree example this path is produced by some decision
process that passes down the tree. We do not need to be concerned with how the
path P; at trial ¢ is produced. Each pruning R predicts as the edge that cuts the
path P;, i.e. the prediction of R is x4 p = ¢, p,nr. The algorithm predicts with
the weighted average of predictions of prunings, i.e. §; = Y, w¢, g, g. Then an
outcome y; is given and the algorithm suffers loss L; = L(yy, 3¢) for a previously
fixed loss function L, say, L(y:, 9:) = (y+ — §¢)?. Similarly pruning R suffers loss
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L(y:, ¢, ). Finally the algorithm updates weights so that

wi, g exp(—nL(ys, x4, r))
> rwi,r exp(—nL(ys, ©1,r))

Wt1,R =

holds for all R.

Now we express this algorithm in terms of path kernels and weight updates
on the edges. Consider the dual SP digraph G which is defined by swapping
the + and o operations in the syntax tree. Note that prunings and paths in G
are swapped in G, namely, a pruning R in G is a path in GP and the path P,
in G is a pruning in GP. The algorithm works on the dual graph GP and
maintains weights v, on the edges of GP that represent the weight of path R
as Wy g = Heeth7e' At trial ¢ the input vector x; is assigned to the edges of
a pruning P;. The z; . for which e ¢ P, are set to one. Let P (x;) denote the
vector of all feature values corresponding to the paths in GP. Then the value of
feature/path R is

D
b (331:)1% = H Tte = Tt,P,NR = Tt,R-
eeER

So the prediction §; of the algorithm is expressed as §; = @ (v;)- PP (x;), which
is efficiently computed by a path kernel.
Moreover, since the loss of path R at trial ¢ is Ly, 2¢,r) = L(yt, ¢, PinR),
letting
by — {exp(—nL(yt, Tye)) if € € ]?t,
’ 1 otherwise,

we have

H v [lecrviebe
t+1l,e = .
cR ZR HeeR vt,ebt,e

This is the same form as (8) and hence can be efficiently calculated as shown in
the previous section.

Note that in each trial ¢ only the edges in the input path P; are “relevant”
to computing the prediction value g; and the new edge weights v,,1. Maintain-
ing K (vy, b;) for each component expression H, we can compute ; and v in
time linear in the size of P, [TW99], which can be much smaller than the number
of all edges. So when the given graph is series-parallel, the implementation we
give in this section can be exponentially faster than the original Weight Pushing
algorithm.

5.3 Allowing *-Operations

Now we consider the general case where regular expressions have x-operations.
First let us clarify how the digraph is defined by %-operations. Let H; be any
digraph that is defined by a regular expression. Then we define the digraph for
H = H as in Figure 5: add a new source with an e-edge from it to the old
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Fig.5. The digraph defined by H;. The solid box represents Hi, where its
source and sink are designated as O and (), respectively

source, add a new sink with an e-edge from the old source to the new sink, and
add an e-edge from the old sink back to the old source. For convenience we call
them €1, €5 and €3, respectively. All e-edges are assumed to always receive one
as input, namely, b6 = 1. Let v " denote the weight for the edge ¢;. Clearly it
always holds that v/ o = L

The kernel K (v,b) = ZPGP(H) [I.cp vebe can be calculated in the same
way as stated in Section 5.1 when H is a concatenation or a union. When H = HY
for some regular expression Hy, it is not hard to see that

oo

K oS (K (0,0) " o = ol (1 - K (0, b))

62 €1 ea
k=0

if K71(v,b) <1 and K (v,b) = oo otherwise.
Similarly the update rule for v is computed through 9. The definition of
o8 is the same as in Section 5.1 when H is a concatenatlon or a union. When

H=H;

’Ug if e =€,
S _ KHi(v,b)gih if e is the prefix of some path P € P(H,),
© v/ (1— K" (v,b)) ife=e
ot otherwise.

Then we can show that the weights ¢ satisfy

H — eGP b
KH (v,b)
ecP

for any path P € P(H).

6 Conclusion

In this paper we showed that path kernels can be used to indirectly maintain ex-
ponentially many path weights. Multiplicative updates give factors to the edges
and the Weight Pushing algorithm renormalizes the edge weights so that the
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outflow out of each vertex is one. We also showed that it is often convenient to
express the path sets as regular expressions, leading to efficient implementations
of path kernels and the Weight Pushing algorithm. We gave the path kernels that
interpret BEG and normalized Winnow as direct algorithms over exponentially
many paths. A similar interpretation for Winnow is unknown [HPW02].
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Abstract. A new notion of predictive complexity and corresponding
amount of information are considered. Predictive complexity is a gen-
eralization of Kolmogorov complexity which bounds the ability of any
algorithm to predict elements of a sequence of outcomes. We consider
predictive complexity for a wide class of bounded loss functions which are
generalizations of square-loss function. Relations between unconditional
KG(z) and conditional KG(z|y) predictive complexities are studied. We
define an algorithm which has some “expanding property”. It transforms
with positive probability sequences of given predictive complexity into se-
quences of essentially bigger predictive complexity. A concept of amount
of predictive information IG(y : z) is studied. We show that this informa-
tion is non-commutative in a very strong sense and present asymptotic
relations between values IG(y : z), IG(z : y), KG(z) and KG(y).

1 Introduction

Machine learning (and statistics) considers a problem of predicting a future
event x, from past observations x1xs...x,_1, where n = 1,2.... A prediction
algorithm makes its prediction in a form of a real number between 0 and 1.
The quality of prediction is measured by a loss function A(o,p), where o is an
outcome and 0 < p < 1 is a prediction. Various loss functions are considered in
literature on machine learning and prediction with expert advice [8,10,2,14,1].
The logarithmic loss function, where A(o,p) = —logp if ¢ = 1 and A(o,p) =
—log(1 — p) otherwise, is important in probability theory and generates the log-
likelihood function. The square-loss function \(o,p) = (0 — p)? is important for
applications.

The main goal of on-line prediction is to find a method of prediction which
minimizes the total loss suffered on a sequence x = x1zs...2, forn =1,2....
This idea of “minimal” possible total loss was formalized by Vovk [10] in a no-
tion of predictive complexity. Intuitively, it is the loss of an optimal idealized
prediction strategy (“idealized” means that this strategy is allowed to work in-
finitely long). This loss gives a natural lower bound to ability of any algorithm

J. Kivinen and R. H. Sloan (Eds.): COLT 2002, LNAT 2375, pp. 90-105, 2002.
© Springer-Verlag Berlin Heidelberg 2002
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to predict elements of a sequence of outcomes. For the exact definition of pre-
dictive complexity see Section 2. Since predictive complexity is defined only up
to an additive constant, it cannot have direct applications in practice. However
it allows us to give a very general formal representation to our intuitions about
prediction. It provides a tool to determine the limits of effectiveness of prediction
algorithms. An example of an application of this tool is the statement and the
solution of the snooping problem published in [11]: given a bit of information
about a data set, how much better can elements of this data set be predicted?

The situation is similar to that with Kolmogorov complexity, which formalizes
our intuitions about the shortest description of an object. Results of the theory
of predictive complexity are expressed in the same asymptotic fashion as the
results about Kolmogorov complexity. In fact, Kolmogorov complexity coincides
with predictive complexity for a particular loss function.

In this paper we present results for a class of bounded loss functions which are
generalizations of the squared difference. We study relations between uncondi-
tional and conditional predictive complexities. The motivation for this study can
be provided by the following practical problem. Suppose we have to predict a se-
quence of data y = {y1,v2, 93, ...} (say, prices of houses) given another sequence
on-line z = {z1, 29, 23, ...} (say, a set of attributes of these houses) and there is
third sequence x = {x1,x2,xs,...} (which contains some other attribute). The
question is: given sequences z and x on-line, how much better can sequence y
be predicted than in the situation when only z is given? The sequence z can be
considered as an oracle and all further results can be rewritten for the oracle
case. Thus we will not mention z below. This problem justifies our interest in the
comparison of minimal losses on y and on y given z, or in other words KG(y)
and KG(y|x). The value KG(x) is also important. A difference between KG(y)
and KG(y|z) can be considered as an amount of information in = about y. We
denote it as IG(x : y) and call amount of predictive information.

At first, we prove a variant of triangle inequality (Proposition 4) to obtain an
upper bound on K (y). The main result of the paper, Theorem 2, implies that the
upper bound is reached in a wide range of cases. In order to prove it, we describe
an algorithm @ (Theorem 1) which has some “expanding property”: this algo-
rithm transforms with positive probability a sequence x of given predictive com-
plexity k into a sequence ¢(z) with predictive complexity KG(®(x)) > cklog %,
where n is the length of x, ¢ is a constant. This is impossible for Kolmogorov
complexity K (z), since for any computable mapping @, it satisfies the inequality
K(®(z)) < K(x) +O(1). Theorem 3 is an interesting reformulation of the main
result showing that pair can be can be predicted easier than its element.

The second group of results concerning predictive information is given in Sec-
tion 4. We explore relations between four important values IG(y : z), IG(x : y),
KG(z) and KG(y) in a limit form (Theorems 5, 6, 7). In particular, we prove
that IG(y : ) is non-commutative in a very strong sense.
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2 Predictive Complexity

We consider only simplest case, where events are simple binary outcomes from
{0,1}. Let us denote =, = {0,1}" and = = U2 ,=,,. We denote by [(x) the
length of a finite sequence x € =, ™ = x1 ... x, is its initial prefix of length n.
By O we denote the empty sequence from =. We write x C y if x = y™ for
some n < [(y). We also will identify elements of = and positive integer numbers
in a natural fashion. It is important to consider the case when some a priori
information is used in performing predictions. We consider a set of signals A.
For simplicity we will consider the case A = =.

It is natural to suppose that all predictions are given according to a pre-
diction strategy (or prediction algorithm) S. When performing prediction p; the
strategy S uses two input sequences, a sequence il = r1,Ts,...T;_1 of previ-
ous outcomes, and a sequence y' = y1, s, .. .,y; of signals, i.e. p; = S(z'~1, y?).
The total loss suffered by S on a sequence z'™ is represented

n

Losss(z"|y") = Z My, Sz y")).

=1

The value y™ = 0", n=0,1,..., corresponds to the case when a priori informa-
tion does not used (here by 0™ we denote the sequence of n zeros).

The value Lossg(z™|y™) can be interpreted as predictive complexity of z™
given y". This value, however, depends on S and it is unclear which S to choose.
Levin [13], developing ideas of Kolmogorov and Solomonoff, suggested (for the
logarithmic loss function) a very natural solution to the problem of existence of
a smallest measure of predictive complexity. Vovk [9] extended these ideas in a
more general setting for a class of mixable loss functions.

Let us fix 7 > 0 (the learning rate) and put 5 =e~" € (0,1). A loss function
(game) A(o,7) is called n-mixable if for any sequence of predictions 71,7, ...
and for any sequence of nonnegative weights p1, pa, ... with sum < 1 a prediction
4 exists such that

Ao, q) <logg Y piN) (1)
K]
for all 0. The log-loss function is n-mixable for any 0 < 1 < In 2, and square loss
function is also -mixable for any 0 < n < 2 (see [8]).

A function KG(z|y) is a measure of predictive complexity if the following two

conditions hold:

— (i) KG(O|O) = 0 and for every = and y of equal length and each extension
of y there exists a prediction p depending on x and yy such that inequality

KG(zolyy) > KG(zly) + Ao, p) (2)

holds for each o.

— (ii) K@ is semicomputable from above, which means that there exists a com-
putable nondecreasing by t sequence of simple functions K G?* such that for
every z and y it holds KG(z|y) = inf; KG'(z|y).
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By a simple function we mean a function which takes rational values or 400 and
equals +o0o for almost all z € =.

Requirement (i) means that the measure of predictive complexity must be
valid: there exists a prediction strategy that achieves it. Notice that if > is
replaced by = in (2), the definition of a total loss function will be obtained.
Requirement (ii) means that KG(z|y) must be “computable in the limit”.

The main advantage of such definition is that a semicomputable from above
sequence KG;(z|y) of all measures of predictive complexity can be constructed.
More precise, there exists a computable from i, ¢, z, y sequence KG:(z|y) of sim-
ple functions such that

— (iil) KGI (z]y) < KGY(x|y) for all i, ¢, x;

— (iv) KGi(z|y) = inf; KGl(z|y) for all 4, x;

— (v) for each measure of predictive complexity K G(x|y) there exists an ¢ such
that KG(z|y) = KG;(z|y) for all  and y. In particular, for any computable
prediction strategy S there exists an i such that Lossg(x|y) = KG;(x|y) for
all z and y.

Let us consider some analogy with Kolmogorov complexity which used com-
putable methods of decoding of finite binary sequences. By this method F' of
decoding we can reconstruct any finite sequence x using its binary program p
and some parameter y: 2 = F(p,y). Each method of decoding F' defines some
measure of conditional complexity Kp(z|y) = min{l(p) : F(p,y) = z} of finite
sequences x. It is easy to verify that this function is semicomputable from above.
Kolmogorov’s idea was to “mix” all these measures of complexity in a “univer-
sal” measure. A computable sequence F; of all methods of decoding can be
constructed by the methods of the theory of algorithms [6]. A universal method
of decoding can be defined U ({7, p,y)) = Fi(p,y), where i is a program comput-
ing F; and (i,p, y) is a suitable code of a triple (¢, p,y). Then for any method of
decoding F' semicomputable from above it holds Ky (z|y) < Kp(x|y) + O(1) for
each z and y, where a constant O(1) depends on F'. We fix some Ky (x|y), denote
it K(x|y), and call the conditional Kolmogorov complexity of a finite sequence x
given a finite sequence y. Unconditional complexity is defined K (z) = K (z|0).
For technical reason we consider prefix-free methods of decoding: for any (p, y)
and (p',y') from the domain of F if p # p’ then p € p’ and p’ € p. Then
S oK () < 1. In prefix-free case Kolmogorov complexity can be also defined
analytically (see [5]).

o0
Ky (zly) = log, /5 Z ri2~ Kol
i=1
where 11,73, ... is a computable sequence of nonnegative weights with sum < 1.
For example, we can take r; =277, i =1,2,....
Analogously the mixture of all measures of predictive complexity KG;(x|y)
in the case of n-mixable loss function is defined

KG(zly) =logg »  rifN%W), (3)

i=1
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where r; = 2750 =1,2,.... The following proposition asserts that the func-
tion KG(x|y) is a measure of predictive complexity minimal up to an additive
constant.

Proposition 1. Let a loss function A(w,p) be computable and n-mizable for
some n > 0. Then there exists a measure of predictive complezity KG(z|y) such
that for each measure of predictive complezity KG;(x|y)

KG(zly) < KGi(xly) + (In2/n) K (i) (4)

holds for all z,y, where K (i) is the Kolmogorov prefix complezity of the program i
enumerating KG; from above, besides, a constant ¢ exists such that KG(zly) <
Losss(z|y) + (In2/n)(K(S) + ¢) holds for each computable prediction strategy S
and each x, y *.

In Vovk [10] (Section 7.6) it is proved that KG(z|y) defined by (3) is a measure
of predictive complexity. Inequality (4) is an easy consequence of (3). To prove
the rest part of this proposition note that there exists a computable function
f(p) which transform any program p computing .S into an enumerating program
i = f(p) such that Losss(zly) = KG;(z]y). We have also K (i) = K(f(p)) <
K (p) + ¢, where ¢ is a constant.

Let some n-mixable loss function A(o, p) be given. Put

b = inf sup A(o, p). (5)
P o
We suppose that b > 0. We suppose also that the loss function is computable,
and hence, it is continuous in p in the interval [0,1]. We also suppose that
the infimum in (5) is attained for some computable real number p. For log-loss
function b=1,p=1/2 and b = i, p = 1/2 in the case of squared difference.
We impose a very natural condition

)‘(07 0) = )‘(17 1) =0, (6)

which holds in both cases of log-loss and square-loss functions. We also consider
additional requirements on loss function by which square-loss function differs
from log-loss function:

A(0,1) = A(1,0) = a. (7)

Now, when restrictions on a loss function were specified let us fix some KG(x|y)
satisfying conditions of Proposition 1 and call its value the conditional predictive
complezity of x given y. In the case when y is trivial, i.e. consists only from zeros
we consider (unconditional) predictive complexity K G(z) of a sequence x.

Let us consider a set

Apr = {yll(y) =n, KG(y) < k}. (8)

! We suppose that some universal programming language is fixed. Let p be any pro-
gram which given x and a degree of accuracy e computes a rational approximation
of S(x) with this accuracy. We denote by K (S) the length of the shortest such p.
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We denote by # A the cardinality of a finite set A. Tight upper and lower bounds
of the number #A4,, ;. of all sequences of length n having predictive complexity
< k were obtained in [12]. Relations between Kolmogorov and predictive com-
plexities also were obtained in that paper. Here we present simplified versions of
these results which will be used in this paper.

Proposition 2. There exists a constant ¢ such that for all n and k

isocz—:c)/a <7’l> < #Ani < D <7zl> 9)

i<k/b

Proof. Let a sequence x of length n have no more than m ones. Consider predic-

tion strategy S(z) = 0 for all z. Then by (6) and (7) there are at least Y. (7)
i<m

of  such that KG(x) < Lossg(z) + ¢ < am+ ¢ < k, where ¢ is a constant. Then

m < (k — ¢)/a and we obtain the left-hand side of the inequality (9).

To prove the right-hand side of the inequality (9) consider the (possibly
incomputable) universal prediction strategy A(z) = p, where p = p(x) is the
prediction from the item (i) of definition of the measure of predictive complexity.
By definition Losss(z) < KG(x) for each . We consider a binary tree defined
by the set = of vertices with edges (z,z0) and (z,x1) for all x € =. By (5)
for any x we have A(0, A(x)) > b or A(1, A(x)) > b. By this property we assign
new labelling to edges of the binary tree using letters A and B. We assign A to
(x,20) and B to (z,z1) if \(0, A(x)) > b, and assign B to (z,20) and A to (z,z1)
otherwise. Evidently, two different sequences of length n have different labellings.
For each edge (x,z0) labelled by A it holds A(o, A(z)) > b and, hence, for any
sequence z of length n having more than m As it holds KG(z) > Lossa(x) > bm.

Therefore, #A, 1, < 3, (T;) ]
i<k/b
Remember, that K(z) is the Kolmogorov prefix complexity of x.

Proposition 3. A positive constant ¢ exists such that for all n and k such that
6b <k < %" inequality

b b 4b
holds for all x of the length n satisfying KG(z) < k.

Proof. To prove inequality (10) let us consider the recursively enumerable set
(8). We can specify any x € A, by n,k and the ordinal number of x in the
natural enumeration of A,, 5. Let k < bn/2. Then using an appropriate encoding
of all triples of positive integer numbers we obtain for all x € A,, 1

K(z) < (E—I—S)logn—ﬁlogﬁ—kc (10)

K(z) <log#An 1+ 3logn+logk + ¢ < (11)
k
10g3<k7;b> +3logn +logk + ¢ < (12)

k[ en\""
logg (k_/b> +3logn +logk+c < (13)
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2 k
31 1 1 = 14
(5 +8) 0w = (1= i) 31w+ )
k k
(5 +3) logn — glogE + (15)
where ¢ and ¢’ are positive constants and k > 6b. O

3 Expanding Property

The following Proposition 4 is an analogue of the corresponding result for the
prefix Kolmogorov complexity K (z) < K(z|y) + K(y) + O(1) [5].

Proposition 4. Positive constants ¢1 and co exist such that for all x and y of
length n

KG(x) < KGlaly) + (n2/n)K (y) + o1 < (16)

G(z|y) + c2KG(y) log (

(17)

\_/

Inequality (17) holds if 6b < KG(y) < bn/2.

Proof. This proposition is a direct corollary of Proposition 1. For any finite
sequence y define § = y0*. The measure of predictive complexity S(z) =
KG(z|7"®) can be enumerated from below by a program depending from y.
Then by (4) for any x such that I(x) = I(y) it holds KG(x) < KG(z|y) +
(In2/n)K (y) + c1, where ¢ is a positive constant. Applying the upper bound on
K (y) from Proposition 3 we obtain the needed result. ad

The following theorem shows that inequality (17) cannot be improved. We
construct a computable mapping having some “expanding property”: it trans-
forms sequences of given predictive complexity into sequences of essentially big-
ger predictive complexity.

Let C), 1. be a set of sequences y of the length n having k changes from 0 to 1
or from 1 to 0 (occurrences of combinations 01 and 10 in y); it is also convenient
to consider a case y; = 1 (i.e. a case when y starts from 1) as a change.

Let us consider a computable predictive strategy S such that S(O) = 0 and
S(x1) = 1, S(z0) = 0 for all . By (7) we have Lossg(y) < a(k + 1) for each
y € Cyp k. Therefore, KG(y) < ak + O(1) for each y € C,, ;. Let [r] be the least
integer number s such that s > 7.

Theorem 1. For any n and k < 5 a computable mapping ¢ from Cyp to a
subtree {z|l(z) = n,0"~™ C z}, where m = [log4*(})], ewists such that for a

portion > 1/2 of all y € Cy i the output x = P(y) satisfies

KG(z) > % log (Z) , KG(z|y) = O(logn). (18)

We have also KG(y) < ak+O(1) for eachy € Cy k. In the case k = k(n) = o(n)
the factor b/20 in (18) can be replaced on b/2.
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Sketch of the proof. We construct a mapping ¢ which compresses the set C,, 1, into
the set {z|l(z) = n,0"~™ C x}, where m = [log4*(})], such that the density of
of the image of @ in this set is sufficiently large, namely, 4=%. We prove also a
variant of “incompressibility lemma”, from which follows that the large portion
of this image consists of elements z of predictive complexity K G(z) satisfying
(18) (see Section 5.1 for a detailed construction). O

In the following theorems we present results of Proposition 4 and Theorem 1
in an asymptotic form. For any functions «(n) and ((n) the expression a(n) =
O(4(n)) means that there exist constants ¢; and ¢ such that ¢;6(n) < a(n) <
cofB(n) holds for all n. The expression a(n) = 2(5(n)) means that there exists
a constant ¢; such that a(n) > ¢18(n) for all n.

Theorem 2. Let a function k(n) be unbounded, v(n) = 2(logn), and k(n) =
O(n), v(n) = O(n). Then

sup KG(z) =0 (V(n) + k(n) log (L)) (19)

213y (K G (y)<k(n), K G (z|y) <v(n)) k(n)

Proof. The part < follows from Propositions 3 and 4. In case v(n) >
k(n)log (%) the part > of (19) is evident. Otherwise, the statement follows

from Theorem 1. a
For any * = x1...2, and y = y1...y, we consider “a pair” [y,z] =
Y1T1 -« - YnTn-

Theorem 3. Let k(n) = 2(logn), v(n) = 2(k(n)), k(n) = O(n) and v(n) =
O(n). Then

sup KG(z) =6 (V(n) + k(n) log (L)) . (20)

2 3y(K G (y) <k(n), K G([y,2]) <v(n)) k(n)

Proof. In case v(n) > k(n)log (%) the part > of (20) is evident. Otherwise,
we use Theorem 1 and its proof. Let us consider the mapping @ from the proof
of Theorem 1 (see Section 5.1) and the sequences y and x = P(y) satisfying
the conditions of this proposition. Define a computable prediction strategy S by
Sz .. yic12i1yi) = ®(y'); = 4, (see also the end of the proof of Theorem 1
in Section 5.1), and S(y121 ...y;x;) = 0. This strategy predicts each even bit
precisely and outputs 0 as prediction for any odd bit. Then by (7) we have
Losss([y, x]) < ak(n) and, therefore,

KG([y,]) < ak(n) + (n2/n)K(S) < ak(n) + (21n2/n) logn < exp(n)  (21)
for some constant ¢1. By Theorem 1 it holds KG(y) < czlogn < csk(n) for all y,
where ¢y, ¢3 are constants. The part > of (20) follows from these inequalities
after normalizing of k(n) and v(n).

The < part of (20) follows from Proposition 4 and an obvious inequality
KG(zly) < KG([y, x]) + ¢, where ¢ is a positive constant. O
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4 Predictive Information

The amount of predictive information in a sequence y about a sequence x of the
same length in the process of on-line prediction was defined by Vovk [10]

IG(y : ) = KG(z) — KG(z|y). (22)

In this section we explore relations between four important values IG(y : z),
IG(z :y), KG(z) and KG(y) in a limit form. These results are mainly based on
the construction of Theorem 1.

The next Theorem 4 implies that predictive information is non-commutative
in a strongest possible sense. Define

gi(n) = sup (IG(z:y) —IG(y:z)). (23)
I(z)=1(y)=n

Theorem 4. It holds g1(n) = bn + O(1).

Proof. For any sequence x = z7 ...z, define its left shift Tz = x5 ...x,0. The
proof of theorem is based on the following simple lemma.

Lemma 1. It holds
KG(z|Tz) = O(1), KG(Tx) = KG(Tx|x) + O(1) (24)

The proof of this lemma is given in Section 5.2.
To prove the right-hand side inequality of Theorem 4 take y = Txz. Then by
Lemma 1 a positive constant ¢ exists such that

IG(Tx : ) = KG(x) — KG(z|Tx) > KG(z) — ¢
IG(x:Tx) = KG(Tx) — KG(Tx|z) < ¢

for all z. Using the definition (5) of b and the diagonal argument it easy to
construct a sequence z of length n such that KG(z) > bn. From this the right-
hand side of Theorem 4 follows. The left-hand side inequality of Theorem 4
follows from inequalities IG(x : y)—IG(y : ) < KG(y) < bl(y)+cfor all z and y,
where ¢ is a positive constant. The last inequality can be easily proved using a
computable prediction strategy which always predicts p, where p minimizes the
condition (5). O
Let us define
IG(y : x)
20 i ek KGW) %)

Main results of Section 3 can be summarized in the following theorem.

Theorem 5. It holds g2(n) = O(logn).
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Proof. The right-hand inequality follows directly from (17). The left-hand in-
equality can be derived from Theorem 1. Its enough to let k = y/n. o
Let us define also

IG(y : x)
g3(n) = sup AU RN 2
() () =I(y)=n,0<KG(z) KG(x) (26)

Theorem 6. It holds lim gs(n) = 1.

n—00

Proof. This relation follows from representation

K G(fcly)>
g3(n) = sup 11— ——=
(n) l(l-)zz(y):n,o<KG(x)< KG(z)

and from Theorem 1, where we let k = n/4. a

Theorem 7. Let k(n) < bn for all n. Then a constant ¢ exists such that

sup IGly:z)=0 <k(n) log <L)> (27)

(2.2 (@)=1 (W) =n, K G () <k(n) k(n)
sup IG(y :z) =k(n) +0(1) (28)
(z,y):l(@)=l(y)=n,KG(x)<k(n)
sup IG(y :z) =06(n) (29)

(@.):1(2)=1(y)=n. ]G (x:y) <c

Proof. The right-hand part of (27) follows from Proposition 4. The left-hand
part of (27) follows from Theorem 1. To prove (28) put = y and note that
KG(z]x) = O(1). Relation (29) follows from the proof of Theorem 4. O
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5 Appendix

5.1 Proof of Theorem 1

For any n and any sequence z of the length < n by a subtree =,,(z) we mean a
set

En(2) = {yll(y) = n,z Cy}.

The height of the subtree is the number m = n — I(z).
The main technical result of this paper is a construction of a mapping &
from C,, j, into a subtree =,,(0!) of height m = [log 4% (Z)], where [ = n — m.
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Let y * ¢ denotes the maximal joint prefix of y and 7/, i.e. a sequence z of
maximal length such that z C y and z C 4. The main requirement to @ is that

UD(y) «P(y')) > 1y *y') (30)

for all y,y" € Cyy -

We construct the mapping @ as a result of a recursive procedure
COMP(n, k, o), where n and k be positive integer numbers and o = 0 or 1.

Procedure COMP(n, k, o).

For any n the procedure COMP(n,0,0) returns the identical mapping &
on the set {0"}, the procedures COMP(n,1,1) and COMP(n,0,1) return the
identical mapping @ on the set {1"}.

Let C7 ;. be the set of all sequences from C), j; starting from o (c =0,1).

If k& > 0 the procedure returns a mapping ¢ from C7 , into a subtree Zn(0h)
for some [. Without loss of generality we suppose that o = 0.

In the following we will construct this mapping @ by series of subsequent
reassignments of the values of @. We start with the mapping @ identical on CO
We will do also a series of subsequent transformations of subtrees of the 1n1t1a1
tree =,.

Consider the base which is a sequence of n zeros 0™ (in the case o = 1 the
base is a sequence of n ones 1™). There are n — 1 subtrees =,(0°1) on the base,
i=1,...,n—1. Each sequence = € Cg,k of length n belongs to one of such trees
Z,(0%1). We call them basic subtrees.

For each i =1,...,n — 1 we apply the procedure COMP(n — i,k —1,1). For
each i the procedure returns a subtree =,,_;(1%) and a mapping @; from C}lﬂ-’kil
into this subtree.

Induction hypothesis: for each i the set ®;(C}_ ik—1) N Z,_i(1%) occupies at

least 4~ (*~1) portion of all sequences of basic subtree =,,_;(1%). In other words,
#Di(C_y 1 N Eni(1F)) = a7 F Dz, 1k,

There is a natural one-to-one correspondence between sequences 012 € CO  and
sequences x € C\ ;. Then we can redefine ¢ on o 1 such that for each ¢
and for each 1z € C},_, ;. it holds #(0'1z) = 0'®;(1x).

Denote A; = Z,(011%)) and call it the compressed basic subtree. By the
induction hypothesis we obtain that &(Cy, ;) N (U;A;) occupies at least 4~ (k=1)
portion of all sequences from U; A;.

At the current step of induction we will change this assignment of @ according
instructions given below.

Each initial basic subtree Z,(0°1), 1 < i < n—1 contains (before applying the
procedure COMP) a subtree T' = =,,(0°11) isomorphic to its upper neighbour
Z,(0"11). This subtree T will be transformed by the procedure COMP as a
part of Z,(0°1) on the previous inductive step into a subtree 7" of corresponding
resulting basic subtree A; = =,,(071%). The height of A; is equal to h; = n—i—k;.

For each i if h; < h;y1 then replace A;y1 on the corresponding subtree T'
of A;. Doing these replacements we simultaneously changing corresponding as-
signments of the values of ®@. This process provides us that h; > h;y for all 7.
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Now we will transform all compressed basic subtrees A; into a resulting
compressed subtree =,,(0') and will change the corresponding assignments of &
such that the density of the image of @ in the resulting subtree =,,(0') will be at
least 47%. The reconstruction consists of subsequent application of the following
two operations on subtrees of a binary tree.

1) Joining to the nearest upper neighbour. Suppose that there are at least
two basic subtrees of type =, (0°13+%1) and =,,(0F112+57) of the same height h,
where s; > 0. We transform each assignment of type @(y) = 0135y to &(y) =
0111150y, i.e. move subtree =, (091357) to =, (0°+111+5:0). We will apply this
transformation only to the first (left) pair of the basic subtrees of height h. Then
the height of the resulting subtree will be A + 1 and will not exceed the height
of the previous basic subtree.

2) Moving up to the nearest upper free vertex on the base. Suppose that there
is a basic subtree Z,(0°1?) and there is no basic subtree of type =, (0"11). In
this case we change each assignment ®(y) = 0'1%u to ®(y) = 0 '1u, ie. we
move basic subtree =,,(011%u) to =, (0" 1u).

By definition, after these transformations, the image of @ still occupies at
least 4~ (=1 portion of all sequences from each transformed basic subtree.

Given initial compressed basic subtrees we transform them by applying these
two operations as many times as possible. Suppose that among final basic sub-
trees there is a basic subtree of type Z(0119+3), where j > 0. Then there are only
two possibilities. The first one is that there is no basic subtree of type =, (0°+119),
where s > 1, and then the operation 2) must be applied. The second one is that
there is a subtree =, (0°7112+%) (and there is no subtree =, (0°7110)). In this
case the operation 1) must be applied. No basic subtree of type =, (0°"11) ex-
ists, since otherwise the property h; > h;41 for heights of basic subtrees will be
failed. The contradiction obtained shows that there is no basic subtree of type
Z(0°19F3) after all transformations.

As a result we obtain the base 0™ and a sequence of the new basic subtrees
on it of the type =,(0917), where i > 1 and j = 1 or j = 2. We obtained also a
new assignment to values of @.

Consider the first basic subtree B of maximal height. Since, the operations 1)
and 2) cannot be applied to B, it is of the form =,,(0'1) or Z,,(0'11), where [ > 1.
Then the portion of sequences of B among all sequences of En(Ol) is at least i.
Therefore, the portion of sequences in =,(0') which are of a form &(y), where
(NS C’gyk, can decrease no more than in 4 times, and so it is > %4’(’“’1) =47k,

We declare the mapping @ and the subtree =, (0') as the results returning by
procedure COMP(n, k,0). We also proved that the induction hypothesis holds
for these results.

End of the procedure COMP.

Let @ and =,(0') be outputs of COMP(n, k,0). Since the image &(C,, 1)
contains (Z) sequences in the binary tree =, (0') by density condition this tree
have < 4%(7) sequences.

The following lemma will be used to prove the existence of elements of big
predictive complexity in a set of given cardinality.
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Lemma 2. For any n let m < n and z be a sequence of the length n —m. Then
for any set W C {z|l(x) = n,z C a} for at least 1/2 portion of all x € W it
holds

KG(z) > blomas,

where lyqae s the mazimal integer number | such that [ < % and

H(i) S1og#W_1ogm_l (31)
m m m m

where H(p) = —plogp — (1 — p)log(1l — p) is the Shannon entropy.

Proof. Let A(x) be the universal predictive strategy as in the proof of Propo-
sition 2 such that Lossa(z) < KG(z) for all . By definition of b (see (5)) for
any  we have \(0, A(x)) > bor A\(1, A(x)) > b. Using this property we assign the
labelling to edges using letters A and B as in the proof of Proposition 2. Then for
any sequence z of the length m having more than k As it holds Loss,(x) > bk.

Now, to estimate from below the maximal total loss of A on sequences from W
we must estimate from below the maximal number of As occurring in sequences
from W. This estimate [ satisfies inequality

l

3 (”:) < %#W. (32)

i=1

The inequality (32) follows from Z(T) < %#W Since the elementary inequality

(77) < g ()

holds (see [3], Section 6.1), the inequality (32) also follows from

1
12mH () < SHW. (33)
This inequality follows from
l 1 1 1
H<_>§MM_, (34)
m m m m

Hence, we have KG(z) > bl for at least 1/2 portion of all € W, where [ is the
maximal number satisfying (34). O

To apply Lemma 2 get
n
= [log 4*
m = [log (k)1

W =&(Ch i)
We have #W = (Z) We must find maximal [ such that the inequality
l log (7 1 1
H<_>§ Og(k)n _ logm 1 (35)
m 2k + log (}) m m
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holds. It holds (Z) >2kif k< %. Then since log (Z) > k, the first term of (35)
is bigger than % Hence, for m sufficiently large it is sufficient to find [ such that

l 3
Hl— )] <—. 36
<m) — 10 (36)
It is easy to verify by table values of Shannon entropy that the inequality (36)
wittingly holds if

l 1
<
m — 20
and so, we can take estimate
m
Zmaac = 2_0

By Lemma 2 an z of the length n exists such that

b n b n
> — > — .
KG(z) > 20 <2k+log (k)) 2 50 log <k>

Let @(y) = x. By the prefix property (30) of mapping @ each prefix z¢ of length i
can be recovered from a prefix y° of length . Hence, a prediction strategy S exists
which computes the i-th member of x given y* = ¥, . ..y;. By definition we have
Losss(z|y) = 0. This predictive strategy S is trivially defined by the mapping ¢
given n and k as parameters. Hence, by (4) we have KG(z|y) < (2In2/n)logn
for all sufficiently large n. The proof of the theorem is completed.

5.2 Proof of Lemma 1

To prove the first part of (24) consider a computable prediction strategy S such
that for any sequences x and y of length n > 2 it holds S(z|y) = yn—1 (for
n = 1 define S(z|y) = 0). Then Lossg(x|Tz) < b for each =, and by definition
KG(z|Tx) < b+ c hold for all x, where ¢ is a positive constant c.

Let us prove the second part of (24). KG(Tz|x) < KG(Txz) 4+ O(1) by defi-
nition. To prove the converse inequality define a function S(u) using an idea of
Vovk’s [8] aggregating algorithm.

S(u) _ 1Ogﬁ(2—1ﬁKG(u\Ou) + 2—1ﬁKG(u\1u)). (37)

We show that S(u) is a measure of predictive complexity. Indeed, for any o

L 1
S(uo) — S(u) = logg Z 9~ 1gKGualiv) _ logs Z 9~ 1gKG(uliu) _
=0 i=0

1 1
logﬁ Z qiﬁKG(ua\iu)—KG(uﬁu) > 1Ogﬁ Z 2—1ﬁ)\(0,;ﬁ(iu)) > )\(U,ﬁ(u)),
=0 =0

where
2716KG(u\iu)

Z;:o 2—13KG (ulju) ’

qi =
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0,1, and predictions p(iu) and p(u) exist by n-mixability property of the loss

function A(o, p). By definition (37) of S(u) we have for ¢ = 0,1

S(u) < KG(uliu) + (In2/7n)

for all u. Hence, by definition

KG(Tz) < KG(Tz|z) + ¢

for all z, where c is a positive constant.
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Abstract. This paper investigates the behaviour of the constant c¢(3)
from the Aggregating Algorithm. Some conditions for mixability are de-
rived and it is shown that for many non-mixable games c¢(3) still con-
verges to 1. The condition ¢(3) — 1 is shown to imply the existence of
weak predictive complexity and it is proved that many games specify
complexity up to /n.

1 Introduction

In this paper we consider on-line prediction protocols. An on-line prediction
algorithm %A receives elements of a sequence one by one and tries to predict each
element before it actually sees it. The discrepancy between the prediction and
the outcome is measured by a loss function and loss over several trials sums up
to the total loss Lossg. A particular environment of this kind is called a game.

Prediction with expert advice (see [CBFHT97, HKW98, LWO1]) is an im-
portant problem in this prediction model. Suppose that there are N experts
EW @ £W) working according to the same on-line protocol. Their pre-
dictions are available to 2, which observes them each time before making its
own prediction. The problem is to suggest a method for 2 to achieve loss com-
parable to that of the best expert. The Aggregating Algorithm (AA) described
in [Vov90, Vov9g] provides a fairly general solution to this problem. If 2 follows
the AA, its loss satisfies

Lossy < ¢(f) Lossg, ., +ﬂ InN |

In(1/5)
where Lossg,__, is the loss of the best expert and ¢(3) is some constant depending
on the parameter 3 € (0,1) accepted by the AA. It can be shown that the AA
is optimal in some sense.

The constant ¢(/3) plays a very important role since it determines the asymp-
totic behaviour of the cumulative loss Lossg. Our goal is to investigate the de-
pendence between the prediction environment and properties of ¢(f), i.e., to
describe how the loss function determines ¢([3).

If ¢(8) = 1 for some § € (0,1), the learning algorithm predicts nearly as well
as the best expert. Games with this property are called mixable. In this paper

J. Kivinen and R. H. Sloan (Eds.): COLT 2002, LNAT 2375, pp. 105-120, 2002.
© Springer-Verlag Berlin Heidelberg 2002
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we formulate a criterion of mixability for games with smooth loss functions. If
the loss function is bounded, our criterion leads to a series of simple and natural
conditions. If the game is not mixable, i.e., ¢(3) does not take the value 1, it is
still often possible to conclude that ¢(8) — 1 as § — 1—, e.g., this is true for
all games with bounded loss functions and convex sets of superpredictions. If &
satisfies certain conditions, the rate of convergence can be estimated. We show
that for a wide class of games ¢(8) =1+ O(In(1/8)) as 5 — 1—.

Mixable games have an interesting property. They define predictive complex-
ities. The concept of predictive complexity introduced in [VWO98] is a natural
development of the theory of prediction with expert advice. Predictive complex-
ity bounds the loss of every algorithm from below. Generally this bound does
not correspond to the loss of an algorithm but it is optimal ‘in the limit’. Thus
it is an intrinsic measure of ‘learnability’ of a finite sequence. It is similar to
Kolmogorov complexity, which is a measure of the descriptive complexity of a
string independent of a particular description method.

The result about the convergence of ¢(3) allows us to construct weaker predic-
tive complexities for non-mixable games. Unlike standard predictive complexity,
which is defined up to a constant, these complexities are defined up to the term
of the order /]x[, where || is the length of a string . If ¢(3) = 1+ O(In(1/8))
as 3 — 1—, then the game has complexity defined up to /n.

We also discuss the situation for unbounded games. Some of our results can
be extended to unbounded games but the straightforward generalisation fails.
We show that for a wide class of unbounded games with smooth loss functions
and convex sets of superpredictions ¢(5) = +o0.

2 Preliminaries

2.1 On-Line Prediction

A game & is a triple (B, [0,1],)\), where B = {0,1} is an outcome space', [0,1]
is a prediction space, and A : B x [0,1] — [0, +00] is a loss function. We suppose
that A is continuous w.r.t. the extended topology of [—oo, +00] and computable.
The square-loss game with A\(w,7) = (w —v)? and the logarithmic game with

MMV){

are examples of games.
A prediction algorithm 2 works according to the following protocol:

FOR t=1,2,...
(1) 2 chooses a prediction vy € I
(2) A observes the actual outcome w; € {2
(3) U suffers loss A(wt,Vt)

END FOR.

—log(l—7) if w=0
—log~y if w=1

! In this paper we restrict ourselves to binary games of this kind. A more general
definition is possible.
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Over the first T trials, 2 suffers the total loss

LOSSS(WMW% s 7WT) = Z )‘(wtafyt) .

t=1

By definition, put Lossg(A) = 0, where A denotes the empty string.

In the problem of prediction with expert advice we have a pool of N experts
EMW @ £W) working according to the same protocol. No other assump-
tions is made about them, e.g., they do not have to be computable or indepen-
dent. On trial ¢ they output predictions ’yt(l), ’yt(Q), . ,fyt(N) and these predictions
become available to 2.

The Aggregating Algorithm (AA) is a method of merging experts’ predic-
tions. It accepts a parameter S € (0,1) and its behaviour is determined by
the value ¢(8) specified by the game. By definition, let ¢(3) be the infimum
of all ¢ satisfying the following condition: for every finite array of predictions
A1 4@ 4 € [0, 1] and weights p1, pa, . .., pn € [0,1] such that p; + ps +
...+ pn = 1, there exists 7* € [0, 1] such that A(0,7*) < clogg Z?:lpiﬁk(O,’v(’))

and \(1,7%) < clogg Z?:lpiﬂ’\(l”y(i)). The work of AA is described in [Vov98].
The following theorem assesses its performance.

Proposition 1 ([Vov90, Vov98]). Let & = (B, [0,1],\) be a game where A :
B x [0,1] — [0, +00] is a continuous function such that

e there is vy € [0, 1] such that A(0,7), A(1,7) < +o0 and
e there is no vy € [0,1] such that such that A(0,7v) = A(1,7) = 0.

Then
(i) For every 3 € (0,1), every finite set of experts ED, £ ... €M) and every
finite sequence wy,wa, . ..,w, € B we have
c(8)
Lossg . <c(B)L . In N
OSSQ{(Wl,WQ, 7wn) = C(ﬁ) OSS£7,(w17w27 7wn) + hl(]./ﬂ) n
for every i = 1,2,..., N, provided 2 has access to experts’ predictions and

uses the AA with the parameter (3.
(i) If there is a method of merging experts predictions and positive constants c,a
such that by following this method A achieves

Lossg(wl,wg, ... ywp) < cLossg, (w1,wa, ..., wy) +aln N

for all i = 1,2,...,N, every finite set of experts ED, R ... N and
every finite sequence wi,ws, . ..,w, € B, then ¢ > ¢(B) and a > ¢(B)/In(1/05)
for some 3 € (0,1).

It is easy to see that ¢(f) > 1. A game is called S-mizable if ¢(3) = 1. A
game is mizable if it is f-mixable for some § € (0,1). The square-loss game and
the logarithmic game introduced above are mixable (see [Vov9(]).
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2.2 Predictive Complexities

The theory of the AA suggests the following idea. If we merge all computable
prediction algorithms that work according to the protocol described above, we
end up with a universal algorithm that performs little worse than any com-
putable algorithm. However this straightforward approach fails. It follows from
a simple diagonalizational argument that every computable algorithm is greatly
outperformed by some other algorithm on some inputs.

This problem may be avoided if we extend the class. We will be looking for
a universal element in the class of all so called superloss processes.

Consider a game & = (B, [0, 1], \). We say that a pair (sg,s1) € [—00, +00]?
is a superprediction w.r.t. & if there exists a prediction v € [0, 1] such that sg >
A(0,7) and s1 > A(1,7). If we let P = {(po,p1) € [—00, +0o0]? | Iy € [0,1] : po =
A(0,7) and p1 = A(1,7)} (cf. the canonical form of a game in [Vov98]), the set S
of all superpredictions is the set of points that lie ‘north-east’ of P.

A function L : B* — IR U {+oo} is called a superloss process w.r.t. &
(see [VWO8]) if L(A) = 0, for every & € B*, the pair (L(z0)—L(x), L(z1)— L(x))
is a superprediction w.r.t. &, and L is semicomputable from above. It is shown
in [VWO98] that the set of all superloss processes is enumerable.

Now we can define different variants of predictive complexity. A superloss
process KC w.r.t. a game & = (B, [0, 1], \) is called (simple) predictive complexity
w.r.t. & if for every other superloss process L w.r.t. & there is a constant C such
that the inequality K(x) < L(x) + C holds for every & € B*.

Proposition 2 ([VWOI8]). If a game & is mizable, then there exists simple
predictive complezity K® w.r.t. &.

The definition can be relaxed as follows. A superloss process K is predictive
complezity up to f(n), where f : N — [0,400), if for every other superloss
process L there is a constant C' such that the inequality () < L(x) + C f(|x|)
holds for every & € B* (|| denotes the length of a string @). The definition
makes sense if f(n) = o(n) as n — +o0.

The square-loss and the logarithmic games are mixable and thus they specify
predictive complexities. The logarithmic complexity coincides with Levin’s a
priori semimeasure (see [VWO8]).

2.3 Geometric Interpretations of the Constant ¢(3) and Mixability

Within the approach of this paper two games with the same set of superpredic-
tions are indistinguishable. Different loss functions are mere parametrisations of
the same geometrical object.

The value ¢(f) has the following geometric meaning (see [Vov98]). Let S be
the set of superpredictions for a game &. Consider the homeomorphism from
[0, +oc] onto [0,1]? given by the equation Bg(z,y) = (3%, 3Y). For every A C
[0, +c]? and 6 € [0,27) put

sup{t > 0| (tcosf,tsinf) € A}

1
inf{t > 0| (tcosb,tsinf) € A} ’ (1)

oscyg A =
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where we assume that sup @ = 0, inf @ = 400 and (4+00)/(+0o0) = 1. This func-
tion represents the ‘thickness’ of a section of A by the half-line {(¢ cos @, tsin0) |
t > 0}. Put oscA = supgepor) 0scg A. If S is the set of superpredictions for

&, then ¢(8) = osc (’BEI (€(B(9))\ S), where €(A) denotes the convex hull
of a set A. Sometimes we will write ¢(&, ) to refer to a particular game; the
notation ¢y (&, §) = oscy (‘BEI (C(Bs(9)))\ S) will also be used.

Note that & is mixable if and only if the set B3(S) is convex for some
pe(0,1).

Remark 1. Tt is easy to visualise the set S/ = %El (€(B3(9))). Just as the
convex hull of a set is a union of all line segments connecting the points from
the set, so the set S’ consists of segments of the curve 5% + Y = 1. If two points
from S can be connected by a shift of a segment of the curve, the segment is
a subset of S’. Since the curve % + (3¥ = 1 is convex, the set S’ contains the
convex hull of S N IR?. This observation implies that if S N IR? is not convex,
there is € > 0 such that ¢(8) > 1+ ¢ for each § € (0,1).

The paper [KVV01] proves that if SN IR? is not convex, there is no simple
predictive complexity w.r.t. &. The proof can be easily modified to show that
in this case there is no predictive complexity up to f(n) for every f such that
f(n) =o0(n) as n — +oo.

3 Differential Criteria of Mixability

In this section we derive a number of criteria and conditions for mixability.
Here is an informal overview of our results. Let & be a game with the set of
superpredictions S. For simplicity, assume for a while that the loss function
Aw, ) is monotone in the second argument. If A is bounded and smooth, so is
the curve P = {(A(0,7),A(1,7)) | v € [0, 1]}, which forms a part of the boundary
of S. If S NIR? is not convex, the game is not mixable so let S NIR? be convex.
The theorems state the following. If the curvature of P never vanishes, the game
is mixable. If it vanishes at an interior point, the game is not mixable; if it
vanishes at an endpoint and the tangent is neither horizontal nor vertical there,
the game is not mixable either. However if certain regularity conditions hold and
the curvature only vanishes at points where the tangent is either horizontal or
vertical, the game is mixable. Some conditions are formulated in Theorem 2 and
Corollary 2. They are quite natural so most interesting cases satisfy them.

We start with a lemma, which is, in fact, a restatement of a theorem from
[HKW9S].

Lemma 1. Let & be a game with the set of superpredictions S. Suppose that
there are twice differentiable functions x,y : I — IR, where I C IR is an open
(perhaps infinite) interval, such that @’ >0 andy’ <0 on I and S is the closure
of the set {(u,v) € R? |3t € I : x(t) < u,y(t) < v} w.r.t. the extended topology
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of [—00, +00]?. Then, for every 3 € (0,1), the game & is B-mizable if and only

if
1y e - Oy
3 < POy E -« 0) ®

holds for every t € I. The game & is mizable if and only if the fraction (y"z’ —
'y 2y (y — a') is separated from the zero, i.e., there is € > 0 such that

1"

Y=L Y. > ¢ holds on I.
'y’ (y' —x’)

Proof. Convexity of Bg(S) is equivalent to concavity of the function with the
graph {Bs(x(t),y(t)) | t € I}. Since the functions z(t) and y(t) are smooth, this
curve is concave if and only if the inequality

dzpv(®)
2oy < 3)

holds on I. Differentiation yields
AR T () (4)
457 v (t)’
BRI g2 (y t>_xf<t>>yf<t>1ng+y"“)x'(’f)—y’(”x”(“).
d(p*®)*  Ip-(2'(1)° 2/ (t)

(5)
The theorem follows. O

The theorem holds for all smooth parametrisations of S. We need one partic-
ularly convenient method of parametrisation.We will say that f : I — IR, where
I = (a,b) C IR is an open (perhaps infinite) nonempty interval, is a canonical
representation of a game & with the set of superpredictions S, if

f is monotone,

f is semi-continuous from the right,

f is not constant on every non-void interval (a’,b) C I, and

S is a closure w.r.t. the extended topology of the set {(z,y) € R? | 3% <

z: f(%) <y}

The following theorem shows that most games have a canonical representa-
tion.

Lemma 2. Let & be a game with the set of superpredictions S C [0, +00]?.
Then S satisfies the conditions

e SNIR? # @ and
e S is the closure of its final part S N IR? w.r.t. the extended topology of
[70074’00]2

if and only if either S = [¢, +00] X [d, +00] for some ¢,d € IR or & has a canonical
representation. If under the above conditions there is a canonical representation,
it 18 unique.
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If we consider the parametrisation (z, f(x)) in Lemma 1, we get the following
corollary.

Corollary 1. Let & be a game with the set of superpredictions S C [0, +0oc]? and

the canonical representation f : I — IR. Suppose that [ is twice differentiable

on I. Then, for every € (0,1), the game & is S-mizable if and only if
i £"(x)

nh-<—-—-——— 6
5= F@ @ -1 )
holds for every x € I. The game & is mizable if and only if there is € > 0 such

that WJ% > ¢ holds on I.

The following lemma allows us to split S into parts and to study the parts
separately.

Lemma 3. Let & be a game with the canonical representation f : (a,b) — IR
and the set of superpredictions S. Let d € (a,b) and let f|q.q) and f|qp) be
the canonical representations of the games &1 and o, respectively. Then & is
mizable if and only if &1 and Gy are mizable and the set S NIR? is conver.

Proof. The ‘only if’ part is trivial. Let us prove the ‘if’ part.

Let &1 be fi-mixable, 5 be fa-mixable, and § = max(0,32). The both
curves {Bg(x, f(x)) | € (a,d)} and {Bs(x, f(x)) | € (d,b)} are graphs of
concave functions. Their union is the graph of a function g. Since S N IR? is
convex, the inequality f’ (d) < f)(d) holds for the one-sided derivatives of f.
Eq. (2) implies that ¢’ (3%) > ¢/, (3?) and thus g is concave. O

Let & be a game with the set of superpredictions S and the canonical rep-
resentation f : (a,b) — IR. If there is d < b such that the game with the set of
superpredictions SN ([d, +00] X (—o0, +00]) is mixable, we say that & has a miz-
able 0-edge. If the game with the set of superpredictions obtained by reflecting S
in the straight line x = y has a mixable 0-edge, we say that & has a mizable
1-edge.

Now we can formulate the following criterion.

Theorem 1. Let & be a game and let f : (a,b) — IR be the canonical represen-
tation of the set of superpredictions S. Let f have a continuous second derivative
on (a,b). Then & is mizable if and only if f" is positive on (a,b) and & has
mizable 0- and 1-edges.

The game & has a mixable 0-edge if and only if lim inf,_.,— — f"(z)/f'(x) > 0.
If b is finite, we can formulate the following statements.

Theorem 2. Let & be a game with the canonical representation f : (a,b) — IR
and the set of superpredictions S. Let b < +o0o and f : (a,b] — IR be the function
coinciding with f on (a,b) and defined by f(b) = lim,_,_ f(x) at b. If f has a
continuous second derivative? in a vicinity of b, the following statements hold:

2 From here on the derivatives f'(b) and f”(b) are the left derivatives f'(b)_ and

M OR
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(i) if f’(b) < 0, then & has a mizable 0-edge if and only if f"(b) > 0;
(i) if f'(b) = 0 and f" is positive and monotone in a punctured vicinity of b,
then & has a mizable 0-edge.

Note that if f”(b) < 0, the set S N (|d, +00) x (—o0,+0c0)) is not convex for
any d > 0 and thus & does not have a mixable 0-edge.

Proof. The theorem follows from Corollary 1.

If f'(b) < 0 or f”(b) > 0, the theorem trivialises. Consider the case f'(b) =
f"(b) = 0. We will show now that under the conditions of (i) the fraction
—f"(x)/f'(z) tends to +o00 as x — b—. Indeed, the classical first mean value
theorem for integrals implies that for every x from a punctured vicinity of b we
have

b
— [ Fode =~ 2@ ™)
where £(z) € [, b]. Since f” is monotone, we get

@ )
F@) ool E€@) “b-x

a

The following corollary describes the situation where f has a finite order
touch with the horizontal line.

Corollary 2. Let & be a game with the canonical representation f : (a,b) —

and the set of superpredictions S. Let SNIR? be convex, b < 400, and f : (a, ]

IR be as defined in Theorem 2. If there is an integer k > 2 such that f(ac) has
derivatives up to the order k at b and f(m)(b) =0 for everym=1,2,.... k—

but f*)(b) = a # 0, then & has a mizable 0-edge.

Proof. Under the conditions of the corollary either f”(b) > 0 or f(3)(z) is nega-
tive in a vicinity of b and thus f”(z) is monotone. We can apply Theorem 2. 0O

It is possible to give a simple independent proof. If k > 2, Taylor’s theorem
implies that

o — b)k—2

/'(z) = %cﬂro((xb)(km) as x — b—,
bkl

f(z) = %cﬂro((xb)(k_l)) as r — b—

and thus —f"(x)/f'(x) — 400 as © — b—.

The conditions we have formulated cannot be essentially relaxed. For exam-
ple, it is not sufficient to assume the existence of a continuous second derivative
for f. Indeed, let us construct a convex g with a continuous second derivative
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1

1

1
xX;

Fig. 1. Construction of the counterexample

such that ¢”(z)/¢'(z) — 0 as  — 0+. Moreover, it will be strictly positive for
x > 0. Such an example can be easily turned into an example of a game.
Let us construct h = ¢”. By definition, put ¢’(z) = [} h(t)dt and g(z) =
Ox g'(t)dt. The function h is constructed as follows. Consider the sequence of
squares with sides 1/2* and left bottom corner at points 1/2*, i = 1,2,... (see
Fig. 1). We split each square into two halves. Consider the graph of the func-
tion 3. Let us draw the graph of A inside the ‘angle’ between the graphs of
and 3 in such a way that left half of each square lies below the graph but h
touches 3 inside the right half. Let x; be the point inside the right half of
the i-th square where the touch occurs. The value ¢'(z;) is greater than the area
of the right half of the i-th square, i.e., ¢’(z;) > (x;/2)%. On the other hand
g"(xi) = h(x;) = 23 and thus ¢"(z;)/g' (z;) — 0 as i — +oo.

4 Convergence of ¢(3)

In this section we show that for a wide class of games ¢(8) — 1 as § — 1—.

Theorem 3. Let & be a game with the canonical representation f : (a,b) — IR
and the set of superpredictions S. If SNIR? is convex and the following conditions
hold:

e & has a mizable 1-edge or there is T < 400 such that f > —T on (a,b),
and
e & has a mizable 0-edge or there is € > 0 such that f, < — on (a,b),

then ¢(8) =1+ O(In(1/B)) as § — 1—.

Proof. We start with a lemma for one particular type of games. Let (’53;5 be the
game with the set of superpredictions Saﬁ;f = {(z,y) € [0,+00]? | Bz + Ay >
AB}. A special case of this game, Qﬁzli’bls, is the absolute loss game with the loss
function |w — ~|.
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Fig. 2. The set of superpredictions Fig. 3. The case of a mixable 0-edge

A,B
for the game Gy

Lemma 4. For all A, B > 0, we have

ABIng

_ . 8)
A0_p75) BU_5777) (
Al ma—psn + Blu aymasn

c((’jA’B )

abs

Proof. Consider a shift of §* + ¥ = 1 passing through (A4, 0) and (0, B). Let M
be the point where the tangent to this shift is parallel to the line Bz + Ay =
AB. Tt follows from the Thales theorem that the maximum value of ¢g(8, 3) is
achieved on 6 corresponding to the half-line passing through M (see Fig. 2; the
set S:b’SB is shaded darker and the set %El (C(B3(9)))\ S lighter).

O

We will show that there is C' € IR such that the inequality (&, 5) < Ci +
In(1/43) holds for every 6 € [0, 7/2].

If the half-line Iy = {(tcosf,tsinf) | ¢ > 0} does not intersect S, then
co(®,0) = 1 for all B € (0,1). Otherwise let (xg,y9) € [0,+00] be the point
where lp first meets S, i.e., (xg,y9) = (to cosb,tosind), where ty = inf{t > 0 |
(tcos@,tsin®) € S}. If wg ¢ [a,b], we have (B, 5) =1 for all § as well.

The convex set S N IR? has a hyper-plane (i.e., a straight line) of support
at (xg,9p). Let (cp,0) and (0,dp) be the points where this line intersects the
coordinate axes. We have S C S;{;’Sde = {(z,y) € [0,4+0] | qx + ry > s},
where the latter set is the set of superpredictions for the game 6;,’;’:9. We have

1< cp(®,8) < co(®3, 5) < (65", 5) hold.

Suppose that there are 0 < ¢ < T' < 400 such that =7 < f/ (z) < fl (z) <
—e¢ for every (a,b) (this implies that b < +o0 and f is bounded on (a,b)). The
slopes of lines of support constructed above are negative and separated from
both —oo and 0. This yields that there are ¢,d > 0 and ¢ d < +o0 such that

c<cy<candd<dy<d for every 6 € [0,0].
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It remains to show the following. If

cdt
+dln

g(t,c.d) = — c(1—e—t(er D)

d(1—c—tlc+d)
ch Crpa—")

then g(t,c,d) < 1+ Ct for some C, small t, and (c,d) € [c,¢] x [d,d]. It is
easy to see that for every ¢ > 0 we have g(t,c,d) = 1+ CJ;Tdt + t2r9(t, ¢, d),
where r5(t, ¢, d) = %%(5,0, d), for some & = £(t) € [0,t]. Since the derivative
02g/0t? is uniformly bounded when (¢, d) € [c,¢] x [d,d] and 0 < t < o, we get
the desired result.

The remaining cases can be reduced to the one we have considered. Suppose
that & has, say, a mixable 0-edge. We will find V' € (a,b) and ' € (0,1) such
that for every 0, if g > ', then ¢y(®,5) =1 for every § € [/, 1).

It follows from the definition of a mixable 0-edge that there is b € (a,b)
such that the game with the canonical representation f| - ;) is mixable. Suppose
that it is f;—mixable. Let [ be a support hyper-plane to S NIR? passing through
M = (", f(b")) and let N be the intersection of [ with the coordinate axis z = 0
(see Fig. 3).

Pick ¥’ € (b",b). For every § € [f1,1) there is a shift B of the set {(z,y) €
[—o00,+00]? | B% + Y < 1} such that S C B and (b, f(b')) € dB. For every
sufficiently large 3 € [51, 1), the points M and N belong to B. Indeed, consider
a shift of the curve 5% + BY = 1 passing through the origin. If at the origin it

touches the line y = —tx, where ¢t > 0, then its equation is
~ In(1+#(1—57))

(This can be checked by direct calculation.) Let us analyse this expression. It
decreases in t and tends to —tx as 3 — 1 and ¢, xz are fixed. It remains to notice
that £, (5") < f.(8).

Pick some g € (f1,1) such that M and N are inside B. Consider the game
with the set of superpredictions

S = (SN, +oc] x [0,4+00]) U (BN0,0] x [0,+cc]) .

It follows from Lemma 3 that this game is mixable, say, 4’-mixable. This implies
that for every point P € 9(S'NIR?) there is a shift B of the curve (3')"+ () = 1
such that P € 9B and S C S’ C B.

O

Remark 2. Consider an arbitrary game & with a bounded loss function \. Sup-
pose that the set of superpredictions S is such that S NIR? is convex. Let f :
(a,b) — IR be the canonical representation of &. For every 6§ such that x¢ # a,b
we still have the estimate on ¢p(f) from the theorem. This is sufficient to con-
clude that ¢(8) — 1 as § — 1—.
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5 The Existence of Weak Complexity

The results of the previous section imply the existence of weak complexity. The
following theorem generalises a result from [V'y00] about the absolute-loss game.
The idea of the proof goes back to [CBFH97].

Theorem 4. Let & = (B,[0,1],\) be a game such that \ is bounded and
c¢(B8) — 1 as B — 1. Then there exists predictive complexity w.r.t. & up to f(n),
where

\/_+Z< _1/f)>:0(n)

as n — +00.

Proof. There is | > 0 such that A(w,v) <1 for every w € 2 and v € I".
Put 8, =e Y/V" n=1,2,....Let L;, i = 1,2,..., be an effective enumera-
tion of all superloss processes w.r.t. &. Let the sequence L] be defined by
|| —1

Li(z) = +ZZ( )

for every & € B*. Pick a sequence p; > 0, ¢ = 1,2,..., such that ZZ 1pi=1
L} (x)

and consider the function defined by the formula K(x) = logg > .= 1 o pifn
for every @ of length n, n =1,2,....

Let us check that K is a superloss process w.r.t. &. Fix some arbitrary positive
integer n and x of length n. We have E(w) ZZ 1 Di ,Ji @) and ﬂﬁ:“) =
ZZ 1 pi3, +1 @) for each w = = 0,1. We cannot manipulate with these formulae
because they include different bases 3,, and (3,,41. This obstacle can be overcome
with the following trick. Since the function y = 2 is convex on [0, +00) for every
a > 1, the inequality (3, pit;)* < >, pit¢ holds for every t1,ts,... > 0 and every
sequence pi, pa, ... > 0 that sums up to 1. This implies

K(zw)\ °%6n L z)\ 288, L} (xw)
e = (52) < Y ()

for each w = 0,1. We get

—+oo
w)— L} (zw)—L; (x
@K@ < N g g (@)= Ee@) (9)

i=1

for each w = 0,1, where ¢; = pzﬁn w)/ Z 1 Dk ﬁn’“(m .
Since all L; are superloss processes, there exists a sequence of superpredic-

tions (sgo),sgl)) (sgo),sgl)), ... € S such that for every i = 1,2,... and each
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w = 0,1 we have

1 1
Li(xw) — Lj(x) = Li(zw) — Li(x +Z(1——) 255”—}%(1——)
(zw) = Lj (@) = Li(zw) — Li(x) ) )
(10)
It can be assumed that sgw) <[ for all 7 and w.
If we combine (9) with (10) and take into account the definition of ¢(3), we

obtain

(@)

ﬁIC(mw) K(x) < ﬁ L(Bn Zq ﬁn < ﬁ L(Bn )+cg(ﬁn)

_ ﬁz(“’)-l—(l—s(“’))( _L(B'IL ) < ﬁs
for each w = 0,1, where (5(9,s(1)) is a superprediction. This implies the in-
equalities KC(20) — K(x) > s and K(z1) — K(x) > s(I). Thus K is a superloss
process.
It follows from our definition of K that for every x of length n and every
1=1,2,... we get

K(z) < Li(x) +logg, pi = Li( Z < ) + \/_ln

A simple lemma from calculus completes the proof.

Lemma 5. Let a, >0, n=1,2,... be such that a,, = o(1) as n — +o00. Then
Soh_iak = o(n) as n — +oo.
O

Corollary 3. If a game & has a bounded loss function, there is a function
f(n) = o(n) such that there is predictive complexity w.r.t. & up to f(n).

Corollary 4. Let & be a game with a bounded loss function, the canonical rep-
resentation f : (a,b) — R, and the set of superpredictions S. If SNIR? is convex
and both the following conditions hold:

e & has a mizable 1-edge or there is T < +oo such that > —T on (a,b)
e & has a mizable 0-edge or there is € > 0 such that f’ < —e on (a,b)

then there is complexity w.r.t. & up to \/n.

6 Unbounded Loss Functions

The result of Theorem 1 still holds for games with unbounded loss functions.
However other results do not generalise to this case.

The following theorem shows that ¢(3) equals +oo for a large class of games.
Consider a game with the smooth canonical representation f : (a,4+00) — IR.
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Fig. 4. The drawing of Bg(S) for Fig.5. The drawing of S, Ci/7{,
Theorem 5 and C; 87 for Theorem 5

If the fraction f”(x)/f'(x) is separated from 0 as x — 4oo then so is the
fraction f”(xz)/f'(z)(f'(z) — 1) and the game has a mixable 0-edge. The case
f"(x)/f'(z) — 0 is completely different. We cannot guarantee the convergence
of ¢(B) to 1.

Theorem 5. Let & be a game with the canonical representation f : (a,+00) —
R and the set of superpredictions S. Let [ be twice differentiable on (a,+00). If
limg 400 f(2) =0 and limy 4 oo ?T(;L)) =0 then ¢(B) = +o0o for every 5 € (0,1).

Proof. Pick 8 € (0,1) and consider the image of S under B 3. It is easy to check
by evaluating the second derivative (cf. (5)) that the boundary of B3(S) in a
vicinity of the point (0, 1) is the graph of a convex function. There exists ug > 0
such that the line segment connecting the points (0,1) and (ug, 3/ (°8s(%0))
lies above the arc of the boundary of B3(S) between these points (see Fig. 4).
The inverse image of the corresponding straight line is a shift y = b(z) of the
curve 3% + Y = 1 such that b(z) — 0 as © — +oo but b(x) < f(z) for every
x € (logg(up), +00). It is easy to see that b(x) ~ CB3* for some constant C' as
T — +00.

Now let us pick an arbitrary 51 € (0,1) and show that cyp(81) — +oo as
6 — 0. Consider some 2 € (1, 1). There are functions by (z) ~ C1 57 and by (z) ~
C255 (as @ — +o00) such that by(x) < ba(x) < f(z) for all sufficiently large
x € IR. Let 1 and x5 be such that

C167" _ Gof3°

= tan 11
- s an (11)

(see Fig. 5). Suppose that 6 is sufficiently small for by (z) < ba(x) < f(x) to hold
for x1 and xs.

We get ¢o(f1) > xo/x1, where xg is such that f(zg)/xo = tan@. It follows
from by(z) < ba(x) < f(x) that o > x2 so it suffices to evaluate the rela-
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tion xo/xq. Taking the logarithm of (11) yields
Intanf =InCy +x1In By —Inxy =21 In B + o(xy) = 21 In Gy (1 + o(1))

as 6 — 0 and, respectively, 1 — +o00. Likewise we have Intanf = xoIn S2(1 +

o(1)) and thus * = iﬁg; (I +o0(1)) as @ — 0. Since we can chose 32 to be as

close to 1 as is wished, the theorem follows.

a

A simple example of a game satisfying this theorem is provided by the game
with the canonical representation f(z) = 1/x, x € (0,400). Indeed, we have

f'(z) = —1/2% and f"(x) = 2/23; thus J;l,l((j)) = -2 - 0asaz — +0o. The
theorem implies that ¢(8) = +o0o for this game.

The first example of a game with ¢(8) = +oo was constructed in [Vov9s],
Example 6, but the construction was an artificial one and the set of superpre-

dictions of the resulting game was not convex.
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Abstract. We introduce a variant of the Perceptron algorithm called
second-order Perceptron algorithm, which is able to exploit certain spec-
tral properties of the data. We analyze the second-order Perceptron algo-
rithm in the mistake bound model of on-line learning and prove bounds
in terms of the eigenvalues of the Gram matrix created from the data.
The performance of the second-order Perceptron algorithm is affected by
the setting of a parameter controlling the sensitivity to the distribution
of the eigenvalues of the Gram matrix. Since this information is not pre-
liminarly available to on-line algorithms, we also design a refined version
of the second-order Perceptron algorithm which adaptively sets the value
of this parameter. For this second algorithm we are able to prove mis-
take bounds corresponding to a nearly optimal constant setting of the
parameter.

1 Introduction

In this paper, we consider on-line learning from binary labeled examples. In each
on-line trial the learning algorithm receives an instance and is asked to predict
the binary label associated with that instance. Combining the instance with its
current internal state, the learner outputs a prediction about the label. The
value of the label is then disclosed. We say that the learner has made a mistake
when prediction and label disagree. Finally, the learner updates its internal state
and a new trial begins. To measure the performance of the learning algorithm,
we compare it to the performance of the best predictor in a given class. Within
this framework, we introduce a new on-line algorithm called second-order Per-
ceptron algorithm. This might be viewed as a variant of the classical (first-order)
Perceptron algorithm [26,7,24], and is similar in spirit to an algorithm intro-
duced by Vovk [29], and further studied by Azoury and Warmuth [5], for solving
linear regression problems under the square loss. Our second-order Perceptron
algorithm is able to exploit certain spectral properties of the data. We analyze
the algorithm in the mistake bound model of on-line learning [21,1], by proving
bounds in terms of the eigenvalues of the Gram matrix created from the data
(Theorem 1). A typical situation where the second-order algorithm outperforms
the first-order one is when the data lie on a flat ellipsoid, so that the eigenvalues
of the Gram matrix have different magnitude. We performed simple experiments
on syntethic data which confirmed our theoretical findings. Once our algorithm

J. Kivinen and R. H. Sloan (Eds.): COLT 2002, LNAT 2375, pp. 121-137, 2002.
© Springer-Verlag Berlin Heidelberg 2002
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is put in dual form, all the operations it performs essentially involve only dot
products (Theorem 2). Hence we can replace those dot products by kernel dot
products (see, e.g., [27,10]).

In its basic form, the second-order Perceptron algorithm is parameterized
by a constant a > 0, which rules the extent to which the algorithm adapts to
the “warpedness” of the data. In the limit as a goes to infinity our algorithm
becomes the (first-order) Perceptron algorithm, so in that limit the bound of
the second-order algorithm coincides with that of the first-order algorithm. The
value of a affects performance in a significant way. The best choice of a depends
on informations about the learning task that are typically not available ahead
of time. We develope an adaptive parameter version of our algorithm and prove
mistake bounds for it (Theorem 3). Again, such bounds are able to capture the
spectral properties of the data.

The next section introduces the main notation used throughout the paper.
The basic algorithm is described in Section 3 and analyzed in Section 4. We then
show in Section 5 how to formulate our algorithm in dual form, thereby allowing
the use of kernel functions. In Section 6 we analyze the second-order Perceptron
algorithm with adaptive parameter. Preliminary experiments are reported in
Section 7. Section 8 contains conclusions, final remarks and ongoing research.

2 Preliminaries and Notation

In sequential models, prediction proceeds in trials. In each trial t = 1,2,... the
prediction algorithm observes an instance vector @; € R™ (all vectors here are
understood to be column vectors) and then guesses a binary label 3, € {—1,1}.
Before seeing the next vector @41, the true label y; € {—1, 1} associated with
x; is revealed and the algorithm knows whether its guess ¥; for y: was cor-
rect or not. In the latter case we say that the prediction algorithm has made
a mistake. We call example each pair (x,y:), and sequence of examples S any
sequence S = ((x1,y1), (®2,y2),...,(xr,yr)). The formal model we consider
is the well-known mistake bound model of on-line learning introduced by Lit-
tlestone [21] and Angluin [1], and further investigated by many authors (e.g.,
[28,22,8,19,2,16,15] and references therein). We do not make any assumption on
the mechanism generating the sequence of examples. The goal of the on-line
prediction algorithm is to minimize the amount by which its total number of
mistakes on an arbitrary sequence S exceeds some measure of the performance
of a fixed predictor (in a given comparison class of predictors) on the same
sequence S.

The comparison class we consider here is the set of unit norm vectors {u €
R™ : |Ju|| = 1}. Given an example (x,y) € R” x {—1,+1} and a margin value
v > 0, we let D,(u;(x,y)) be the hinge loss [13] of vector w at margin v on
example (z,y), that is' D, (u;(z,y)) = max{0,7 — yu'x}. Also, for a given
sequence of examples S = ((z1,v1), (®2,¥2), ..., (z1,yr)), we let Dy (u;S) =
Zthl D, (u; (x4, y:)). The quantity D.(u;S) will measure the performance of

! Here and throughout superscript | denotes transposition.
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u on sequence S. Notice that if w linearly separates S with margin v, i.e.,
if yyu'a, > fort =1,...,T, then D, (u;S) = 0.

3 Description of the Algorithm

To introduce the second-order Perceptron algorithm, we start by describing
a related algorithm: the “Whitened Perceptron algorithm”. Strictly speak-
ing, this is not an on-line algorithm. In fact, it assumes that all the in-
stances x1,xs2,...,xr € R™ are preliminarly available, and only the la-
bels y1,¥2,...,yr are hidden. For the sake of simplicity, assume that these in-
stances span R™. Therefore T" > n, the correlation matrix M = Zthl wtw: is
full-rank and M ! exists. Also, since M is positive definite, M /2 does ex-
ist as well (e.g., [23, Ch. 3]). The Whitened Perceptron algorithm is simply
the standard Perceptron algorithm run on the transformed (whitened) sequence
(M=Y2xq, 1), (M~ 225, 95), ..., (M~ 221, yr)). The transformation M ~1/2
is called whitening transform (see, e.g., [12]) and has the effect of reducing the
correlation matrix of the transformed instances to the identity matrix I,,. In fact,

T
.
S (M) (M) =S M P M
t=1 t=1
— M71/2MM71/2
— 1.

Again for the sake of simplicity, suppose the original sequence of examples is
linearly separable with margin v = min; y; w " a; > 0 for some unit norm vector
u. Then also the whitened sequence is linearly separable. In fact, hyperplane
z = M'/?u separates the whitened sequence with margin v/ ||M'/?u||. By the
Perceptron convergence theorem [7,24], the number of mistakes made by the
Perceptron algorithm on the whitened sequence is thus at most

% (max HM_I/thH2) HMI/QUHQ = % max (w;rM_last) (uTMu) ()
Y t Y t

To appreciate the potential advantage of whitening the data, notice that when
the instance vectors @1, . ..,z are very correlated the quadratic form x;'— M1z,
tends to be quite small (the expression max; (a:tT M ’1a:t) might actually be
regarded as a measure of correlation of the instance vectors). If the instances
look like the ones displayed in the rightmost plot of Figure 3 (Section 7) where
the separating hyperplane vector u is strongly correlated with a non-dominant
eigenvector of M, then the bound in the right-hand side of (1) can be significantly
smaller than the corresponding mistake bound max; Hth2 /~? for the classical
(non-whitened) Perceptron algorithm.

The second-order Perceptron algorithm might be viewed as an on-line variant
of the Whitened Perceptron algorithm; this means that the instances in the
data sequence are not assumed to be known beforehand. Besides, the second-
order Perceptron algorithm is sparse; that is, the whitening transform applied
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Parameter: a > 0.
Initialization: Xo = 0; vo = 0; k = 1.
Repeat fort=1,2...,7T:

1. get instance x; € R";

2. set Sy = [ Xp—1 @ s

3. predict 7 = SGN(w; x¢) € {—1, 41},
where w; = (aIn + S S,;'—)71 Vi—1;

4. get label y; € {—1,+1};

5. if @\t 75 Yt then: Vi = Vk—1 +yt T,
Xk = St,
k«—k+1.

Fig. 1. The second-order Perceptron algorithm with parameter a > 0

to each new incoming instance is based only on a possibly very small subset of
the instances observed so far.

In its basic form, the second-order Perceptron algorithm (described in Fig-
ure 1) takes an input parameter a > 0. To compute its prediction in trial ¢
the algorithm uses an m-row matrix X;_1 and an n-dimensional weight vec-
tor vi_1, where subscript k — 1 indicates the number of times matrix X and
vector v have been updated in the first ¢ — 1 trials. Initially, the algorithm
sets Xo = 0 (the empty matrix) and vy = 0. Upon receiving the ¢-th instance
x; € R™, the algorithm builds the augmented matrix Sy = [ Xk_1 @] (where
x; is intended to be the last column of S;) and predicts the label y; of x; with
Ui = SGN ("’ka1 (a[n + S S;)71 mt), with I,, being the n x n identity matrix
(the addition of I,, guarantees that the above inverse always exists). If g # ¢
then a mistake occurs and the algorithm updates both vy_1 and Xj;_1. Vector
vi_1 is updated using the Perceptron rule vy = vi_1 + y: s, whereas ma-
trix Xj—1 is updated using X = S; = [ Xj—1 ®¢]. The new matrix Xj, and the
new vector vy will be used in the next prediction. If §; = y; no update takes
place, hence the algorithm is mistake driven [21]. Also, just after an update
matrix X has as many columns as the number of mistakes made by the algo-
rithm so far. Note that, unlike the Perceptron algorithm, here w; does depend
on x; (through S;). Therefore the second-order Perceptron algorithm is not a
linear-threshold predictor.?

In a sense, our algorithm might be viewed as a binary classification version of
an on-line regression algorithm investigated by Vovk [29] and Azoury and War-
muth [5]. This algorithm is an instance of Vovk’s general aggregating algorithm,
and is called the “forward algorithm” in [5]. Both our algorithm and the forward

2 The reader might wonder whether this nonlinear dependence on the current instance
x; is somehow necessary. As a matter of fact, if in Figure 1 we predicted using X1
instead of the augmented matrix S, then the resulting algorithm would be a linear
threshold algorithm. Such an algorithm, however, we have been unable to analyze.
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algorithm predict with a weight vector w; given by the product of the inverse
covariance matrix from past trials and a linear combination of past instance
vectors. In both cases the current instance x; is incorporated into the current
covariance matrix before prediction. But, unlike the forward algorithm, we only
keep track of past trials where the underlying (0-1) loss of the algorithm was
nonzero. To complete this qualitative analogy, we notice that the analysis of our
algorithm uses tools developed in [5] for the forward algorithm.

4 Analysis
We now claim the theoretical properties of our algorithm. The following theorem

is proven in Appendix A.

Theorem 1. Let the second-order Perceptron algorithm in Figure 1 be run on a
sequence of examples S = ((x1,y1), (X2,y2), ..., (xr,yr)). Then the total num-
ber m of mistakes satisfies

m <

D, (wS) | \/ (a-+u" X Xju) Y1, In(1+ \i/a)
g 72

for all v > 0 and for all unit norm vectors w € R™, where \1,..., A\, are the
eigenvalues of Xpm X} .

A few remarks are in order.

We observe that the quantity w'X,, X,Ju in the above bound always lies
between min; \; and max; );. In particular, u " X,,, X,] u = \; when u is aligned
with the eigenvector associated with A;. This fact entails a trade-off between the
hinge loss term and the square-root term in the bound.

From Figure 1 the reader can see that the larger a the more the “warping”
matrix (al, + S; S, )~! gets similar to the diagonal matrix a=11,. In fact, in
the limit as a — oo the second-order Perceptron algorithm becomes the classical
Perceptron algorithm and the bound in Theorem 1 takes the form

[43

. n .
m < Dy (u; ) + Zi:; Ai .
7y ¥

Now, since the trace of a matrix equals the sum of its eigenvalues and the
nonzero eigenvalues of X,, X ;,E coincide with the nonzero eigenvalues of the
Gram matrix X, X,,,, we can immediately see that > | \; = trace(X,] X,,) =
e llell? < m (maxien [|@:]|?), where M C {1,..., T} is the set of mistaken
trials. Thus, setting R? = max;e rq || 2¢]|2, we can solve the resulting bound for m.
This gives

2 . . 2
m<R_+DW(u,8)+§\/D7(u,S) R
gl 472

T 297 gl gl
which is the Perceptron bound in the general nonseparable case. In general, the
larger a the more the algorithm in Figure 1 resembles the Perceptron algorithm.
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In the linearly separable case the mistake bound for the Perceptron
algorithm is (R/v)?, whereas the second-order Perceptron algorithm has
Vie+uT X, XJu) > In(1+ X\;i/a) /7. A comparison of these two bounds
suggests that data sequences that are linearly separable only by hyperplanes
whose normal vectors are aligned with eigenvectors having small eigenvalues
should be advantageous for the second-order Perceptron algorithm. The prelim-
inary experimental results we report in Section 7 support this intuition.

We finally observe that the running time per trial of the second-order al-
gorithm is ©(n?), since using the well-known Sherman-Morrison formula (see,
e.g., [25]) we can perform matrix inversion incrementally. In particular, the n x n
matrix (aIn + S 5’;)71 can be computed from (aIn + Xp_1 Xl;[l)fl in time
O(n?).

5 The Algorithm in Dual Variables

In this section we show that the second-order Perceptron algorithm can be equiv-
alently formulated in dual variables. This formulation allows us to run the algo-
rithm efficiently in any given reproducing kernel Hilbert space (see, e.g., [27,10]).
The following theorem is essentially a binary classification version of the dual
formulation of the ridge regression algorithm [17]. A proof sketch is given in
Appendix B.

Theorem 2. With the notation of Figure 1, let y, be the k component vector
whose first k — 1 components are the labels y; where the algorithm has made a
mistake up to trial t — 1 and whose last component is 0. Then, for any x; € R™
we have

th:I:t = @: (al + Gt)f1 StT Ty,

where Gy = StTSt is a k x k (Gram) matriz and Iy, is the k-dimensional identity
matriz.

From a computational standpoint, we remark that the k£ dimensional matrix
(aly + G¢)~" can be computed incrementally from the k — 1 dimensional matrix
(aI 1+ X kT_lX k71)71 via a known adjustment formula for partitioned matri-
ces (see, e.g., [18]). This adjustment formula requires the calculation of only
O(k?) extra dot products. Hence, sweeping through a sequence of T examples
needs only O(m? T') dot products, where m is upper bounded as in Theorem 1.

6 Second-Order Perceptron with Adaptive Parameter

A major drawback of the algorithm described in Figure 1 is that its input pa-
rameter a is fixed ahead of time. It turns out that in any practical application
the value of this parameter significantly affects performance. For instance, a bad
choice of a might make the second-order Perceptron algorithm similar to the
first-order one, even in cases when the former should perform far better. In this
section we refine the arguments of Section 4 by motivating and analyzing an
adaptive parameter version of the algorithm in Figure 1. Ideally, we would like
the resulting algorithm be able to learn on the fly the “best” a for the given data
sequence, such as the value of a that minimizes the bound in Theorem 1. The
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optimal a clearly depends on unknown quantities, like the spectral structure of
data and the unknown target w. This ideal choice of a would be able to auto-
matically turn the second-order algorithm into a first-order one when the actual
scattering of data has, say, spherical symmetry. This is a typical eigenstructure
of data which a second-order algorithm cannot take advantage of.

To make our argument, we first notice that the value of a in Theorem 1
affects the bound only through the quantity

(a+Mw) Y In(l+X/a), (2)

=1

where we set for brevity Ay = u' X, X,}u. In turn, both Ay, and the \.s only
depend on the examples where the algorithm has made a mistake. Therefore it
seems reasonable to let a change only in mistaken trials.

Our second-order algorithm with adaptive parameter is described in Figure 2.
The algorithm is the same as the one in Figure 1, except that we now feed the
algorithm with an increasing sequence of parameter values {ay}r=1,2,..., indexed
by the current number of mistakes k. The algorithm is analyzed in Theorem 3
below. From the proof of that theorem (given in Appendix C) the reader can
see that any strictly increasing sequence {ay } results in a bound on the number
of mistakes. In Theorem 3 we actually picked a sequence which grows linearly
with k. This choice seems best according to the following simple upper bounding
argument. Consider again Expression (2). As we noticed in Section 4, 22;1 Ai =
>ien l2el|? < R*m, where R = maxye o ||| Thus

n

2) < + A In (1 + g4
(2) < e o (@ ) ; n (14 pi/a)
2
(a+)\u)nln<1+Rm), (3)
na

since the maximum is achieved when all p; are equal to R?>m/n. Now,
from the Cauchy-Schwartz inequality one gets Ay = u'X, X/ u =
u' (Cemzia Ju =Y, (u'z)? < R*m. On the other hand, if the data
sequence is linearly separable with margin v > 0 then Ay = ZteM(uTmt)Q >
v?m. Hence, in any interesting case, Aq, is linear in m. A further glance at (3)
allows us to conclude that, viewed as a function of m, (3) cannot grow less than
linearly. Moreover, this minimal growth speed is achieved when «a is a linear®
function of m.

It is important to point out that this qualitative argument does not depend on
the number of nonzero eigenvalues of matrix X,, X,|. Thus if we could disregard,
say, all but the first » < n directions in the instance space R™ our conclusion
would be the same.

3 The reader will notice that if a grows faster than linearly then (3) is still linear
in m. However, the resulting (multiplicative) constants in (3) would be larger.
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Parameter sequence: {a;}r=12,.., art1 >ar >0, k=1,2, ...
Initialization: Xo = 0; vo = 0; k = 1.
Repeat fort=1,...,7T:

1. get instance x; € R";

2. set Sy = [ Xp—1 @ s

3. predict 7 = SGN(w; x¢) € {—1,4+1},
where w; = (akIn + S S,;'—)71 Vi—1;

4. get label y; € {—1,+1};

5. if @\t 75 Yt then Vi = Vk—1 +yt T,
Xk = St,
k«—k+1.

Fig. 2. The second-order Perceptron algorithm with increasing parameter se-
quence {ay}r=1.2,...

Theorem 3 below uses* a; = ¢ R%k, where ¢ is a small positive constant.

This tuning captures the “right” order of growth of ax, up to a multiplicative
constant ¢, whose best choice depends again on unknown quantities.

Theorem 3. Let the second-order Perceptron algorithm of Figure 2 be run on a
sequence of examples S = ((x1,v1), (T2,y2), ..., (@1, y7)), where ||x¢|| < R. Let
the algorithm’s parameter sequence be aj, = c R*k, where ¢ > 0. Then the total
number m of mistakes satisfies

e DawS) \/(am +uT X XJw) (Ble,m) + 30 In (14 \i/an))
< 52
for all v > 0 and for all unit norm vectors w € R™, where \1,...,\, are the

eigenvalues of Xpm X}, am = ¢ R*m and B(c,m) = 1 In T_tll//f

It is useful to compare the bounds in Theorem 1 and Theorem 3. Theorem 3
replaces a with a,,, i.e., with a quantity depending on all (relevant) past exam-
ples. The price we pay for this substitution is a further additive term B(c,m)
which has a mild (logarithmic) dependence on m. The resulting bound is in im-
plicit form, though (an upper bound on) an explicit solution could be clearly
calculated. Details will be given in the full paper.

It is worth pointing out that the total number m of mistakes made by the
algorithm conveys relevant information about the specific dataset at hand. Using
a parameter that scales with this number allows one to partially exploit this
information. Notice, for instance, that if the second-order algorihm in Figure 2
is making “many” mistakes (and c¢ is not too small) then the algorithm tends to
behave as a first-order algorithm, since aj is growing “fast”. This approach of
parameter tuning is similar to the self-confident tuning adopted in [3].

4 The presence of the scaling factor R? simplifies the analysis in Appendix C.
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We finally notice that, unlike the algorithm with fixed a, here incremental
matrix inversion looks a bit more troublesome. In fact, making a change from
trial to trial results in a matrix update which is no longer a low-rank adjustment.
Therefore the algorithm in Figure 2 (as well as its dual version) does not seem to
have an update rule requiring only a quadratic number of operations per trial.

7 Preliminary Experimental Results

We ran our second-order Perceptron algorithm on two sets of linearly separable
data with 100 attributes. The correlation matrix of each dataset has a single
dominant eigenvalue. In the first dataset (leftmost plot in Figure 3), the sepa-
rating hyperplane is orthogonal to the eigenvector associated with the dominant
eigenvalue. In the second dataset (rightmost plot in Figure 3), the separating
hyperplane is orthogonal to the eigenvector associated with the second-largest
eigenvalue. According to the remarks following Theorem 1, we expect the Per-
ceptron algorithm to perform similarly on both datasets (as the radius of the
enclosing ball and the margin do not change between datasets), whereas the
second-order Perceptron algorithm is expected to outperform the Perceptron
algorithm on the second dataset.

10 5 o 5 10 10 5 o 5 10

Fig. 3. Projection on the two most relevant coordinates of the 100-dimensional
datasets used in our experiments

| Algorithm mistakes 1st dataset || mistakes 2nd dataset |
Perceptron 30.20 (6.24) 29.80 (8.16)
2nd-order Perceptron, a = 1 9.60 (2.94) 5.60 (2.80)
2nd-order Perceptron, a = 10 10.60 (2.58) 3.20 (1.47)
2nd-order Perceptron, a = 50 14.00 (4.36) 10.40 (6.05)

Fig. 4. Average number of mistakes and standard deviations (in braces) in the
experiments on the two datasets described in the main text
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This conjecture is supported by Figure 4, summarizing the number of mis-
takes made by the Perceptron algorithm and the second-order Perceptron algo-
rithm (for different values of parameter a) on a test set of 3000 examples after
training for two epochs on a training set of 9000 examples (the numbers in the
table are averaged over 5 random permutations of the training set). Normalizing
the instances did not alter significantly Perceptron’s performance.

We have not run experiments with the adaptive parameter algorithm yet.

8 Conclusions and Ongoing Research

We have introduced a new on-line binary classification algorithm, called second-
order Perceptron algorithm. This algorithm appears to be able to exploit certain
spectral properties of the data sequence to improve classification performance. In
the absence of such properties, the algorithm can be turned into the (first-order)
Perceptron algorithm just by setting its input parameter a to a large number.
The optimal tuning of a depends, in general, on the whole training sequence.
Since the value of a affects performance significantly, we have also developed a
variant of the basic algorithm which is able to adaptively tune this parameter.

Our second-order Perceptron algorithm might be seen as a new on-line clas-
sification technology. As such, this technology could be combined with previous
techniques, such as the shifting target technique [16,2] and the approximate
on-line large margin technique (e.g., [20,14]).

We have run simple experiments on synthetic data to give some evidence of
the theoretical properties of our algorithm. Currently, we are running extensive
experiments on real-world data, such as textual data. These data are known to
have a spectral structure that is exploitable in categorization tasks. Our algo-
rithm leverages on this spectral structure in a way that is somewhat different
from existing methods, such as Latent Sematinc Indexing [11]. We are planning
to include a detailed report of these experiments in the full version of this paper.

It is worth mentioning that applying results from [9], we can use our al-
gorithm in the i.i.d. setting to obtain a classifier whose probability of error is
bounded by a quantity related to the mistake bounds of Theorems 1 and 3.
The resulting data-dependent generalization bound is similar in spirit to the
bound given in [30] (Theorem 5.2 therein). Both bounds are able to capture the
spectral properties of data, though the two bounds are not readily comparable.
In fact, the results in [30] are proven through involved covering numbers argu-
ments which consider the Gram matrix G of the whole sequence of examples.
These results are expressed in terms of all the “large” eigenvalues of G, taken
in decreasing order of magnitude up to the “effective number of dimensions”.”
In contrast to that, our result considers only the submatrix of G made up of
instances where the algorithm has made a mistake, but the bound is in terms of
all the eigenvalues of this submatrix.

The main questions left open in this paper concern the adaptive parameter
version of our algorithm. First, we believe more work needs to be done for refining

® The “effective number of dimensions” depends, for instance, on the margin of the
data.
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the proof technique used in Theorem 3. The linear growth of ay, is certainly a first
step towards on-line parameter adaptation, though it is somewhat unsatisfactory,
since it leaves the leading coefficient of aj unspecified. Second, we are not aware
of any incremental updating scheme for this algorithm (neither in primal nor
in dual form). In the ii.d. setting it might actually be possible to get rid of
parameter a by projecting onto the subspace of relevant eigenvectors, as is done
for the LinRel algorithm in [4]. However, we suspect that this would make the
algorithm a bit time-consuming (slower than quadratic).
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A Proof of Theorem 1

Fix an arbitrary sequence S = ((z1,v1), (€2,92), ..., (xr,y7r)) and let M C
{1,2,...,T} be the set of trials where the algorithm in Figure 1 made a mistake.
Let Ag = al,, and A, = al, + X} X,;r. We study the evolution of v;Aglvk over
mistaken trials. Let ¢ be the trial where the k-th mistake occurred. We have

”EAIZI'U’@ = (Vk—1+ Ut mt)T Azzl (Vi—1 + Yy )
(since yp # y; implies vy, = Vi_1 + Yt T4)
= vy Ay ok + 2y (Alzlvkq)—r x +xl Aty
= v, A o + 2y w] T+ 2 Ay
(since g; # y; implies Xj = Sy and A;lvk,l = wy)
<ol Aok +al Al

(since 7y # y; implies y; w, x; < 0)
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Now, note that Ay can be recursively defined using Ay = Ay_1 + x;z, . Hence,
applying the Sherman-Morrison formula,

T 4-1 2
('quAk—lmt) <ol A1
T S Vg 14, 1 Vk-1,

T —1 T —1
V1 Ay Vo1 = v AL Ve —
k k=1 1+ A @

where the inequality holds since Al;ll is the inverse of a positive definite matrix
(and so A, ', is positive definite). Thus we get

T 4—1 T 41 T 4—1
vy A v Svp AL vty AL @y,

holding for all trials ¢ € M. Summing the last inequality over £k = 1,...,m =
|M] (or, equivalently, over ¢t € M) and using vg = 0 yields

T 4-1 T 4—1
U, A U, < E x, Ay
teM

< Z <1 _ %) (using Lemma A.1 from [5])

S~ det(A
§ZlndeJ (since 1 —z < —Inz for all z > 0)

:im(u%), (4)

where A1,...,\, are the eigenvalues of X,, X, .
To conclude the proof, note that Ai,{ % does exist since A,, is positive definite

(e.g., [23, Ch. 3]). Pick any unit norm vector w € R™ and let z = A, Then,
using the Cauchy-Schwartz inequality we have

.
A%y ) z T
/v;Aﬁqlvm _ HA7_7L1/2an > m m U
||zl VuTA,u
v u S _am- D, (u;S)

Vat+uT X, XJu  Vat+uT X, X u )

where the last inequality follows from the very definition of D, (u;S) and holds
for any v > 0. Putting together (4) and (5) and solving for m gives the statement
of the theorem. ]
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B Proof Sketch of Theorem 2
Recalling Figure 1, we have w1 = Syy,. This implies w; =

B B T
(aIn + S; StT) ! S;y, and wx; = @;r ((a[n + S; StT) ! St> x; . Thus we

_ T
only need to prove that ((a[n + S StT) 1 St) = (al + Gt)—l StT holds. But
this follows from, e.g., part (d) of Exercise 17 in [6]. ad

C Proof of Theorem 3

The proof is a more refined version of the proof of Theorem 1, and proceeds
along the same lines.

Again, we assume that the k-th mistake occurs when processing example
(xt,y) and let M C {1,2,...,T} be the set of trials where a mistake occurred.
Let Ay = apl, + X}, XkT, k=1,2,...,and Ay = a1I,,. We have

Ak:Ak,1+(akfak,1)ln+mtm:, k:1,2,..., (6)

where ag = a;. We study the evolution of the quantity 'vaA,?l'vk over mistaken
trials. As in the proof of Theorem 1, we have

T 41 T 41 T -1
vy A v Ko (A vt AT (7)

We need to bound vgilAglvk,l from above. From (6) we see that when k& > 2
the matrix Ay is the sum of the nonsingular matrices Ax—1 and (ar — ax—1)I, +
mtm;r (the latter is nonsingular since ap > ag—1). Thus, when k& > 2 comput-
ing A;l can be done through the general inversion formula

(B 4 C)—l _ B—l _ B—I(B—l + C—l)—lB—l

with B = Ay_1 and C = (ax — ax_1)I, + z:x; . Now, since both B and C are
positive definite, so is the matrix B~!(B~'+C~1)~?B~! (this easily follows from
the fact that the inverse of a positive definite matrix is again positive definite
and that both the sum and the product of two positive definite matrices give
rise to positive definite matrices). Hence if k > 2 we can write

’U;—lAlzlvk—l = 'U;_l(B + C)_l’l)k_l
=v, (B =B (B +C) T B ) v
<ol B lvg =v) A vk (8)
On the other hand, when k = 1 inequality (8) is trivially true since vy = 0.

Thus the inequality holds for all & > 1. We plug (8) back into (7), sum over
E=1,...,m=|M] and take into account that vy = 0. We obtain

T 4-1 T -1
v, A, Vm < E z, A xy
teM

< Ui 1 det(Ak_l —+ (ak — ak_l)ln)
- Pt det(Ak)
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(from (6) and Lemma A.1 in [5])

Ui det(Ak)
< 1 . 9
- ; n det(Ak_l + (ak — ak_l)In) ( )

The presence of matrix term (ar — ax—1)I, makes the rest of the proof a bit
more involved than the proof of Theorem 1. Willing to obtain bounds in terms
of eigenvalues of matrices, we rewrite the rightmost side of (9) as a function of the
eigenvalues of matrices XkaT. Let Ay ; be the i-th eigenvalue of matrix XkaT,
with Ag; = 0. We can write

d " ;
n ct(Ax) =Y W TSR Ak
det(Ap—1 + (ax —ar—1)In) = ax + A1,

Now, simple manipulations yield

& ak+ i v ap  ag—1+ M—1,i
Zz_:lnak—i—)\k_lizzln( ar + Ak )

k=1 i=1 g k=1 i=1
m n n
ak+>\ki ) (am+>\mz>
+ In{ —— ) + In{ —
; zz:; (ak + )\k—l,i Zz:; Am,
m n n
ISR VR Ami
_ Zzln ak  Qg—1 + Ag—1, +Zln 14 Ami )
— p—1 Gk + Ap—1, — Am
k=1 i1=1 =1

—_— non ar  ag—1 + )\k—l,i) . ( )\m,i)
VA, U < In + >y In{1+—). 10
ZZ <a ag + Ak—1,i ; am 1o

k—1

The reader can see that (10) is analogous to (4) but for the presence of a spurious
double sum term.

We turn to upper bounding the double sum in (10) as a function of m. We
proceed as follows. We first notice that for £ = 1 the inner sum is zero. There-
fore we continue by assuming k£ > 2 in the inner sum. Since X X 1221 has
size n X n and has rank at most k — 1, only min{k — 1,n} among the eigen-
values A\g;_11,...,Ak—1,, can be nonzero. Also, as we have observed elsewhere,
Xi—1X,_, has the same nonzero eigenvalues as the (Gram) matrix X, | Xj_1.
Since the trace of a matrix equals the sum of its eigenvalues and the trace
of X, | X1 is at most (k — 1) R?, we have, for k =2,...,m,

znjl < ap  Ggp—1 + >\k1,i>
n
p -1 ak + Ap—1,

kK K
a ak1+uj) 2
< max I (2 SRV TR >0, < (k—1)R%Y.
; (ak_l ) ;u] (k1)
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where ¥ = min{k — 1,n}. The maximum is achieved when all x; equal (k — 1)
R2/K'. Thus

anln ( ar  ap—1+ Akl,i) ¥ < ar ap—1+ (k— 1)12%2/k’>
Pl agp—1 ap + )\k—l,i ap—1 a + (k’ — 1) R /k"

k' ak ar—1 + ag (k — 1) R?
=K1 11
n(kz’akalirakl (k*l)R2 ’ ( )

fork=2,3,...,m
Now, a derivative argument shows that the function f(z;a, ) = z1n (%)
is increasing in > 0 whenever « > § > 0. Therefore we see that

1

(11) = flarar_1K'; ap(k —1) R?, ap_1(k — 1) R?)
ap Ak—1
1
< flag ap—1(k = 1); ar(k — 1) R?, ax_1(k — 1) R?)
ap Af—1

— (k—1) 111( h_ Ghol T *RQ)

ap—1 ap + R?

Hence we can write

m n ) m 2
sz( ay ak—1+)\k—1,z) SZ(k—l) 1n( ap  Qk—1 +12% )
= k—1 Ok + Ak—1,i = ap—1 ap+ R
s, ¢ R%k + R?
= k In 5 5
Pt cR (k+1)+R

—~

using ay = cRka)

3

Il
N
—_
=]
7N
—
+

ck2+ck—|—kz>

i
H’—‘

m (usmg hl(l + x) S fL‘)

/erl/c da
1+1/c x
m+1/c
1+1/c

™

A

I
D ol— ol
5

—

o
3

~—

To bound \/v;LAfnlvm from below one can proceed as in the proof of Theo-

rem 1, yielding
/ — D (u; S
U;A;@lvm > RAL ’Y(U7 )
\/am +ul X, X,Ju
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where a,, = ¢ R?m. We plug this lower bound back into (10) together with the
previous upper bound. After rearranging we obtain

2
ym — Dy(u; S) - Ami
<B In{1+4+—].
<\/am+uTXmX,TLu - (C’m)+zn +am

i=1

Solving for m occurring in the numerator of the left-hand side gives the desired
bound. ]
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Abstract. In this paper, we give a mistake-bound for learning arbi-
trary linear-threshold concepts that are allowed to change over time in
the on-line model of learning. We use a standard variation of the Win-
now algorithm and show that the bounds for learning shifting linear-
threshold functions have many of the same advantages that the tradi-
tional Winnow algorithm has on fixed concepts. These benefits include
a weak dependence on the number of irrelevant attributes, inexpensive
runtime, and robust behavior against noise. In fact, we show that the
bound for the tracking version of Winnow has even better performance
with respect to irrelevant attributes. Let X € [0,1]" be an instance of
the learning problem. In the traditional algorithm, the bound depends
on Inn. In this paper, the shifting concept bound depends approximately
on maxIn (|| X||,).

1 Introduction

In this paper, we give a mistake bound for a standard variation of the Winnow
algorithm that is used in tracking shifting concepts. We show that this version
of Winnow can learn arbitrary linear-threshold functions that are allowed to
change in time.

The mistake bound applies to the on-line model of learning [1]. On-line learn-
ing is composed of trials where each trial is divided into three steps. First, in
trial ¢, the algorithm receives an instance, Xt € [0, 1]". Next, the algorithm pre-
dicts the label of the instance, §* € {0,1}. Last, the environment returns the
correct classification, y* € {0,1}. Normally, the correct classification is assumed
to come from some fixed target function. In this paper, we will assume the target
function is allowed to shift over the course of the trials. The goal of the algorithm
is to minimize the total number of prediction mistakes made during the trials.

Winnow is an on-line algorithm that predicts with a linear-threshold func-
tion. The algorithm uses the correct classification returned by the environment
to update the weights of the linear-threshold function. The update procedure is
similar to the Perceptron algorithm[2, 3] except that the updates are multiplica-
tive instead of additive. This results in an algorithm that is relatively insensitive
to the behavior of a large number of irrelevant attributes, inexpensive to run,
and robust versus noise[4].

J. Kivinen and R. H. Sloan (Eds.): COLT 2002, LNAT 2375, pp. 138-153, 2002.
© Springer-Verlag Berlin Heidelberg 2002
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The only change in the tracking version of Winnow is that the attribute
weights are not allowed to go below a given constant, € > 0. Anytime a normal
Winnow update attempts to lower a weight below ¢, the weight is set to e.
Intuitively, this modification allows the algorithm to quickly learn a moving
concept by not allowing the weights to get too small. When an attribute becomes
relevant, its weight only needs to be increased from e to the new value. Therefore
the algorithm is able to track moving concepts while still keeping the advantages
of the traditional Winnow algorithm.

This weight minimum modification has been used with various Winnow type
algorithms. In particular, it has been used to give mistake-bounds for learn-
ing changing experts [5, 6] and drifting disjunctions [7]. This paper builds on
those results by giving a mistake-bound for arbitrary linear-threshold functions
that are allowed to shift. These types of algorithms have been shown to be
useful in practice, learning shifting concepts such as predicting disk idle times
for mobile applications [8] and solving load balancing problems on a network
of computers [9]. The additional knowledge that some of these algorithms have
good bounds when learning arbitrary shifting linear-threshold concepts may help
justify applying these algorithms to a wider range of tracking problems.

Another contribution of this paper is to show that the tracking version of
Winnow eliminates the dependence of the algorithm on the number of attributes.
With an appropriate setting of parameters, instead of the algorithm depending
on In(n), as in the normal Winnow algorithm, the algorithm depends approx-
imately on the maximum value over all trials of In (|| X*||,)." Therefore the al-
gorithm performs well with sparse instances in ways that are similar to infinite
attribute algorithms[10].

Other related work includes [11] which gives a technique to convert a wide
range of algorithms that learn fixed linear functions to shifting problems. While
learning linear functions is similar to learning linear-threshold functions, at this
point, these results have only been extended to cover disjunctions and not arbi-
trary linear-threshold functions.

The remainder of the paper is organized as follows. In Sect. 2, we give a formal
statement of the concept tracking problem and the tracking Winnow algorithm.
We then present the mistake bound. In Sect. 3, we give a proof for this mistake
bound. In Sect. 4, we compare the mistake bound to previous bounds on certain
types of linear-threshold problems. Section 5 contains the conclusion and ideas
for future work.

2 Problem Statement and Solution

In this section, we review the concept tracking Winnow algorithm and give
the notation that is needed to understand an upper-bound on the number of
mistakes.

! These benefits can most likely be extended to the normal, fixed concept version of
Winnow by appropriately setting the parameters.
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2.1 Algorithm

Here is the modified Winnow algorithm for learning shifting concepts[5, 7]. The
only change in the algorithm, in this paper, is that we force the initial weights
to be set to the value of the minimum weight, e.

Initialization

Weight multiplier, a > 1.
Minimum value of the weights, 0 < e < 1.
Algorithm weights, w?,...,w) = e.

Trial number, ¢t = 0.
The algorithm proceeds in a series of trials composed of the following three steps.

Instance at trial ¢
Xt=(zt,...,2t) €]0,1]"
Prediction at trial ¢
if > whal > 1
predict 9t =1
else
predict ¢t = 0
Update at trial ¢
correct label = y?
if yt = gt
Vie{l,...,n} wi™ =w
else (mistake)
if y* = 1 (promotion step)

Vie{l,...,n} vt =a%uw!
else y* = 0 (demotion step)
Vie{l,...,n} w*' =max(e,a ")
t—t+1

2.2 Concept

The model of concept on-line tracking we present in this paper is similar to a
model defined in [12]. The central element of the mistake bound is a sequence of
concepts. Let C = (Cq,...,Ck) be a sequence of concepts where k € N.

An adversary generates the instances and is allowed two operations. The goal
of the algorithm is to minimize the number of mistakes for any possible sequence
of operations.

Adversary operations

1. The adversary can generate instance (X, y') if the noise predicate (2 is true.
2. The adversary can step forward in the concept sequence.

The predicate §2 is necessary to limit the amount of noisy instances the adver-
sary can generate. If the adversary was allowed to generate an arbitrary number
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of noisy instances, the concept would be impossible to learn. For example, we
could restrict the adversary so that it is only allowed to generate a fixed amount

of noise over all the trials. In this case, 2 = (2221 NI < K) where K € R and

N/ is a measure of the noise in trial j. This is similar to the noise model in [1],
yet by changing the (2 predicate, it should be possible to extended the results
to a more complex noise model such as that found in [13].

We define concept C; by specifying the weights, w, of a linear-threshold
function and a separation parameter §7. Notice that are using a slightly different
notation than that used for the algorithm weights. For the algorithm weights
the superscript refers to the trial number; for the target weights the superscript
refers to the concept number. The separation parameter specifies a distance from
the concept such that any instance that occurs in this region is considered a noisy
instance. This is a standard assumption that is needed to prove mistake bounds
for these types of algorithms [4, 13, 14]. All other noisy instances come from an
instance that is misclassified by the current concept Cj.

Concept C; parameters
w),...,ul >0 where u! € R
0 < ¢7 <1 where ¢ € R

An instance with Rt = 0 corresponds an instance of the current concept. An
instance with ®¢ > 0 corresponds to a noisy instance, and X! is a measure of the
error in the linear-threshold function.

Concept C; noise
ifyt =1
N = max (0, 1+6 — Z?zl(uz:cﬁ))
if yt =0
N = max (0, 7, (ufat) = (1— o))

2.3 Mistake-Bound

The mistake bound uses the following notation. This notation will be explained
and motivated in the proof section.

Terms used in the main mistake bound
Let A > max (6.50, maxen || X))
Let ¢ = mingey, ie{l,,,,m}{zﬁ | 2t > 0}.
Let H(C) = Y"1 (uf + 35 max(0,u] — u/™)).

Let § S minje{lwyk} (5]
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Theorem 1. For instances generated by a concept sequence C with ), N
noise, if a =140 and € = #)\/5) then the number of mistakes is less than

H(O)2+68) (¢4 (2) +1n(3) +Inln (3)) JRCET;D o

52 (1~ k) 6 +) (1~ i)

Using the fact that A > 6.50 and 0 < ¢, < 1, this bound is an element of

0] <H(C) ( >/52+ >N /5)

teN

3 Proof of Mistake-Bound

The proof in this section closely follows the style of proof given in [4]. While
most modern Winnow type proofs use a potential function to bound the number
of mistakes[1, 13, 14, 7], the potential function style of proof has been difficult
to convert to tracking arbitrary linear-threshold concepts. While the potential
function proof has benefits,? we have found it fruitful to go back to the old style
of proof to deal with tracking linear-threshold functions. It is a topic for future
research to understand how this type of proof relates to the potential function
techniques.

The purpose of the next four lemmas is to give an upper-bound on the num-
ber of demotions as a function of the number of promotions. Remember that
a promotion is an update that increases the weights on a mistake where the
correct label is 1, and a demotion is an update that decreases the weights on a
mistake where the correct label is 0. Intuitively, a bound must exist as long as
every demotion removes at least a fixed constant of weight. This is because the
algorithm always has positive weights and the only way the weights can increase
is through a promotion.

Let A (f) represent the change in function f after a trial is completed. For

example, A (30 wh) = >0 witt =37 wl
Lemma 1. On a promotion, A (Y, wl) < (a —1).

Proof. After a promotion,

St = Zwal.

Next, we use the fact that a® < (a — 1)zt + 1 for all ¢ € [0,1]. (This is true
because o is a convex function.) to show that,

n n

zn:wf z": (-1t +1] = (afl)wa-ngrwa.
i=1 i=1

=1 =1

2 Tt is useful for generalization[14] and has slightly better bounds for fixed concepts.
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Since we have a promotion, > 1 ; wiz! < 1. This combined with the above facts
and remembering that a > 1 gives,

Therefore,

A <zn:wf> = zn:wfﬂ fzn:wf <(a—1).
i=1 i=1 i=1
O

Next we want to prove a similar result about demotions. However, because
demotions have the added difficulty of not being able to lower the weight below
€, the proof is a little more complex. First we will prove a small lemma that will
help with the more difficult proof.

We are going to consider two types of attributes that occur during a demo-
tion. Let A C {1,...,n} be all i such that w;a~* < e. These are the indexes
of weights that are forced to € since w!™" = max(e, a“”zwf). Let BC{1,...,n}
be the indexes of weights that have a normal demotion. These are the attributes
such that 2! > 0 and wia~ > e. All the other weights do not change.

Lemma 2. On a demotion, if Y, pwizl >0 then A (X,cpw!) < 1=26.

Proof. After a demotion,
Dot =) wia
w; w; o .
i€B i€B
Next, we use the fact that o=t < (£ —1)2 +1 for all 2! € [0,1] (This fact is

7} is a convex function.) to show that

Yot R |(G )t et = R R e e Xt

i€B ic€B ic€B i€B

true because oo™

Based on the assumption of the lemma, Zie B wixt > 0. This combined with the
above facts and remembering that o > 1 gives,

11—«
t+1 t
E w; < 0 0+ E w; .
i€eB i€B

Therefore,

1-a
A(wa) :wa—“—wag - 0 .

i€B i€B i€B
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Here is the main lemma concerning demotions. This lemma gives an upper-
bound on how much the weights decrease after a demotion. The amount of de-
crease will depend on various factors including A > max (6.5, maxien Yo z5).
(The reason for this condition will become clear latter in the proof.) Also this
lemma assumes that ¢ < 1/A. This is a reasonable assumption that ensures the
algorithm can lower weights during demotions. Otherwise the algorithm could be
forced to always make a mistake on certain instances for some linear-threshold
concepts.

Lemma 3. On a demotion, if € < 1/X then A (Y1, w!) < :=2(1 — ).

[e3

Proof. We are going to use the set of attributes A and B defined earlier. We will
break the proof into two cases. For the first case assume that there is at least
one attribute in B. Since a demotion has occurred we know,

n

tot tot tot
E wi:ciJrg wz-:cifg wix; > 1 .

€A i€B i=1
From this we can use lemma 2 to derive that

A (wazf) < L ;a (1 —waxf)

i€B i€A

ot ¢
Now we want to get >, , wix] into a more useful form. Let v} represent the
amount w! is above e.

wazf = Z(e + o}zl = erf + vaxf < eX+ va .

icA icA icA icA icA
Being careful to keep track of what is negative, we can substitute this into the
previous formula.

A (Zw§z§> < 1;0‘ (1&2@)

i€B i€A
Next, since all the weights with an index in A get demoted to €, we know that for

all i € A, the weight v} will be removed. Therefore A (3o, w!) = — Y, 4 vl
Combining this information proves the first case where B has at least one ele-

ment. .
A <wa> =A <wa> + A (wa)
i=1 i€B icA
< 1;0‘ (1—6)\—va> —vagl?Ta(l—e)\)

€A €A

The second case, where B is empty, is similar. Using some of the same nota-

tion, . (gwt> A <sz¢> =3t

i€A €A
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Since a demotion has occurred, we know that Y " | wfz! > 1, but since the only
active attributes are in A,

Zn: wiw; = Z€+v x; —ez:c +Zv -ge)\Jer;?,

€A i€A €A €A

We can use this to bound A (Y7 w}).

n 1_
A(E wf)E vfge)\71<—a(1fe)\).
et
i=1

icA
The last step of the inequality is true since we assumed € < 1/A. O

Now we can combine the lemmas to give an upper-bound on the number of
demotions as a function of the number of promotions. Let P = {¢ | promotion
mistake on trial ¢}, and let D = {¢ | demotion mistake on trial ¢}.

Lemma 4. If e < 1/X then at any trial, |D| < %5|P|.

Proof. We know > w! can never go below en, and we know > I w! has a
value of en at the beginning of the algorithm. Since the weights can only change
during demotions and promotions.

en < en—i-ZA <iwf> +ZA (iwf)
tep i=1 teD i=1

Using the upper-bounds from lemma 1 and lemma 3,

1—

en < en+(a—1) Ta—eND)| .

Rearranging this inequality proves the lemma. O

Our goal at this stage is to show how the relevant weights (weights, w;,
where the corresponding target weights have u; > 0) increase in weight during
the running of the algorithm. If we can show that they must eventually increase,
and that they have a maximum value, we can derive a mistake bound on the
algorithm. First we want to give a bound on the maximum value of a weight. To
do this, we will use the parameter ¢ = mingey, je(1,... n} {2} | 21 > 0}.

Lemma 5. ifa <e thenVie {l,...,n} Vj € N w{<o‘%.

Proof. If a promotion never occurs the maximum weight is e. Otherwise, we
need to look at weights that are increased by a promotion, because a weight
must reach its maximum value after a promotion. The only time a weight, w’
can increase is after a promotion where the attribute 27 > 0. Promotions can
only occur if Y1 | w)a] < 1. Therefore for any attribute = > 0,

wl <Zw]x3 <1.



146 Chris Mesterharm

Since the new weight is a*aw? , we want to find max(a®w) over all x and w where
0 < (¢ <x<1andwzx < 1. Since any feasible solution to the above problem can
be changed to increase the maximum by increasing either w or x until wx = 1,
we can get an upper-bound on the maximum weight by setting wz = 1. This
transforms the problem to max(a®/x) over all x given that 0 < ¢ < 2 < 1.
This can be solved with calculus to show that the maximum must occur at
one of the ends of the interval. This gives an upper-bound on any weight of
max(e, o, a¢/¢). Using the assumption that e < 1 and that a > 1 shows that
max(e, a, o /¢) = max(a, a /).

To show that max(a, a¢/¢) = a° /¢, we need the assumption that a < e. Let
f(z) = az and g(z) = o*. Taking derivatives, f/(z) = a and ¢'(x) = In (a) a”.
Therefore when z € (0,1] and 1 < a < e

J(@)=h(a)a” <a=f'(z) .

Since the slope of g(z) is always less than the slope of f(z) in the (0, 1] interval,
the functions can intersect at most once in the interval. (One can prove this with
the mean value theorem.) The point they intersect is at = 1. Since g(0) > f(0),
it is straightforward to show that for 2 € (0,1] and 1 < a < e that g(x) > f(z),
and therefore a® /z > «. This shows that max(a,a’/¢) = a/¢ when a < e. O

The next lemma deals with the effects of the demotions and promotions on a
n

sequence of target concepts. Let H(C) =" | (u + Z — 1 max(0, ul — uJ'H))
and let 6 < minjegy, gy 67

Lemma 6. If a < e then

loga( ) +Y N> (1+8)P - (1-6)D]| .

teN

Proof. First, we define s(j) € N as the first trial that has an instance generated
from concept j. Let s(k+ 1) be the final trial in the sequence of instances®. The
adversary will determine the values of the s(j).

s(j+1) Je

Let zf = log,, (wZ ) and 2? = 0. This is just the amount weight i

has been increased by an « factor over the minimum value e after the last
@ js e multiplied by a®i on every promotion
and effectively multiplied by a number as small as =% on every demotion.
Let P; = {t | promotion mistake on trial ¢ during concept j}. Let D; = {¢ |

demotion mistake on trial ¢ during concept j}.

trial of concept j. The value of w;

wf(j)zeexp In (@) Z ot — Z !

teP1U---UP; teD1U---UD;

3 The analysis still works for a potentially infinite number of trials, since the proof
does not depend on when this final trial occurs.
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Using the definition of z, this gives

J t t
zy > g T, — g x,

teP U--UP; teDyU---UD;

The value zi — zi 1 is the change in z; during concept j. Again on every pro-

motion, we add !, and on every demotion, we subtract at most zf. Therefore,

J Jj—1 t t
z;p —zy 2 g T, — E z,

teP; teD;

At this point, we want to weight the change in the z values by wu, the target
weights. This will allow us to relate the z values to the mistakes on non-noisy
instances.

n

k k n
J(.0 j—1 J t t
j=1i Jj=1i=1

=1 teP; teD;

Let ¢(t) = j where j is the concept that is in effect during trial ¢. The preceding

formula is equal to
DD ILEES Dot

teEP i=1 teD i=1

Let P={t|te Pand Rt >0} and D = {t| t € D and X' > 0}. These are the
noisy promotion and demotion trials. Using this notation, we can break up the
summations. The preceding formula is equal to

)DL SIS PILNEE 3 TS 9) DL
tep—p =1 teD—D =1 tep i=1 teD =1

Since for every non-noisy promotion > 1, ufzl > (1 + §), and every non-noisy
demotion Y7, ulx! < (1 —§), then the last formula is greater or equal to

(1468)|P—P|—(1-0)D— D|+ZZUC“ ZZUC“

tep =1 teD =1

= (1+0)[P|-(1-0)|D|- <(1+ §) — zn:uz?%g) -3 ((1_ 5) +zn:u;?<t>x§> .

teP i=1 teD i=1
Using the definitions of noisy promotion and demotion trials, we can use the
previous equations to conclude that

k. n
SN (e~ ) = (14 8P| - (1 8)|D] - SN

j=1i=1 teN
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Based on lemma 5, when o < e the maximum value of any weight is less than
at /¢, therefore, 0 < z] < log, (6() We can use this constraint to compute an
upper bound. Therefore,

(1+0)|P|—(1-9)|D| - ZNt<maX<Zu 2l — 20 +uf(zfzfl)>

teN

n
= max (2:211(@%1 f’uf) + --'+Zf_1(uf_1 *Uf) +Zf(uf)>
i=1

¢\ X )
<1oga(§_<)z u5+zmax w )

i=1
Rearranging the terms proves the lemma. O

In its current form, the above lemma is not very mtultlve However, there is
another way to look at the bound. Instead of h(i) = u; —|—Z — 1 max(0, u] —u]H)
one can look at the local maxima and minima of the sequence of w;. The value
h(#) is equivalent to summing the local maximums and subtracting the local min-
imums. For example, if the sequence of a particular u; is (.1,.3,.5,.5,.2,.1, 4, .2)
then h(i) =.5—.1+.4= 8.

At this point, we want to prove the main theorem. We have attempted to set
the parameters and arrange the inequalities to optimize the bound for small §.

)

Theorem 1. For instances generated by a concept sequence C with ), N
noise, if a =140 and € = #)\/5) then the number of mistakes is less than

H(O)2+08) (¢4 (1) +1n(3) +Inln (3)) JRCET)) oo
o (—— 0+ (1~ k)

Proof. First we want to show that the algorithm condition € < 1 is satis-
fied. Using the fact that A > 6.5d, (This is part of the reason we define A >
max (6.50, max;e n | X*[|;). Another reason is to minimize the mistake-bound.)

5 5 1
< =
Nn(A/0) 656 (6.5)  65n(6.5)

€ =

Next, we want to substitute lemma 4 into lemma 6 to get an upper-bound on
|P|. The lemma condition that o < e is satisfied since & =146 < 2 < e. The
condition that e < 1/ is satisfied since

e = 0 < 0 <1.

In(A/6) ~ In(6.5)
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Now we can proceed with the substitution.

H(C)loga< > SR> (14+0)|P| - (1 5)1f‘d|p|.

teN
Solving for |P| gives,

H(C)log, (%) + Lyen N

1Pl < T+0)— (1-0)2s

Now we will add |P| to both sides of lemma 4 and substitute in the previous
result to get a bound on the number of mistakes.

< (1o ) e () S LR

B l-—ed+a H(C)(¢In(a)+In(1/¢) +1n(1/¢)) .
_(1+5)(1e)\)(15)a< In () +§VN>

Substituting in the values « =1+ 6 and € = W, the preceding equation is
equal to

2+ (1 _ m) 5 (H(C) (<1n(1+5)+1n (%)Jrln(%)Jrlnln (2) )
(6+62) (1~ ks ) n(1+0) N

To make the bound more intuitive use the fact that § —§2/2 < In (1 + §) < 4.
(One can prove this using the Taylor formula with a fourth term remainder and
a third term remainder.) Therefore the above equation is less than or equal to

24+ (1= 5dm) ¢ (HO) (G+m (L) +1(3) + I (3)) t
(6 +82) (1_m) §—02/2 +2N

H(C)(2+94) ((:5 +ln( ) +In(3) +Inln (%)) .\ (240) e N

02 (1= ks ) (6+92) (1~ 577

<

4 Bounds on Specific Problems

In this section of the paper, we will apply the mistake-bound on tracking arbi-
trary linear-threshold functions to problems that have published bounds and see
how the new bound compares to the previous results.
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4.1 Fixed Concept

First we will look at the bound for a fixed concept with no noisy trials. In this
case, C' = (C).

Corollary 1. When instances are generated from concept C1, if a =146 and
€= W, then the number of mistakes is less than

+0) (¢+n(2) +1n(3) +ln (3) S0, ol
5 (1~ w7y

Proof. We just use theorem 1 with the fact that H(Cy) =", uj and X = 0.
O

Comparing this bound with the general concept tracking bound, it is clear the
main difference is the value of the H(C) function. The H(C) function encodes
the extra difficulty of tracking a changing concept.

For the normal Winnow algorithm[15], when o« = 1 + ¢ and the threshold
parameter is set to n, the number of attributes in an instance, the number of
mistakes is less than or equal to

(246) (1+ X ufnu} + (Inn—1) 37 u})
52

While the two bounds are similar, notice how the preceding Winnow bound
depends on Inn. In the target tracking proof, the bound depends on In (A\/4),
where X is roughly equal to max || X ;.

It is possible to get similar benefits with Winnow type algorithms by using
an infinite attribute algorithm[10]. Infinite attribute algorithms take advantage
of the fact that only attributes that are active (z; > 0) during updates effect the
algorithm. Therefore the number of attributes that are involved in the algorithm
is just the maximum number of attributes active per trial times the mistake
bound. Combining this with the logarithmic nature of the Winnow bounds gives
a result that only depends logarithmically on the maximum number of attributes
active per trial. However there are certain advantages to the algorithm in this
paper. First || X||; may be small, yet the number of active attributes may be
large. Second when noise is involved in on-line learning, there cannot be a finite
mistake bound, and a large number of attributes could eventually be active
during mistakes. Since the analysis in this paper does not depend on the total
number of active attributes during mistakes, these problems do not occur for the
concept tracking version of Winnow in this paper.

4.2 Tracking Disjunctions

As a second example, we give a bound for shifting disjunctions with boolean

attributes. Look at a concept sequence C? such that each u] € {0,2} and



Tracking Linear-Threshold Concepts with Winnow 151

S SSF wd = 2ZF. This corresponds to a sequence where Z7 is the num-
ber of disjunction literals that are added to the concept either at the start of the
algorithm or during the trials.

Corollary 2. When instances X € {0,1}" are generated from concept C* with
noise Y,y N ifa=2 and e = Tiw then the number of mistakes is less than

6Z+(1+1n()\)+1nln()\))+ 3ZteNNt

(1~ wn) (1 i)

Proof. Concept sequence C% has H(C?) = 2Z* and § = 1. Substituting these
values into theorem 1 gives the result. O

To compare this with the bound given in [7], let Z~ equal to the number of
disjunction literals that are removed from the concept and let Z = Z+ + Z—.
For the deterministic disjunction tracking algorithm given in theorem 4 of [7]
the number of mistakes is less than or equal to

4.32Z(Inn + 3.89) + 4.32min(n, Z)(Inn + 1.34) + 0.232 + 1.2 3 "R .
teN

Using the fact that for disjunctions 6.5 < A < n, these bounds show that the
more general results in this paper compare favorably to the previous bound that
deals with the limited case of tracking shifting disjunctions.

5 Conclusions

In this paper, we give a proof for the concept tracking version of Winnow that
shows it still has good bounds when tracking arbitrary linear-threshold functions.
In particular, we compared the new bounds to the best existing Winnow bounds
for fixed concepts and shifting disjunctions, showing that the bounds compare
favorably. We also show how the performance of this algorithm does not depend
on the number of attributes and instead depends approximately on max || X||;.
This is similar to the infinite attribute model but has advantages when dealing
with real world constraints such as noise.

One problem with the techniques in this paper is that the mistake bound is
allowed to grow arbitrarily large when ¢ = min{z! | 2! > 0} approaches zero.
One solution is to transform the instances such that ¢ is not allowed to get
arbitrarily small. By making the appropriate assumptions, it is possible to allow
the effects of small shifts in the value of attributes to be characterized in the &
and Zte ~ X parameters of the learning problem. However this is not completely
satisfactory as the issue with ( is partially an artifact of the proof technique. An
interesting question for future research is to eliminate or mitigate the effect of ¢
on the bound.

Additional future work is to extend these results to other Winnow algorithms
such as the normalized version of Winnow and Balanced Winnow[!]. Normal-
ized Winnow has various advantages such as simple techniques to generalize
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from binary prediction to multi-class prediction[16]. This will allow the efficient
tracking of multi-class linear-threshold concepts. Another area to explore is the
development of lower bounds for the tracking version of Winnow when learning
certain types of shifting concepts, such as concepts where all the §; are equal.
Cases where the d; change for the various concepts will most likely be more
difficult, but at a minimum, tighter upper-bounds can be made for these types
of problems.
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Abstract. We study the problem of learning regular tree languages
from text. We show that the framework of function distinguishability
as introduced in our ALT 2000 paper is generalizable from the case of
string languages towards tree languages, hence providing a large source
of identifiable classes of regular tree languages. Each of these classes can
be characterized in various ways. Moreover, we present a generic infer-
ence algorithm with polynomial update time and prove its correctness.
In this way, we generalize previous works of Angluin, Sakakibara and
ourselves. Moreover, we show that this way all regular tree languages
can be identified approximately.

1 Introduction

Grammatical inference (GI) mostly focussed on learning string languages, al-
though there are many practical motivations for studying formally specified sets
not being comprised of words, as well. For example, linguists are often interested
in the dependencies of different parts of a sentence. This sort of dependencies
is likely to be reflected in the derivation trees of a context-free grammar which
captures the main syntactical features of the language in question. So, tree lan-
guages are quite important to linguists. Application of GI in this setting is
reported, e.g., in [4,16]. Derivation trees play an important role when studying
the use of GI in connection with programming languages, see [5]. Recently, tree
language inference was proposed as a tool in inductive logic programming [3].
In [14, Chapters 3.2 and 6.4], applications of tree language inference to pattern
recognition can be found. Finally, trees can be interpreted equivalently as terms,
so that the study of the inference of tree languages might also contribute to
the learning of term algebras, a topic touched in [17,18,23]. Hence, the study of
the automatic inference of tree languages is well motivated. Besides [17,18], the
classes of regular tree languages presented in this paper are the first ones which
are characterized by well-defined restrictions on automata, an important issue
in GI [15].

In some sense, the present paper can be seen as a continuation of Sakakibara’s
work [26] on the inference of O-reversible tree languages' and of ours on the

* Most of the work was done while the author was with Wilhelm-Schickard-Institut
flir Informatik, Universitat Tiibingen, Sand 13, D-72076 Tiibingen, Germany.

! Ideas similar to Sakakibara’s are contained in [6]. The section on approximability
notably supplements Sakakibara’s work.

J. Kivinen and R. H. Sloan (Eds.): COLT 2002, LNAT 2375, pp. 153-168, 2002.
© Springer-Verlag Berlin Heidelberg 2002
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inference of distinguishable string languages [7,9]: We will explore how to learn
—exactly and approximately—function distinguishable regular tree languages
from text, a setting introduced by Gold [13]. Both [7] and [26] are based on
Angluin’s paper [2], which was ground-breaking for the revival of the interest in
learning regular languages from text.

In a nutshell, a function distinguishable regular tree language is given by
a bottom-up deterministic tree automaton such that any occurring backward
nondeterminism can be resolved by means of an “oracle” called distinguishing
function. The O-reversible tree languages considered by Sakakibara [20] are a
special case where the oracle gives no information at all.

Note that, from a linguistic point of view, the fact that every context-free
language is the yield of a 0-reversible tree language is somewhat misleading, since
not all possible syntax trees (which reflect the interesting semantical connections)
are O-reversible. Hence, it is important to go beyond 0-reversible tree languages.
As we will see, the tree language classes introduced in this paper are a natural
extension of the 0-reversible tree languages.

Let us mention that the inferrability of context-free languages was also stud-
ied under different learning paradigms [3,25].

2 Definitions

Let N be the set of nonnegative integers and let (N*, -, \) (or simply N*) be the
free monoid generated by N. For y, z € N*, write y < z iff there is a z € N* with
x =1y-z “y < a” abbreviates: y < x and y # x. |z| denotes the length of x.
We are now giving the necessary definitions for trees and tree automata. More
details can be found, e.g., in the chapter written by Gécseg and Steinby in [24].

A ranked alphabet V is a finite set of symbols together with a finite rank
relation rv C V x N. Define V,, := {f € V | (f,n) € rv}. Since elements in V,,
are often considered as function symbols (standing for functions of arity n),
elements in Vj are also called constant symbols. A tree over V is a mapping
t: Ay — V, where the domain 4; is a finite subset of N* such that (1) if z € A,
and y <, then y € Ay; (2)ify-i€ Ay, i €N theny-je Ay for 1 <j<i. An
element of A; is also called a node of t, where the node \ is the root of the tree.
Then t(x) € V,, whenever, fori e N, z-i € Ay iff 1 <i <n.Ift(z) = A, Ais the
label of z. Let V* denote the set of all finite trees over V. By this definition, trees
are rooted, directed, acyclic graphs in which every node except the root has one
predecessor and the direct successors of any node are linearly ordered from left
to right. Interpreting V' as a set of function symbols, V* can be identified with
the well-formed terms over V. This yields a compact string denotation of trees.
A frontier node in t is a node y € A; such there is no ¢z € A; with y < z. If
y € A; is not a frontier node, it is called interior node. The depth of a tree t is
defined as depth(t) = max{|z| | z € A;}, whereas the size of t is given by |A|.
Letters will be viewed as trees of size one and depth zero.

We are now going to define a catenation on trees. Let $ be a new symbol, i.e.,
$ ¢ V, of rank 0. Let V¥ denote the set of all trees over V' U {$} which contain
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exactly one occurrence of label $. By definition, only frontier nodes can carry
the label $. For trees u € Vg and t € (V* U Vy), we define an operation # to
replace the frontier node labelled with $ of u by ¢ according to

~ Ju(z),if xe Ay Au(z) # 8,
u#t(m){t(y), ifr=z-yAu(z) =8Ny € A,

HUCVSand T C (VPUVY), then UHT := {u#t |luc UNt €T} Fort € V*
and z € Ay, the subtree of t at x, denoted by t/x, is defined by t/x(y) = t(x - y)
for any y € Ay, where Ay = {y | x-y € As}. ST(T) := {t/x |t € TAx € A}
is the set of subtrees of trees from 7' C V*. Furthermore, for any ¢t € V* and any
tree language T' C V*, the quotient of T and t is defined as:

_JH{ue Vg |u#t e T}, ift e VE\ T,
Ur(t) = {t, if t € Vp.

Let V' be a ranked alphabet and m be the maximum rank of the symbols
in V. A (bottom-up) tree automaton over V is a quadruple A = (Q, V.4, F)
such that @ is a finite state alphabet (disjoint with V), F C Q is a set of final
states, and 6 = (Jo, . .., 0p) is an m+ 1-tuple of state transition functions, where
So(a) = {a} for a € Vy and 6, : Vi x (QU Vp)* — 29 for k = 1,...,m. In this
definition, the constant symbols at the frontier nodes are taken as sort of initial
states. Now, a transition relation (also denoted by §) can be recursively defined
on V* by letting

{f}, if k=0,
qu€5(ti),i:1,m,k 6k(fa q1y-- -, qk)7 if k> 0.

(5(f(t1, . ,tk)) = {

A tree t is accepted by A iff 6(¢t) N F # (). The tree language accepted by A is
denoted by T'(A). A is deterministic if each of the functions 5 maps each possible
argument to a set of cardinality of at most one. Deterministic tree automata can
be viewed as algorithms for labelling the nodes of a tree with states. Analogously
to the string case, it can be shown that nondeterministic and deterministic finite
tree automata accept the same class of tree languages, namely the regular tree
languages, at the expense of a possibly exponential state explosion.

The notions of isomorphic automata and (state subset induced) subautomata
can be easily carried over from the well-known string case to the tree case.
A state ¢ of a deterministic tree automaton A is useful iff there exists a tree t
and some node x € A; such that §(t/x) = ¢ and 6(¢t) € F. A deterministic
automaton containing only useful states is called stripped.

We need four special constructions of tree automata in our treatment:

Firstly, we define the analogue of the well-known prefix-tree acceptor in the
string case: Let I be a finite tree language over V. The base tree automaton
for I, denoted by Bs(I1) = (Q,V, 4, F), is defined as follows: @ = ST (1) \ Vo,

2 Observe that there is some sort of arbitrariness in having @ N Vo = @. Other papers
on tree languages even enforce Vy C Q. Fortunately, all basic constructions presented
in this paper would work with the indicated different definition(s) of tree automata.
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F =14, 0p(fur,...,ux) = f(u1,...,ur) whenever uy,...,ur € QU Vy and
flut,...,ux) € Q. Obviously, T'(Bs(I+)) = L.

Secondly, we transfer the notion of canonical automaton to the tree case:
Let T be a regular tree language over V. The canonical tree automaton for T,
denoted by C(T') = (Q,V, 4, F), is defined by: Q = {Ur(s) | s € ST(T)\Vo}, F =
{UT(t) | t e T}, 6k(f; UT(51)7 ey UT(Sk)) = UT(f(Sl, . ,Sk)) if f(sl, . ,Sk)
is in ST(T'). Observe that C(T) is a deterministic stripped automaton which is
formed completely analogously to the minimal deterministic string automaton.

As in the string case, the notion of a product automaton can be defined.

Finally, we define quotient automata. A partition of a set S is a collection of
pairwise disjoint nonempty subsets of .S whose union is S. If 7 is a partition of .5,
then, for any element s € S, there is a unique element of 7 containing s, which
we denote B(s, ) and call the block of 7 containing s. A partition 7 is said to
refine another partition 7" iff every block of 7’ is a union of blocks of 7. If 7 is any
partition of the state set @ of the automaton A = (Q,V,d, F'), then the quotient
automaton YA = (771Q,V, 8, n ' F) is given by 7'Q = {B(¢,7) | ¢ € Q}
(for Q C Q) and, for By,...,B, € 7 'QUVy, f € Vi, B € 0,(f,B1,...,Bx)
whenever there exist g € Band ¢; € By e n'Qor ¢, = B; € Vo for 1 <i <k
such that g € 0x(f,q1,- ., qx)-

3 Function Distinguishability

The main feature of the automata classes which are learnable from text seems to
be some sort of “backward determinism” or “reversibility”. In the case of string
languages, the corresponding notion of reversible languages due to Angluin was
generalized in [7] with the aid of distinguishing functions. We will take a similar
venue here for the case of tree languages in order to generalize the learnability
results of Sakakibara for reversible tree languages.

Let As = (Qs5,V, 6, Qs) be some deterministic tree automaton; in fact, we only
need the functional behaviour of the state transition function § which we also call
a distinguishing function, which can be viewed as a partial mapping V* — Qs.
A deterministic tree automaton A = (Q,V, 6, F) is called §-distinguishable if it
satisfies the following two properties:

1. For all states ¢ € Q and all z,y € V* with d(z) = §(y) = ¢, we have
d(z) = 6(y). (In other words, for ¢ € Q, 6(q) := §(x) for some x with
§(z) = q is well-defined.)

2. For all ¢1,q2 € QU Vy, ¢1 # ¢, with either (a) g1,q2 € F or (b) there ex-
istgs €@, k>1,1<i<k, pi,....,p—1 € QUVp and f €V} with
5k(fap17 -y Pi—1,491,Piy - - - 7pk71) = 6k(fap17 <oy Pi—1,492,Piy - - - 7pk71) = (s,
we have §(q1) # 0(q2).

In some sense, A is “backward deterministic” with the aid of §. A regular tree lan-
guage T over V is called d-distinguishable if it is accepted by a J-distinguishable
tree automaton. Let 6-DT denote the class of §-distinguishable tree languages.
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Observe that trees whose domain is contained in {1}* correspond to usual
strings, and the notion of distinguishability obtained in this way is nearly the
same as the one introduced in [7]?. The distinguishing function induced by the
trivial tree automaton with just one state leads to a slight generalization of the
O-reversible tree automata studied by Sakakibara [20]; in Sakakibara’s model, for
each arity £ > 1, there was only one symbol o as label of the interior nodes.

As a further simple example of distinguishing function, consider the function
Ter defined by Ter(a) = {a} and Tery(f,q1,...,qr) ={f}U U§:1 qj, where 2V
is the state set of Ap... Ter is the natural tree-analogue of the terminal distin-
guishing function basically introduced by Radhakrishnan and Nagaraja in [22].
As exhibited in [7] in the string case, several other similar distinguishing func-
tions can be defined which also yield immediate analogues in the tree case.

Inference algorithms for tree languages can be readily used for the inference of
context-free string languages, once the structure of the derivation tree is fixed;
e.g., if we restrict ourselves to Ter applied to derivation trees of even linear
grammars (with trivial labels for interior nodes), we basically arrive at a variant
of the terminal distinguishable even linear languages discussed in [8].

Ezample 1. Consider A = ({qo,q1},V = {a,*},0,{q1}) with

01(x,a) = 02(x, a,a) = qo
(53(*,@,Q0,G/) = (53(*,0/,Q1,G/) =q1

A is intended to accept a certain class of derivation trees of context-free gram-
mars. A is not Ter-distinguishable, since it violates the second condition, because
Ter(qo) = Ter(q1) = {*,a}. By way of contrast, if we consider an automaton
A" = ({q},V,8,{qo}) with the same rank relation ry and with §’ obtained by
merging qo and ¢, i.e., 0, = §; for i = 1,2 and §5(*,a, go,a) = qo, then A’ is
Ter-distinguishable. Obviously, many more trees are accepted by A’ than by A,
e.g., consider the tree ¢ given by the term *(x(a,a), *(a, a)), since §(t) = qo.

If we like to keep the property of only accepting the originally intended
class of derivation trees of context-free grammars, this is possible by mod-
ifying A to cope with larger alphabets. Counsider, e.g., A” = ({qo,q1},V =
{a,*,+},0",{q:1}) with rv = {(a,0), (x,1), (x,2), (+,3)} and

6/1/(*7 a) - 6/2/(*7 a, a) = qo
6él(+7 a, qo, a/) = 6g(+; a, qi, a) =q1

Since Ter(qo) = {a,*} # Ter(q1) = {a,*,+}, A” is Ter-distinguishable. Obvi-
ously, the automata are constructed for accepting the usual derivation trees of
(even-)linear grammars.

Remark 1. Any subautomaton of a J-distinguishable tree automaton A is
d-distinguishable. O

3 except from the treatment of the empty word
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Lemma 1. Let A = (Q,V,4, F) be a §-distinguishable tree automaton. Let u €
V$t, {tl,tg} g Vt. {u#tl,u#tg} Q T(A) and (5(t1) = (5(t2) imply (S(tl) = (S(tg).

Proof. * Firstly observe that, since §(t1) = §(t2), we have §(u#t1) = §(utts) for
all u € V¢ and ty,t5 € V*. The proof proceeds via induction on the level £ of the
node with label $ in u. If £ = 0, then u = $. Consider the final states ¢; = d(u#t,;)
of A for i = 1,2. Since §(q1) = J(u#t1) = 0(u#t2) = 6(qz2), condition 2a. for
d-distinguishable tree automata yields gq; = go.

Assume the claim holds for £ < h. Consider u € Vg with label $ at level h. u
can be uniquely represented as u = w'#f(s1,...,8i-1,9%,8:,...,8;-1) for some
51,...,5¢—1 € V* and some v’ € V§ having the node labelled $ at level i — 1.
The induction hypothesis yields: if A accepts

u#tj = u'#f(sl, ey Si—1, tl, Sjyeen ,Sk_l), j = 17 2,

then 0(f(s1,. .., 8i—1,t1,56, -+, 8k-1)) = 0(f(51,--.,8i_1,t2,8i,...,56_1)), since
0(t1) = d(t2) gives

5(f(51, .. .,Sifl,tl, Siy . .,Skfl)) = 5(f(51, ey Sifl,tg, Siy .- .,Skfl)).

Hence, 0x(f,0(s1),...,0(si—1),0(t1),0(si), ..., 0(sk-1))

= 01(f,6(51),...,0(8i-1),0(t2),0(ss),...,6(sx_1)), so that condition 2b. for
d-distinguishable tree automata yields g1 = go. O

With the help of Lemma 1, the following statement is easily shown:

Lemma 2. Let A = (Q,V,0,F) be a 0-distinguishable tree automaton. Let
{ur,ug} € V§E and {t,t'} C V*. If {ui#t,uadft} C T(A) and if 6(t) = o(t'),
then ui#t" € T(A) iff ua#t’ € T(A). O

Let T C V* be a regular tree language. Let A(T,d) denote the stripped
subautomaton of C(T') x As. Obviously, T(A(T,)) = T. A(T,J) is called the
d-canonical tree automaton of T. As the following theorem shows, we can take
A(T, 6) as canonical objects describing 6-DT, since A(T,¢) is a unique object.
Moreover, it is proved that the tree language class 6-DT can be characterized in
a number of ways.

Theorem 1 (Characterization theorem). Let ¢ : V' — Qs be a distinguish-
ing function. Then, the following conditions are equivalent for a reqular tree
language T C V'*:

1. T €6-DT.

4 We give the proof of this lemma as a sort of representative of proofs of tree language
results. The reader comparing the proof with the string analogue will notice that,
while the proof ideas are similar, the tree formalism entails more formal complica-
tions and care. Due to the similarity to the string case, we will omit most proofs in
the following; instead, we refer to [7,10].
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2. There is a tree automaton A = (Q,V,8, F) with T(A) =T satisfying
Vi, t € VEVu € Vi ({udhtts,u#tta} CT AS(t1) = 8(t2)) = 0(t1) = 5(ta).

3. Viy,ty € v Yu,v € ‘/$t : ({u#tl,v#tl} C TN (S(tl) = (5(t2)) = (u#tg S
T < v#t €T).

4. th,tg € Ve VU,U S UT(tl) : (5(t1) = 5(t2) = (u S UT(tQ) < v €

Ur(ts)).

A(T, 6) is 6-distinguishable.

6. Yuy,us € VEVt € ‘/;Bt : ({ul#t,ug#t} - T/\(S(tl) = (S(tg)) = UT(tl)
UT(tg).

©

Proof. 1. — 2. due to Lemma 1. According to the proof of Lemma 2, 2. — 3.
The implications 3. < 4., 5. — 1. and 6. — 2. are trivial. 5. — 6. follows with
Lemma 1. 4. — 5. can be shown as in the string case, see [7, Theorem 1]. ]

Remark 2. As in the string case [7], we could have added further characteriza-
tions of -DT by means of grammars or Myhill-Nerode like algebraic formula-
tions. We did not do this here in order to avoid unnecessary technical compli-
cations. The interested reader is referred to the chapter written by Gécseg and
Steinby in [24] as regards the corresponding formalisms in the tree case.

The following lemma is useful for proving the correctness of our learning
algorithms and is, moreover, a simple characterization of our canonical objects.

Lemma 3. The stripped subautomaton of a d-distinguishable tree automaton A
is isomorphic to A(T(A),0).

Proof. According to Remark 1, the stripped subautomaton A’ of A is §-distin-
guishable. Let A = (Q,V,§,F) and A’ = (Q',V, ', F'). We have to show that,
for all g1,q2 € Q" with §(q1) = 6(q2), {u € V& | It € V¥\ Vg : &' (u#q1) € F'}
={ue Vg |3t e Vi\V: d(u#qa) € F'} implies that g1 = g2, since then,
the mapping ¢ — (Ur(a)(t),0(q)) for some ¢t € V* with ¢'(t) = ¢ will supply the
required isomorphism.

Since A’ is stripped, there are t1,t; € V* and u € V¢, q1 = §'(t1), g2 = 0'(t2)
and {u#tty, u#ta} C T(A") = T(A). Since A’ is §-distinguishable, 6(q1) = §(g2)
implies that §(¢1) = 6(¢2). Hence, we can apply Lemma 1 to show the result. O

4 Inferrability

The learning model we use is identification in the limit from positive samples
as proposed by Gold [13], sometimes also called learning from text. In this well-
established model, a language class £ (defined via a class of language describing
devices D as, e.g., grammars or automata) is said to be identifiable if there is a
so-called inference machine I to which as input an arbitrary language L € £ may
be enumerated (possibly with repetitions) in an arbitrary order, i.e., I receives
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an infinite input stream of words E(1), E(2), ..., where E : N — L is an enumer-
ation of L, i.e., a surjection, and I reacts with an output device stream D; € D
such that there is an N(E) so that, for all n > N(FE), we have D,, = Dy (g) and,
moreover, the language defined by Dy () equals L.

In order to ensure the convergence of the hypothesis stream output by a
Gold-style learner, we need some well-defined canonical output objects. In the
case of 6-DT, this will be the d-canonical automata introduced above.

According to [1, Theorem 1], a class £ (characterized by D) comprised of
recursive languages is identifiable iff, for any language description D € D a
telltale set is computable, i.e., a finite subset x(D) C L such that L is a minimal
language from £ containing (D).

For the tree language class -DT and some language T' € §-DT, consider the
corresponding J-canonical automaton A(7T,6) = (Q,V, 4, F) and define

X(T,6) ={u(9)#t(q) | ¢ € Q}
U {uOr(frqus - a)#fEqr), - tar) [ ars - qe € QU VO, f € Vi,

where u(q) € Vg and t(q) € V*\ Vy are (arbitrary) trees each of minimal size
satisfying 0(t(q )) =q (if ¢ € Q) and §(u(q)#q) € F. If g € Vp, we set t(q) = q.
Naturally, a finite automaton for x(7,6) may be computed by some Turing
machine which is given C(T') and As as input.

Theorem 2 (Telltale property). For each As and each T € §-DT, x(T,96) is
a telltale set of T.

Proof. Clearly, x(T,0) C T. Consider some tree language 7" € §-DT with
Xx(T,9) € T’. We have to show that T'C T". Let A(T,d) = (Q,V,4, F).
By induction on the height of s, we show

(¥) Uri(s) =Ur(t(5(s))) and d(s) = d(t(3(s)))

for all s € ST(T). Note that () implies the following: if s € T, i.e., g5 = &(s)
is a final state of A(T,J), then Uz (t(gs)) is a final state of C(I”), because
t(gr) € x(T,0) C T". Therefore, (Ur (t(qr)),0(t(gr)) is a final state of A(T”,0).
Due to (x), we conclude that s € T". Hence, T C T".

Now, we prove (x). If the height of s is zero, then s € Vj, which means that
s = t(s) by definition of #(-). Assume that (%) holds for all trees of depth at
most h > 0. Consider some s € ST(T') of depth h + 1, i.e., s = f(s1,...,sk) for
some f € Vi, s1,...,8; € ST(T); obviously, all s; are trees of depth at most h.
By the induction hypothesis, Uz (s;) = Uz (t(3(s;))) and 6(s;) = 6(t(5(s;))),
1 <i < k. Hence, Uri(s) = U (f(s1,- .-, 5k)) = 0(f, Ure(s1), .., U (s)) =
5. Up(1(8(31)))...... Upst (5( K))) = UT'(f( (5(s1)). ., #(6(s)))) and 8(s) =
8(F(s1,- v 51)) = O(F(E(3(s1 ,1(d(sk)))). Define ¢’ —5k(f7 (51) - 0(sk))-
Since by deﬁmtlon of the telltale set X(T,9), both u(q")#f(t(6(s1)), .. ( (sx)))
and u(q')#t(q") are contained in x(7,0) C 7', Lemma 1 yields

Ur:(s) = Ur (f(t(5(s1)), - -, £(0(sk)))) = Uz (t(q)),
because §(t(q')) = 6(6r(f,(s1), .- ,S(Sk))) =6(f(t(6(s1)),---,t(6(s8))))- O
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5 Inference Algorithms

For each As, we sketch an algorithm which receives an input sample set I, =
{t1,...,tam} (a finite subset of the tree language T' € 4-DT to be identified)
and finds a minimal language 77 € §-DT which contains I.. Of course, The-
orem 2 already guarantees the existence of such an algorithm, but the ad-hoc
enumeration algorithm is not very efficient. In contrast, our algorithms will have
polynomial update time, but the number of so-called implicit errors of predic-
tion is not polynomially bounded, as explained by Sakakibara for his simpler
setting [20].

Our merging state inference algorithm §-Ident for §-DT now starts with the
automaton Ay = Bs(Iy) = (Q = ST(T)\ Vo, V,8, F = I,) on receiving I, as
input. Then, it subsequently merges two states which cause a conflict to one of
the requirements for d-distinguishable automata. This way, we get a sequence of
automata Ag, Ay, ..., Af each of which can be interpreted as a quotient automa-
ton of Ag by the partition of the state set of Ay induced by the corresponding
merging operation. Let §° denote the transition function of A;. Observe that
each A; is stripped, since Ag is stripped. Moreover, Ay is é-distinguishable, as
being the last automaton in this chain. In terms of the partitions inducing the
mentioned quotient automata, -Ident starts with the trivial partition my of )
and repeatedly merges two distinct blocks By and By at stage i, i =0,...,f—1
if any of the following conditions is satisfied:

final state conflict B; and B, contain both final states ¢4 € B, g2 € Bs
of Ag with 0(q1) = 0(g2). This would mean that B; and By are both final
states (in A;) with 6(B1) = 6(Bz2).

determinism conflict There exist two states ¢ € By, g2 € By of the form

@ = f(p1,...,pk) and g2 = f(p},...,0%)

such that, for all 1 < j <k, either p; = p’; € Vo or B(p;, m) = B(p};, ™).
Namely, if this situation occurred, this would mean that

Bi = 5Z(fa B(plvﬂi)v RN B(pk; ’/Tz)) for i = ]-a 2.
backward determinism conflict There exist two states g1, g2 of the form

@ = f(p1,...,pk) and g2 = f(p},...,0%)

with B(q1,m;) = B(g2,m;) and an integer 1 < ¢ < k such that, for all 1 < j <
k with i # {, either p; = p}; € Vo or B(pj,m) = B(p}, 7). Moreover, py €
By, pj € By and 6(pe) = 6(py).

To be more concrete, consider the following program fragment:

Algorithm 1 (§-Ident) .
Input: a nonempty positive sample I C V*.
Output: A(T, ), where T' is a minimal d-distinguishable tree language containing I .
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*** Initialization
Let Ao = (Q = ST(T)\ Vo, V, 6, F = I.) = Bs(I3).
Let mo be the trivial partition of Q.
Let LIST contain all unordered pairs {q, ¢’} of final states of Q with q # ¢, 6(q) = 6(¢').
Let ¢ := 0.
*** Merging
While LIST# ) do begin
Remove some element {q1, g2} from LIST.
Consider the blocks B1 = B(q1,m;) and Bz = B(q2, 7).
If By # Ba, then begin
Let mi+1 be m; with By and Bz merged.
Resolve newly produced determinism conflicts and update LIST.
Resolve newly produced backward determinism conflicts and update LIST.
Increment ¢ by one.
If i =|Q| — 1, then LIST:= 0.
end *** if
end *** while

The conflict resolution can be implemented either by means of an explicit
search through all possible conflict situations, which results in an algorithm
similar to the one proposed by Sakakibara [26] or by keeping track of the forward
and backward transition functions of the automata A; with the help of union/find
techniques, as elaborated in [11] in the case of string language identification.
In either case, we obtain algorithms with polynomially bounded update times,
see [20] for the definitions.

Ezample 2. It I, = {(a,*(a),a),*(a,*(a,a),a),*(a)} is given to Ter-Ident,
then the automaton A’ from Example 1 will result.

Moreover, it is possible to design so-called incremental versions of the algo-
rithms, where the input sample is fed to the algorithm in an on-line manner.

We now give the ingredients for showing the correctness of d-Ident. The
following lemma is crucial in this respect:

Lemma 4. Let Iy CT € §-DT be given. Let w be the partition of Ay = Bs(I;)
described by: q1,q2 belong to the same block if > Ur(q1) = Ur(q2) and if 6(q1) =
5(q2). Then, 7=1Aq is isomorphic to a subautomaton of A(T,5).

Proof. Let m= YAy = (Q,V, 6, F) and A(T,6) = (Q,V,d, F). By definition, Q =
{B(t,7) | t € ST(I;)\ Vo} and the mapping h : Q — Q, B(t,7) — (Ur(t),d(t))
is well-defined and injective. If B; € F, then B, = B(t,w) for some t € I} C
T, and hence, (Ur(t),5(t)) € F. Therefore, h(F) C F. 7' Ay is determinis-
tic, because, if f(s1,...,s%), f(s},...,s,) € ST(Iy), with B(s;,m) = B(s}, m)
if s;,s, € ST(I4)\ Vo and s; = s} if s;, 8, € Vy, then B(f(s1,...,8%),7) =
B(f(s},...,s)),n) for any f € Vj. h is an automaton morphism, since

h(gk(f7 q1,--- >Qk)) = h(B(f(t17 s 7tk)aﬂ-))
® Recall that ¢; € ST(I4) \ Vo.
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with ¢; = ¢; if ¢; € Vp and t; chosen otherwise to satisfy B(t;,7) = ¢;. Hence,

h(Ok(frars - ar)) = (Ur(f(tr, oo 1)), 6(f (tr, - 1))
= Sk(fv (UT(tl)v 5(t1))a ERRR (UT(tk)7 5(tk)))

So, h is an isomorphism between 71 Ag and a tree subautomaton of A(7,5). O

Theorem 3. Fiz As. Consider a chain of automata Ao, Aq,...,Ar obtained
by applying the sketched algorithm d-Ident on input sample I, where Ay =
Bs(Iy). Then, we have: 1. T(Ag) € T(A1) C --- C T(Ay). 2. Ay is 6-distin-
guishable and stripped. 3. The partition 7y of the state set of Ag corresponding
to Ay is the finest partition m of the state set of Ag such that the quotient
automaton w1 Ag is §-distinguishable. O

Theorem 4. In the notations of the Theorem 3, T(Ay) is a minimal §-distin-
guishable language containing I, .

Proof. Theorem 3 states that T'(Ay) € 6-DT and Iy = T'(Ag) C T'(Ay). Consider
now an arbitrary language T° € 0-DT containing I,. We consider the quotient
automaton 71 Ay defined in Lemma 4. This Lemma shows that

T(r'Ag) C T = T(A(T,5)).

By Remark 1, 7~ 1Ag is d-distinguishable, because A(T, ) is J-distinguishable
due to Theorem 1. Theorem 3 yields that 7 refines m, so that

T(Ay) =T(n;'Ag) CT(r ' A) CT. O

Remark 3. Up to now, in accordance with the definition of a telltale set, we
always spoke about a minimal -distinguishable language containing the sam-
ple I;. Considering again the previous proof, one sees that there is actually a
unique minimal language in 6-DT containing Iy, so that we can talk about the
smallest language in 6-DT containing I in the following. This means that each
telltale is in fact a characteristic sample as defined in [2].

Theorem 4 immediately yields:

Corollary 1 (Correctness of j-Ident). If T € §-DT is enumerated as input
to the algorithm 6-Ident, it converges to the §-canonical automaton A(T,d). O

6 Approximation

We are going to show that, for any class 6-DT, all regular tree languages may be
approximated by some language from J-DT in a certain sense. Firstly, we give
the necessary general definitions due to Kobayashi and Yokomori [19].

Let £ be a language class and L be a language, possibly outside £. An upper-
best approzimation LL of L with respect to L is defined to be a language L, € £
containing L such that for any L' € £ with L C L', L, C L’ holds. If such an L.,
does not exist, £L is undefined.
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Remark 4. If £ is closed under intersection, then £L is uniquely defined.

Consider an inference machine I to which as input an arbitrary language L
may be enumerated (possibly with repetitions) in an arbitrary order, i.e., I re-
ceives an infinite input stream of words E(1), E(2), ..., where E : N — L is
an enumeration of L. We say that I identifies an upper-best approximation of L
in the limit (from positive data) by L if I reacts on an enumeration of L with
an output device stream D; € D such that there is an N(E) so that, for all
n > N(E), we have D,, = Dy (p) and, moreover, the language defined by Dy (g)
equals LL € L.

Let £1 and Lo be two language classes. We say that £ has the upper-best
approzimation property (u.b.a.p.) with respect to Lo iff, for every L € Lo, L1L
is defined.

A language class L1 is called upper-best approximately identifiable in the limit
(from positive data) by Lo iff there exists an inference machine I which identifies
an upper-best approximation of each L € £; in the limit (from positive data)
by Ls. Observe that this notion of identifiability coincides with Gold’s classical
notion of learning in the limit in the case when £ = Ls.

Consider a language class £ and a language L from it. A finite subset ' C L
is called a telltale set of L with respect to £ iff, for any L' € £, FF C L' implies
that L C L.

Now, let us turn more specifically to the distinguishable languages. Fix some
distinguishing function 6. We call a language T' C V* pseudo-d-distinguishable iff,
for all t1,ty € V* with §(t1) = d(t2) and for all u € Vi, we have Ur(t1) = Ur(t2)
whenever {u#tt1,u#tts} C T. By our characterization theorem, 7' € 6-DT iff T
is a pseudo-d-distinguishable and regular tree language.

Immediately from the definition, we may conclude:

Proposition 1. Let Ty C Ty C ... be any ascending sequence of pseudo-0-
distinguishable languages. Then, |J;~, T; is pseudo-0-distinguishable. ]

For brevity, we write t1 =75 t2 iff Up(t1) = Ur(t2) and 6(¢1) = d(t2).

Remark 5. If T C V* is a regular tree language and if 6 : V* — Qs is some
distinguishing function, then the number of equivalence classes of =75 equals
the number of states of C(T") (plus one) times |@s|, and this is just the number
of states of A(T,¢) (plus |Qs]).

Let T'C V*. For any integer i, we will define Rs(i,T") as follows:

1. Rs(0,T) =T and
2. Rs(i,T) = Rs(i — 1,T)
U{ u#te | udtty, u'#t1,u'#te € Rs(i — 1, T) N o(t1) = 0(t2) } for i > 1.

Furthermore, set Rs(T") = J,>o Rs(4,T).
Since Rs turns out to be a hull operator, the following statement is obvious.

Proposition 2. For any tree language T and any distinguishing function 6,
Rs(T) is the smallest pseudo-d-distinguishable language containing T . O
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Lemma 5. Let T C V* be any tree language. If t1 and ty are subtrees of T,
then ty =75 ta implies that Ury(ry(t1) = Upy(r)(t2).

Proof. Let t; and ty be subtrees of T" with ¢, =75 t2. By definition of =7,
Ur(t1) = Urp(tz) # 0. Hence, there is a tree u € Vg so that {u#ti,u#ta} C
T C Rs(T). Furthermore, by definition of =75, §(t1) = d(t2). Since Rs(T) is
pseudo-d-distinguishable due to Proposition 2, Ug, (r)(t1) = Ur, (1) (t2). a

Similarly to the string case [9], we can show:

Lemma 6. Let T C V* be any tree language and let 6 be any distinguish-
ing function. Then, for any subtree t1 of Rs(T), there exists a subtree to of T
with UR&(T) (tl) = UR&(T) (tg). O

By a reasoning completely analogous to [19], we may conclude:

Theorem 5. For any distinguishing function §, the class 6-DT has the u.b.a.p.
with respect to the class of reqular tree languages. O

Observe that the number of states of Ag,(r) is closely related to the number
of states of A(T,¢), see Remark 5.

Theorem 6. For any distinguishing function J, the class of reqular languages is
upper-best approximately identifiable in the limit from positive data by 5-DT. 0O

In addition to the last two theorems, we remark that an upper-best approx-
imation of a regular tree language with respect to each class 6-DT is uniquely
defined, since the classical product automaton construction shows that each of
these classes is closed under intersection, see Remark 4.

Given some tree automaton A and some distinguishing function §, an au-
tomaton accepting 6-DTT(A) can be constructed as follows:

1. Compute C(T'(4)).
2. Construct A" = A(T(A), 9).
3. Merge “conflicting states” in A’ as long as possible.

7 Discussion and Prospects

For a variety of regular tree language classes, we showed in which way they can be
inferred efficiently. To this end, we had to define new canonical automata specific
to each of these classes. Each of these classes can be characterized in various ways.
Moreover, we showed that every regular tree language can be approximated in
a well-defined manner by languages from 6-DT for any chosen As.

In the future, we will try to compare our work with other works on the infer-
ence of tree languages and of context-free languages, as they are contained, e.g.,
in [3,12,14,18,20,21,27,28,30,31,32]. Moreover, it would be interesting to extend
the work to other, more general classes of tree languages and the corresponding
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languages of yielded strings, see [29] for a short exposition. Especially, we will em-
ploy our results for devising learning algorithms for linear languages. Of course,
applications of our learning algorithms in the various domains where tree lan-
guages have been successfully applied to would be interesting. One of the nicest
resources on the web is www.informatik.uni-bremen.de/theorie/treebag/.
An implementation of our tree language inference algorithms is accessible
through www-fs.informatik.uni-tuebingen.de/~fernau/GI.htm [11].
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Abstract. Tree structured data such as HTML/XML files are repre-
sented by rooted trees with ordered children and edge labels. As a rep-
resentation of a tree structured pattern in such tree structured data, we
propose an ordered tree pattern, called a term tree, which is a rooted tree
pattern consisting of ordered children and internal structured variables.
A term tree is a generalization of standard tree patterns representing first
order terms in formal logic. For a set of edge labels A and a term tree t,
the term tree language of ¢, denoted by La(t), is the set of all labeled trees
which are obtained from a term tree ¢t by substituting arbitrary labeled
trees for all variables in ¢. In this paper, we propose polynomial time
algorithms for the following two problems for two fundamental classes of
term trees. The membership problem is, given a term tree ¢t and a tree T,
to decide whether or not L(t) includes T. The minimal language prob-
lem is, given a set of labeled trees S, to find a term tree ¢ such that L(¢)
is minimal among all term tree languages which contain all trees in S.
Then, by using these two algorithms, we show that the two classes of
term trees are polynomial time inductively inferable from positive data.

1 Introduction

Due to rapid growth of Information Technologies, the amount of electronic data
has increased rapidly. In the fields of data mining and knowledge discovery,
many researchers have developed techniques based on machine learning for an-
alyzing such electronic data. Web documents such as HTML/XML files have
tree structures and are called tree structured data. Such tree structured data
are represented by rooted trees with ordered children and edge labels [1]. As
examples of representations of tree structured data, we give rooted trees T, T5
and T3 in Fig. 1. As a representation of a tree structured pattern in such tree
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Fig. 1. Term trees t and ¢’ explaining trees 17, T and T3. A term tree s represents
the tree pattern f(b,x,g(a,2),y). A variable is represented by a box with lines
to its elements. The label of a box is the variable label of the variable

structured data, we propose an ordered tree pattern, called a term tree, which
is a rooted tree pattern with ordered children consisting of tree structures and
internal structured variables. A variable in a term tree consists of some number
of vertices and it can be substituted by an arbitrary tree. A term tree is more
powerful than a standard tree pattern, which is also called a first order term
in formal logic, in computational learning theory [2]. For example, in Fig. 1,
the tree pattern f(b,z,g(a, z),y) can be represented by the term tree s, but the
term tree ¢’ can not be represented by any standard tree pattern because of the
existence of internal structured variables represented by x5 and z3 in t'. For a
set of edge labels A, the term tree language of a term tree t, denoted by L (),
is the set of all labeled trees which are obtained from ¢ by substituting arbitrary
labeled trees for all variables in t. A term tree ¢ is said to be regular if all variable
labels in ¢t are mutually distinct.

In this paper, we deal with the set OT” Tﬁ’K of all regular term trees ¢t with A as
a set of edge labels such that each variables in ¢ consists of at most L+ 1 vertices
for some L > 1 and any path from the root to a leaf in ¢ has at most K variables
for some K > 1. Let (’)TT/Ll’* =Ug>1 OT’T/L(K. Our main result is to show that
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the two fundamental classes OTTLY' = {La(t) | t € OTT'Y and OTTLY" =
{La(t) | t € OTTY*} are polynomial time inductively inferable from positive
data. In order to prove this result, we give polynomial time algorithms for the
membership problem and the minimal language problem for OT’TZ’* and (’)TT}l’l.
Let R be a set of regular term trees. The membership problem for R is, given
a term tree t € R and a tree T, to decide whether or not T" € L(t). Consider
the examples of the term tree t' and the tree Ty in Fig. 1. It holds that L4 (¢)
includes T}, because T} is obtained from ¢’ by replacing variables x1, 2 and x3
in ¢/ with the trees g, g2 and g3 in Fig. 1, respectively. The minimal language
(MINL) problem for R is, given a set of labeled trees S, to find a term tree
t € R such that L,(t) is minimal among all languages L,(t') for ¢’ € R with
S C Lx(t'). That is, the MINL problem is to find one of the least generalized
term trees explaining given tree structured data. Our algorithms for the minimal
language problem use a set of operations, which are sometimes called refinement
operators [5,11]. In Fig. 1, we give examples of term trees ¢ and ¢’ which can
explain all trees 77, T and T5. But it holds that L 4(¢) 2 L,(t") 2 {Th,Ts,T5},
since L4 (t) includes all trees.

As previous works, in [6,12], we gave some sets of unrooted regular term
trees with unordered children whose languages are polynomial time inductive
inferable from positive data. In [7,13], we considered the complexities of the
membership problem and the MINL problem for a set of rooted regular term
trees with unordered children. In [13], we gave a polynomial time algorithm for
solving the MINL problem for regular unordered term trees and showed that
two MINL problems with optimizing the size of an output term tree are NP-
complete. In [8,9], we gave data mining systems having special types of rooted
regular term trees with unordered children and ordered children as knowledge
representations, respectively. As the other related works, the works [2,4] show
the learnabilities of extended tree patterns in query learning models.

2 Preliminaries — Ordered Term Trees

Let T = (Vp, Er) be an ordered tree with a vertex set Vp and an edge set Erp.

A list h = [ug, u1, ..., ue] of vertices in Vi is called a variable of T if uq, ..., us
are consecutive children of ug, i.e., ug is the parent of uy,...,u, and u; 41 is the
next sibling of u; for j with any 1 < j < £. We call ug the parent port of the
variable h and w1, ..., us the child ports of h. Two variables h = [ug, u1, . . ., ]
and h' = [ug,ul,...,up] are said to be disjoint if ug # ug or {u1,...,ue} N
{u),...,up} =0.

Definition 1. Let T = (Vp, Er) be an ordered tree and Hyp a set of pairwise
disjoint variables of T'. An ordered term tree obtained from T and Hr is a triplet
t = (‘/t,Et,Ht) where V; = Vp, By = Ep — Uh:[ug,ul,...,ug]EHT{{uo’ui} c Er |
1 <¢ < /{}, and H; = Hp. For two vertices u,u’ € Vi, we say that u is the parent
of ' in tif u is the parent of v in T'. Similarly we say that v’ is a child of u in ¢
if v’ is a child of w in T. In particular, for a vertex u € V; with no child, we call u
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a leaf of t. We define the order of the children of each vertex u in t as the order
of the children of u in T. We often omit the description of the ordered tree T'
and variable set Hy because we can find them from the triplet ¢t = (V;, E, Hy).

For example, the ordered term tree ¢ in Fig. 1 is obtained from the

tree T = (Vp,Er) and the set of variables Hp defined as follows. Vp =
{vla B Ull}a Er = {{’Ul,’UQ}, {1)27'03}7 {vla 1)4}, {"04,'05}, {1)17'06}7 {UG, 1)7},
{v7,v8}, {ve,v9}, {v1,v10}, {v10,v11}} with the root v; and the sibling relation
displayed in Fig. 1. HT = {[’U4, ’U5], [’Ul7 ’Uﬁ]7 [’U@, U7, ’Ug]}.
For any ordered term tree t, a vertex u of ¢, and two children v’ and u” of u,
we write v/ <!, u” if v’ is smaller than u” in the order of the children of u. We
assume that every edges and variables of an ordered term tree are labeled with
some words from specified languages. A label of a variable is called a variable
label. A and X denote a set of edge labels and a set of variable labels, respectively,
where AN X = ¢. An ordered term tree t = (V;, B¢, Hy) is called regular if all
variables in H; have mutually distinct variable labels in X.

Note. In this paper, we treat only regular ordered term trees, and then we call
a regular ordered term tree a term tree, simply. In particular, an ordered term
tree with no variable is called a ground term tree and considered to be a tree
with ordered children.

For a term tree t and its vertices v; and v;, a path from vy to v; is a
sequence v1,vs,...,v; of distinct vertices of ¢ such that for any j with any
1 < j < i, v is the parent of vjy1. O, denotes the set of all ground term
trees with A as a set of edge labels. Let L > 1 and K > 1 be integers. Let
OT’Tﬁ’K be the set of all term trees ¢t with A as a set of edge labels such that
each variable in ¢ has at most L child ports and any path from the root to a leaf
in ¢ has at most K variables. Let OTT 5™ = J,co OTT Y™ Let f = (V, By, Hy)
and g = (V,, E,4, H,) be term trees. We say that f and g are isomorphic, denoted
by f = g, if there is a bijection ¢ from Vy to V, such that (i) the root of f is
mapped to the root of g by ¢, (ii) {u, '} € Ey if and only if {p(u), p(u’)} € E,
and the two edges have the same edge label, (iii) [uo,u1,...,u] € Hy if and
only if [¢(uo), ¢(u1),...,¢(ur)] € Hy, and (iv) for any vertex w in f which has
more than one child, and for any two children v’ and u” of u, v’ <f " if and
only if p(u’) <i(u) o(u’).

Let f and g be term trees with at least two vertices. Let h = [vg,v1, ..., vy
be a variable in f with the variable label 2 and o = [ug, u1, ..., us] alist of £+1
distinct vertices in g where w is the root of g and u, ..., us are leaves of g. The
form x := [g, 0] is called a binding for x. A new term tree f' = f{x :=[g,0]} is
obtained by applying the binding x := [g,0] to f in the following way. For the
variable h = [vg, v1, ..., v¢], we attach g to f by removing the variable h from H;
and by identifying the vertices vy, v1, . . ., v¢ with the vertices ug, u1, ..., ug of g in
this order. We define a new ordering <{j’ on every vertex v in f in the following
natural way. Suppose that v has more than one child and let v" and v be two
children of v in f’. We note that v; = w; for any 0 < ¢ < £. (1) If v,0",0" €V
and v/ <9 0", then v/ <f v, (2) If v,v',v" € V; and v' </ v”, then v/ <" v".
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S=ARx=gyluour,uzus]l}

(<o (u3)

Fig.2. The new ordering on vertices in the term tree f' = f{z :=
[gv [U’Ov Ui, u2, ’LL3]]}

(3) If v = vo(= ug), v' € Vy—{v1,..., v}, 0" €V, and v’ <J vy, then v’ <{jl v,
(4) If v = vo(= ug), v' € Vi —{v1, ..., v}, v" € V, and vy <] o/, then v <f o'
In Fig. 2, we give an example of the new ordering on vertices in a term tree.

A substitution 6 is a finite collection of bindings {z1 := [g1,01], -,z =
[gn,0n]}, where z;’s are mutually distinct variable labels in X. The term tree f6,
called the instance of f by 0, is obtained by applying the all bindings x; := [g;, 0]
on f.Lastly we define the root of the resulting term tree f6 as the root of f.
Consider the examples in Fig. 1. Examples of term trees ¢ and t' are given.
Let 0 = {x1 := [g1, [u1, w1]],x2 = [go, [ue, w2]],z3 = [g3, [us, w3, ws]]} be a
substitution, where g1, g2, and g3 are trees. Then the instance ¢’ of the term
tree t' by 6 is the tree T;.

Definition 2. Let L and K be positive integers and A a set of edge labels.
The term tree language La(t) of a term tree t € OTTﬁ’K is {s € OTy | s =
tf for a substitution 6}. The class OT7) Eﬁ’K of term tree languages is defined
as {La(t) | t € OTT 5},

3 Polynomial Time Inductive Inference of Ordered Term
Tree Languages from Positive Data

We give the framework of inductive inference from positive data [3,10] and show
our main theorem. Let U be a recursively enumerable set to which we refer as a
universal set. We call L C U a concept. An indezxed family of recursive concepts or
a class is a triplet C = (C, R, ), where C' is a family of nonempty concepts, R is
a recursively enumerable set, each element in R is called a representation, v is a
surjection from R to C, and there exists a recursive function f: U x R — {0,1}
such that f(w,r) =1 if w € y(r), 0 otherwise. A class C = (C, R,~) has finite
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thickness if for any nonempty finite set 7" C U, the cardinality of {L € C' | T C
L} is finite. For a class C = (C, R, ), when the family of concepts C' and the
surjection ~ are clear from the context, we write only the representation R for
the class C.

An inductive inference machine (IIM, for short) for C is an effective procedure
which requests inputs from time to time and produces elements in R from time
to time. The output produced by the machine are called hypotheses. A positive
presentation of a nonempty concept L is an infinite sequence p = wi,ws, ...
of elements in L such that {w;,we,...} = L. We denote by p[n] the p’s initial
segment of length n > 0 and by M(p[n]) the last hypothesis produced by M
which is successively presented wi,ws, ..., w, on its input requests. An IIM is
said to converge to a representation r for a positive presentation p, if there is
an n > 1 such that for any m > n, M(p[m]) is r. An IIM M infers a class C
in the limit from positive data if for any L € C and any positive presentation
p of L, M converges to a representation r for p such that L = ~(r). A class C
is said to be inferable in the limit from positive data if there is an IIM which
infers C in the limit from positive data. An IIM M is consistently working if
for any L € C', any positive presentation p = wy,ws,... of L and any n > 1
with M(p[n]) € R, we have {wi,...,w,} C v(M(p[n])). And an IIM M is
responsively working if for any L € C, any positive presentation p of L and any
n > 1, we have M(p[n]) € R. Moreover, an IIM is conservatively working if for
any L € C, any positive presentation p of L and any n,m with 1 < n < m such
that M (p[n]), M (p|m]) € R and M(p[n]) # M(p|m]), we have {wy,...,wn} <
Y(M(p[n])). A class C is polynomial time inferable from positive data if there
exists a consistently, responsively and conservatively working IIM for C which
outputs hypotheses in polynomial time with respect to the length of the input
read so far, and infers C in the limit from positive data.

For a class C = (C, R, ), let S be a nonempty finite set of U. We say that a
representation r € R is minimal for (S,C) if S C y(r) and y(s) & ~(r) implies
S & ~(s) for any s € R. Then, we define the following problems for C:

Membership Problem for C
Instance: An element w € U and a representation r € R.
Question: Is w included in ~(r) ?
Minimal Language Problem (MINL) for C
Instance: A nonempty finite subset S of U.
Question: Find a representation » € R which is minimal for (S,C).

Angluin [3] and Shinohara [10] showed that if C has finite thickness, and the
membership problem and the minimal language problem for C are computable
in polynomial time then C is polynomial time inductively inferable from positive
data. Let A be a finite or infinite alphabet of edge labels. In our setting, the
universal set U is the set OT, of all ground term trees, and (¢) is the term

tree language L(t) for a term tree ¢ € (’)TT/L(K. It is easy to see that the classes
or. Tﬁ’K have finite thickness for any L, K > 1. In Section 4, we give a polynomial
time algorithm for the membership problem for OT" Th’*. Further, in Section 5
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and 6, we give polynomial time algorithms for the minimal language problem
for OTT i{l and OT ’Th’*. Therefore, we show the following main result.

Theorem 1. For any set of edge labels A, the classes OT’Th’l and OT’Th’* are
polynomial time inductively inferable from positive data.

4 A Polynomial Time Algorithm for Solving Membership
Problem for OTT *

In this section, we give a polynomial time algorithm Matching (Fig.3) for the
membership problem for OT" ’TZ’* and any set of edge labels A. Let T = (V, E)
and t = (V/,E', H') be a tree and a term tree, respectively. A term tree t is
said to match a tree T if T is included in L(t). We assume that all vertices
of a term tree are associated with different numbers. The vertex identifier of a
vertex u' of a term tree ¢ is the associated number of «’, and denoted by I(u’).
A correspondence-set of a vertex u of a tree T is a set of vertex identifiers, which
are with or without parentheses, of vertices of a term tree t. A vertex identifier
in parentheses shows that the vertex is a child port of a variable. The intended
meaning of a correspondence-set is stated in the proof of Theorem 2. For a vertex
u’ of a term tree ¢, we define the set Rule(t) of all correspondence-set-attaching
rules of ¢, as follows. Let ¢}, -, ¢}, be all ordered children of v’ in ¢. If v’ is a
child port then H(u') = (I(u')), otherwise H(u') = I(u').
Rule(t) =

{I(u") — I(c}),...,I(c,) | avertex u' of t is neither a parent port nor a leaf}

U{I(uw) < H(c}),...,H(c,,) | v is a vertex of ¢, and ' is a parent port}

U{(I(u)) < (I(u')) | v is a vertex of ¢, and v’ is a child port}.
We repeatedly attach a correspondence-set to vertices of a tree T' from the leaves
to the root. In Fig. 4, when the term tree ¢ and the tree T are given, Rule(t)
denotes the set of all correspondence-set-attaching rules of t. After the procedure
Matching terminates, we can get the resulting correspondence-sets of T'.

Procedure Matching (Fig.3) is for the case of |[A] = 1. We can easily extend

the algorithm for the case of |A] > 2 by checking edge labels of a term tree and
a tree in applying correspondence-set-attaching rules.

Theorem 2. Membership Problem for OT’T}{* s computable in polynomial time
for any set of edge labels A.

Proof . (Sketch) Let CS(v) be the correspondence-set attached to a vertex v of a
tree T, after the procedure Correspondence-Set-Attaching for v terminates. By
an induction on applications of correspondence-set-attaching rules, we can show
that the following claims. T'[v] denotes the subtree which is induced by v and
the descendants of v. And t[v] denotes the sub-term tree which is induced by v
and the descendants of v. Claim 1. I(u') € CS(v) if and only if ¢[u/] matches
T[v]. Claim 2. (I(u')) € CS(v) if and only if (i) ¢[u’] matches T[v] or (ii) t[u/]
matches T'[v'] for a descendant v” of v. Thus we show that the correspondence-
set attached to the root of a tree T contains the vertex identifier of the root of
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Procedure Matching(term tree ¢ in OT7 ™ with root r, tree T in OT4 with root R);
begin
Construct the set Rule(t) of all correspondence—set—attachmg rules of ¢;
For each leaf £ of T, attach the correspondence-set {I(¢') | £' is a leaf of t} to ¢
while there exists a vertex v of T'
such that v is not attached with any correspondence-set and
all children of v are attached with correspondence-sets
do Correspondence-Set-Attaching(v, Rule(t));
if the correspondence-set attached to R includes the vertex identifier I(r) of r
then report that ¢ matches T’
else report that ¢ does not match T
end.

Procedure Correspondence-Set-Attaching
(vertex v of T, set of correspondence-set-attaching rules Rule);

begin
C = (;
Let c¢1,- -+, cm be all ordered children of v in T
Let CS(c1),---,CS(cm) be the correspondence-sets attached to
Cly*y Cm,y respectlvely,

foreach I(u’) — I(ch), -+, 1(c,,) in Rule do
if m’" =m and I(c ;)GCS( i) for all i (1 <i<m)
then C :=CU {I(u’)}7
foreach I( "< H(c)),- -,H ch) in Rule do
if m’ < m and the list [1,2,... 7m] can be divided into m’ sublists
G0, IC) = UG 1) ), o'+ D)
with j(1) =1 and j(m' + ) =m satlsfymg that
(1) for each 1 <14 < m’ with H(c}) = I(c}), the ith sublist is [j(i)],
ie., j(i) = j(i + 1) —1, and I(c}) € CS(cj(;)), and
(2) for each 1 < i < m' with H(c}) = (I 013) the ith sublist is
[(@),--j(i + 1) — 1] and I(¢) € CS(cyey) or (1(ch) € CS(excr)
for some k(i) with j(i) < k(i) <j(E+1)—1
then C:= CU{I(u)};
foreach (I(u')) < (I(v')) in Rule do
if there is a set among CS(c1), -+, CS(cm) which includes I(u') or (I(u'))
then C':= CU{(I(v))};
Attach C to v as its correspondence-set
end.

l\”,-\

~

k:

Fig. 3. Matching: an algorithm for the membership problem for the set OT” ’Th’*
of term trees

a term tree t if and only if t matches T'. Let n and s be the numbers of vertices
and internal vertices of a term tree ¢, respectively. Let N and S be the number of
vertices and internal vertices of a tree T, respectively. Then Procedure Matching
runs in O(nS + nNs) time. O

5 A Polynomial Time Algorithm for MINL for OT T}l’l

In this section, we give a polynomial time algorithm MINL1 (Fig. 5) for Min-
imal Language Problem for OTT ;' (Theorem 3). Let S = {Ti,...,T,,} be a
finite set of trees with edge labels from A. Let Tiin = (Vinin, Emin) be one of
the smallest trees in S with respect to the number of vertices. For a vertex v
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Rule(t) = {

Term Tree t Correspondence-set- Tree T The resulting correspondence-
attaching rules sets of a tree T'

Fig. 4. The correspondence-set-attaching rules of a term tree t. The resulting
correspondence-sets of a tree T after the procedure Matching terminates

of T, T[v] denotes the subtree which is induced by v and the descendants of v.
Let Ls = [Tmin[v1], Tmin[v2]; - -+, Timin[V)v,,;,]]] be the sorted list of all subtrees
of Tinin for v; € Vinin with respect to the depth of trees, i.e., for all ¢, 7 with ¢ < 7,
the depth of Tinin[vi] is not smaller than that of Tinin[v;]. We call this list Lg
the candidate tree list of S. For t € OT’Th’K, T(t) denotes the ground term tree
obtained by replacing all variables and labeled edges with non-labeled edges. For
t,t' € OTTYX | we write t ~ ' if T(t) = T(t').

Lemma 1. Let S be an input set of trees for Algorithm MINL1 (Fig. 5). Let t =
(Vi, By, Hy) be an output term tree by Algorithm MINL1 and t' = (Vy, By, Hy)
a term tree such that S C La(t') C Lu(t). Thent =1t'.

Proof. (Sketch) Let u € Vi (resp. v’ € Vi) be the kth vertex of ¢ (resp. t')
when we visit the vertices of ¢ (resp. t') in preorder. First we show that the
number of children of u is equal to that of u’ by induction on k. Hence t = t'.
We omit the proof. Then we have an isomorphism £ from T'(t') to T'(t). Let u’
be the kth vertex of ¢’ in preorder and v’ the £th child of u’. Second we show
that if [u/,0v'] € Hy then [{(u'),£(v")] € Hi. This is done by induction on k
and ¢. The proof depends on the edges and variables around v’ and v’. Let x
be the variable label of [u',v]. The most cases can be proved by showing that
if [£(u'),&(V")] & Hy then {t'0%,1'0%,t0%,t'0%} ¢ L(t) for some label a € A
(these substitutions are described in Fig. 6). When |A| = 1, Fig. 7 shows the
only case which possibly satisfies that {t'04,t'0p,t'0c,t0p} C La(t) even if
[E(u),&(")] ¢ Hi. But Algorithm MINL1 does not output a term tree of this
type. Since the term tree ¢ is obtained from t” (Fig. 7) by Edge-Extension on
[u,v] of t”, if S C L,(¢') then Adding-Ending-Part chooses the subtree rooted
at v’ of ¢’ rather than the subtree rooted at v of ¢”. This is because the subtree
rooted at v of t” does not have the maximum depth with S C L4(¢"). ]

Theorem 3. Minimal Language Problem for OT’TZ’I is computable in polyno-
mial time.
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Algorithm MINL1;
input: a set of trees S = {T1,...,Tim} C OT 4;
begin
Let Ls be the candidate tree list of S; As := {a € A | a appears on trees in S};
Let t = ({u,v},0,{h = [u,v]}) with the root u; Let ¢ be a list initialized to be [h];
Variable-branching(t, S, q);
while ¢ is not empty do begin
t' :=Adding-Ending-Part(t, S, q[1], Ls);
t" :=FEdge-Replacing(t', S, q[1]);
t"" :=FEdge-Extension(t', S, q[1]);
if t” # t' then begin t :=t" q := ¢[2..] end
else if t"" =t then t :=t'; ¢ := ¢[2..] end
else Variable-Branching(Edge-Extension(t, q[1]), S, q)
end;
output ¢
end.

Variable-Branching(¢, S, ¢q): Add some Adding-Ending-Part(t,S,h,Ls): Find

new variables to the right of ¢[1] = [w,v] the first tree 7’ in the candidate tree

while S C La(t), and update the list list Lg such that the term tree t" made by

q :=q[2..]&[[w,v1], ..., [w,v,]]. adding T’ to the child port of h satisfies
S C La(t), and return t’.

Edge-Replacing(t, S, h): For each edge Edge-Extension(t,S,h): For each edge

label a in Ag, replace the variable h with label in Ag, replace the variable h = [u, v]

the edge labeled with a, and return the with a labeled edge {u,w} and [w, v], and

first new term tree t" with S C LA (t), if return the first new term tree ¢’ with S C

there is no such a term tree then return t. L4 (t'), if there is no such a term tree then
return t.

Fig. 5. Algorithm MINLI1. ¢[1] is the first element of ¢ and ¢[2..] is the list after
removing ¢[1]. “&” denotes the concatenation of two lists
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0% = {2’ == [T¢,[Rc, L] | 2' € Hy — {«}}
U{x = [TZ7 [RAv LA]}v
0% = {e’ == [T&,[Re, Lell | @’ € Hy — {z}}
a U{z = [Tg7[RBvLB]}7
L) 08 = (o' = (18, [Re. Lel) | o' € Hu}),
QaD = {"El = [Tgv [Rc, Lcl] | «’ e Hy —A{x}}
U{ZL’ = [Tg, [RD,LD]}.

AORD

3
w2
&
5

Fig. 6. Basic substitutions

Fig. 7. Possibly La(t') C La(t) C La(t")

Proof. The correctness of Algorithm MINL1 follows Lemma 1. Let S = {11 =
VN, E1)ye o s Toy = (Vin, En)}e Let Npax = max{|Vi| | 1 < i < m}, Npin =
min{|V;| | 1 < i < m}, and dyin = min{the number of children of v | v is an
internal vertex of the trees in S}. Let As = {a € A | a appears on trees in
S}. Let MAT(N,n) be the time complexity of Procedure Matching for a tree
with N vertices and a term tree with n vertices. Variable-Branching, Adding-
Ending-Part, Edge-Replacing, and Edge-FEztension call Procedure Matching at
most Mdmin, m|Lg|, m|Ag|, and m|Ag| times, respectively. Then one while loop
needs O(m(Nmin + |As])MAT (Nmax, Nmin)) time. Since the number of variables
of an output term tree is at most O(Nyn), totally Algorithm MINLI1 runs in
O(MNmin(Nmin + [As|)MAT(Npax, Nmin)) time. O

6 A Polynomial Time Algorithm for MINL for OTT }1’*

In this section, we give a polynomial time algorithm for solving the minimal lan-
guage problem for OTTZ’* with any set of edge labels A. Let S = {Th,...,T,} C
OT, be an input set of trees. Our algorithm MINL* (Fig. 8) consists of two
steps, called Variable-Extension and Edge-Replacing. We start with a term tree
which consists of only one variable. Variable-Extension makes bigger a current
term tree by increasing the number of variables as many as possible. And then
Edge-Replacing tries to replace each variable with an edge in the depth decreas-



180 Yusuke Suzuki et al.

ing order. An ordered pair (u,v) represents either an edge or a variable such
that w is the parent of v. We omit the proof of the next lemma.

Lemma 2. Let t be a term tree which has a variable [u,v] such that the two
siblings just before and after [u,v] are also variables and v is the parent port of
some variable. Let t' be the term tree obtained from t by replacing the variable
[u,v] with an edge {u,v} (Fig. 9). Then La(t') = La(t).

Let to,t1,...,tr be a sequence of term trees. For ¢ = 0,....k — 1, ¢; has a
variable h; such that the two siblings just before and after h; are also variables
and the child port of h; is the parent port of some variable, and ¢;;1 be the term
tree constructed from t; by replacing the variable h; with an edge. Then we can
easily see that L (tp) = La(tx) from Lemma 2.

Lemma 3. Let t be an output term tree of Algorithm MINL*. If there exists a
term tree t' such that S C La(t") C La(t) thent =~ t'.

Proof. Let t” be the regular term tree which is obtained by Variable-Extension.
Then L,(t) € La(t") and t ~ t”. Let t"” be the regular term tree which is
obtained by replacing all edges in ¢ with variables. Then ¢ = ¢ and L, (t') C
LA(t"). Let 6 be a substitution such that ¢’ = ¢6 and ¢’ a substitution which ob-
tained by replacing all edges appearing in 6 with variables. Then t"/ = ¢t”#’. Since
S C Lu(t'") C La(t), S C La(t"0"). Since Variable-Extension generates a regu-
lar term tree whose language is minimal for (S, {g € OT’Th’* | g has no edge}),
t"0" = t”. Therefore t'"" = ¢, then t’' ~ t. a

Lemma 4. Let S be an input set for Algorithm MINL*. Let t = (V;, Ey, Hy)
be an output term tree by Algorithm MINL* and ¢’ = (Vy, By, Hy) a term tree
such that S C La(t') C La(t). Thent =1t'.

Proof. (Sketch) From Lemma 3 there exists a bijection £ from Vi to V; which
realizes t ~ t'. Let tg be a term tree outputed by Variable-Extension. And let ty
be the term tree ¢ just after Edge-Replacing tries to replace the kth variable with
an edge. We prove this lemma by an induction on k. Suppose that the statement
holds for ¢' and t5_;. We show that for any u',v" € Vi, [u/,v'] € Hp if and only
if [£(u'),&(v")] € Hy,,. The proof depends on the edges and variables around '’
and v'. Let = be the variable label of [u/,v']. The most cases can be proved by
showing that if [(u'),&(v")] € Hy, then {t'0%,t'0%.t'0%,t'60%} ¢ La(ty) (these
substitutions are described in Fig. 6). When |A| = 1, the following four cases
possibly satisfies that {t'04,t'0p,t'0c,t'0p} C La(ty) evenif [{(u'), (V)] & Hy, .
Let vi_; and v;,; be the previous and the next sibling of v', respectively and
;o the next sibling of v}, ;.

L. [u',v;_,] € Hy, v" has one child w’ with [v/,w'] € Hy and {u',vj,,} € Ey.

2. {[u,vi_4], [v/,vi;1]} C Hy, v' has one child w" with [v',w'] € Hy and and
{u',vi, 1} € By (Fig. 10).

3. [, vi_q], [, vi 4], [u' v, 5]} € Hy, ' has one child w' with [v',w'] € Hy,
and vj ., has one child wj, , with [v}, ,,w;,,] € Hy (Fig. 10).
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Algorithm MINL*; /* MINL algorithm for OT7T * */
input: a set of trees S = {T1,...,Tim} C OT 4;
begin
Let t = ({u,v},0,{h = [u,v]}); Let ¢ be a list initialized to be [h];
Variable-Extension(¢, S, q);
Edge-Replacing(t, S, r¢)
end.

Procedure Variable-Extension;
input: a term tree t = (Vi, B¢, Ht) € OTT}{*, a set of trees S,
and a queue of variables ¢;
begin
while ¢ is not empty do begin
Let q[1] = [u,v]; ¢ == q[2..]; un = u; vp = v;
/* Step 1 */ Let w be a new vertex;
th= (‘/t U {w}7 By, He U {[uh7 w]7 [wvvh]} - {[uhvvh]});
if S C La(t') then begin t :=t'; q := q&[[w, v1]]; vn = w; end;
/* Step 2 */ Let w be a new vertex which becomes the sibling just before vp;
t' = (VU {w}, By, H U {[up,w]});
if S C LA(t') then begin t :=t'; q := q&[[us, w]] end;
/* Step 3 */ Let w be a new vertex which becomes the sibling just after vp,;
t' = (VU {w}, By, H U {[up,w]});
if S C La(t') then begin t :=t'; q := q&[[un, w]] end
end
end;

Procedure Edge-Replacing;
input: a term tree t = (Vi, B¢, Ht) € OTT;’*, a set of trees S, and a vertex wu;
begin
if u is a leaf then return;
Let v1,...,vx be the children of w;
for i := 1 to k do begin Edge-Replacing(t, S, v;);
for i :=2 to k — 1 do begin
if [u,vi—1] € Hy, [u,viy1] € Hy, and v; has only one child w with [v;, w] € H; then
begin
t'= (Ve, Bx U {{u, v}, {u, vip1 }}, He — {[u, vi], [u, viga]});
"= (‘/t? E: U {{u7 vi}}7 Hy — {[u7 vi]});
"= (Vi, e U {{w, vis1}}, He = {[u, visa]});
if SCLa(t')or (SC La(t")and S Z La(t")) then begin t :=t”; return end
end else begin
t= (‘/t? E: U {{u7 vi}}7 Hy — {[u7 vi]});
if S C La(t') then begin t := t'; return end
end
end;
output ¢
end;

Fig. 8. Algorithm MINL*
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Case 2 Case 3

Fig.10. Two important cases

4. {w viq]s [/ v ], [W' v, 5]} € Hy, ' has one child w’ with [v', w'] € Hy,
and vj; has one child wj,; with {v,,,w;j,;} € Ev or more than one child.

For the case 1, Edge-Replacing tries t’ before t; and replaces with an edge.
Therefore [£(u'),&(v")] is in Hy, . For the other cases, Edge-Replacing does not
replace [£(u'),&(v")] with an edge. Then [{(u'), &(v")] is in Hy,, . O

We can immediately show the next lemma from Lemma 4.

Lemma 5. Let S be an input set of trees and t an output term tree of Algorithm
MINL*. Then L(t) is minimal for (S, OTT*).

Theorem 4. Minimal Language Problem for OTTZ’* is computable in polyno-
maal time.

Proof. The correctness follows Lemma 5. Let m be the number of trees in S.
Let Nmax and Npin be the maximum and minimum numbers of vertices of
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trees in S, respectively. Let As = {a € A | a appears on trees in S}. Let
MAT(N,n) be the time complexity of Procedure Matching for a tree with N
vertices and a term tree with n vertices. Variable-Extension computes m mem-
bership problems for each variable extension. Since the final term tree has
at most Ny, vertices, Variable-Extension needs O(mNpyinMAT (Nmax; Nmin))
time. Edge-Replacing also computes m membership problems for each labeled
edge replacement. Then Edge-Replacing needs O(m Nyin|As|MAT (Nmax, Nmin))
to find a final term tree. Then the total time complexity of the algorithm MINL*
is O(mNpin|As|MAT(Nmax, Nmin))- O

7 Conclusions

From the point of view of data mining, this paper proposes a new extraction
method of tree structured patterns from tree structured data. We show that two
classes OT" ’Ti{l and OTT i‘* are polynomial time inductively inferable from posi-
tive data. In [14], we have proposed a polynomial time algorithm for Membership
Problem for OTT ;" = J; OT’Tﬁ’*. For any L > 2, it is still open whether or

not OT ’Tfl’* is polynomial time inductively inferable from positive data.
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Abstract. Linearity and determinism seem to be two essential condi-
tions for polynomial language learning to be possible. We compare several
definitions of deterministic linear grammars, and for a reasonable defi-
nition prove the existence of a canonical normal form. This enables us
to obtain positive learning results in case of polynomial learning from a
given set of both positive and negative examples. The resulting class is
the largest one for which this type of results has been obtained so far.

1 Introduction

The general problem of learning formal grammars, also known as grammatical
inference has concentrated essentially on the sub-case of deterministic finite au-
tomata (dfa) or regular inference for which have been obtained positive results
in different learning settings [1], but also negative ones, such as the impossibility
(in polynomial time) to find a small dfa consistent with the learning data [2],
or the dependence of being able to approximatively learn dfa depending on well
accepted cryptographic assumptions [3].

The harder question of learning context-free grammars has given rise to dif-
ferent approaches over the past few years. A survey on grammatical inference
(with special interest on context-free grammar learning) can be found in [4] and
a specific survey covering a wide range of context-free grammar learning results
can be found in [5]. Main results include:

— Negative results have been provided: the general class of context-free gram-
mars is not learnable [6]. Moreover even though this also holds for the class
of linear languages, one major problem for the general case is that of ex-
pansiveness, i.e. the capacity for exponentially long words to be obtained
through parsing trees of polynomial hight.
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— Positive results have been obtained in the context of sub-classes of linear
grammars. For instance even linear grammars have been studied [7] and
identification in different contexts established. A generalization of these re-
sults (but still to special classes of linear grammars) has been given [3].

— Typical artificial intelligence techniques have been used to search for a small
consistent context-free grammar. For instance Sakakibara and Kondo [9] use
genetic algorithms to search for a context-free grammar in Chomsky normal
form, consistent with the data.

— With the help of additional information (parenthesis, distribution, queries)
alternative algorithms have been obtained: structured examples (the strings
are given with the unlabelled parse tree) allow to adapt dfa learning algo-
rithms to infer context-free grammars [10]. Probabilistic context-free gram-
mars are learned from structured positive strings [11]. A subclass of context-
free languages for which the expansiveness problem is an issue is dealt with
n [12], but in the context of learning from queries [13].

A close analysis of the positive results for polynomial learning grammars or
automata and the negative ones for larger classes shows us the importance of
two factors:

— Determinism: the fact that there is just one way of parsing any string, even
if it is not in the language, is a much used feature in all greedy algorithms.
A rule can be refuted at any one point because it’s presence would imply
the presence of some undesired string.

— Linearity: this allows a polynomial relationship (in fact linear) between the
size of the grammar and that of small, representative strings in the language.
Such strings are needed in characteristic sets [6].

It is thus reasonable to consider deterministic sub-classes of the linear languages.
Moreover it would be interesting that the class could generalize that of the
regular languages. A variety of definitions concerning such grammars exist, which
we shall discuss in the next section. In section 3 we will give the characteristics
of this class and provide a Nerode type of theorem, allowing us to consider a
canonical form of deterministic linear grammar. In section 4 we make use of this
normal form in an algorithm that can identify in the limit deterministic linear
grammars from polynomial time and data. We conclude in section 5.

2 Definitions

2.1 Languages and Grammars

An alphabet X' is a finite nonempty set of symbols. X* denotes the set of all
finite strings over X, ¥ = ¥*\{\}. A language L over ¥ is a subset of X*. In
the following, unless stated otherwise, symbols are indicated by a, b, c. .., strings
by u,v,..., and the empty string by A. N is the set of non negative integers.
The length of a string w will be denoted |u|, so [A\| = 0. Let S be a finite set of
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strings, |S| denotes the number of strings in the set and ||S|| denotes the total
sum of the lengths of all strings in S.

Let u,v € X*,u~'v = w such that v = uw (undefined if u is not a prefix
of v) and uv~! = w such that u = wv (undefined if v is not a suffix of u). Let L
be a language and u € X*, v 'L = {v:uv € L} and Lu~! = {v:vu € L}.

Let L be a language, the prefiz set is Pr(L) = {x : xy € L}.The symmetrical
difference between two languages L1 and Lo will be denoted Ly & Lo. The longest
common suffiz (les(L)) of L is the longest string u such that (Lu=1!)u = L.

A context-free grammar G is a quadruple < XV, P,.S > where X is a fi-
nite alphabet (of terminal symbols), V' is a finite alphabet (of variables or non-
terminals), P C V x (¥ U V)* is a finite set of production rules, and S(€ V)
is the axiom. We will denote uTv — wwv when (T,w) € P. 5 is the reflexive
and transitive closure of —. If there exists uq, ..., ux such that ug — -+ — ug
we will write uy - ug. We denote by Lg(T) the language {w € X* : T 5 w}.
Two grammars are equivalent if they generate the same language. A context-free
grammar G =< XV, P, S > is linear if P C V x (X*VX* U X*).

We will be needing to speak of the size of a grammar. Without entering into
a lengthy discussion, the size has to be a quantity polynomially linked with the
number of bits needed to encode a grammar [14]. We will consider here the size
of G denoted ||G[| = 327 ,yep(lul +1).

Another way of defining context-free languages is through pushdown au-
tomata (pda). We will not formally define these here. A specific study on these
machines can be found in [15].

Informally a pda is a one-way finite state machine with a stack. Criteria for
recognition can be by empty stack or by accepting states, but in both cases the
class of languages is that of the context-free ones. If the machine is deterministic
(in a given configuration of the stack, with a certain symbol to be read, only
one rule is possible) the class of languages is that of the deterministic languages.
Given a computation of a pda, a turn in the computations is a move that de-
creases the height of the stack and is preceded by a move that did not decrease
it. A pda is said to be one-turn if in any computation there is at most one turn.
A language is linear if and only if it is recognized by a one-turn pda [15].

2.2 Deterministic Linear Grammars

A variety of definitions have been given capturing the ideas of determinism and
linearity. We first give our own formalism:

Definition 1 (Deterministic linear grammars). A deterministic linear
(DL) grammar G =< XV, P,S > is a linear grammar where all rules are of
the form (T,aT'u) or (T, \) and (T,au),(T,av) € P = u = v with u,v € VX*.

This definition induces the determinism on the first symbol of the right hand
of rules (as in [12]). This extends by an easy induction to the derivations: let
TS5 uT'v and TS uT"w then T/ = T" and v = w.

A more general form of determinism, allowing for less restrictive right hand
of rules, is given by the following definition:
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Definition 2 (General deterministic grammars). A general deterministic
linear (Gen-DL) grammar is a linear grammar G =< XV, P, S > where Yug €
2+.‘ V(T, ’U,lTl’Ul), (T, ’U,QTQ’UQ), (T, U3) c P, U; g PI‘({’U/]}) Vi 7é j

Nasu and Honda [16] defined another class of deterministic linear grammars:

Definition 3 (NH-deterministic grammars). A NH-deterministic linear
grammar G =< X, V, P, S > is a linear grammar where all rules in P are of the
form (T,aT'u) and (T, a) and Yu,v € (XU V)*: (T,au),(T,av) € P = u = v.

Ibarra, Jiang and Ravikumar [17] propose another type of grammars:

Definition 4 (IJR-deterministic grammars). An IJR-deterministic lin-
ear grammar is a linear grammar G =< X, V. P,S > where V(T ,u1Tiv1),
(Tv UQTQUQ); (Tv U3) € P’ U; g Pr({u]}) Vi 7£ ]

NH-deterministic linear grammars cannot generate A\, whereas an IJR-deter-
ministic linear grammar can only generate A when the generated language is
exactly {A} [18]. The possibility of having A-rules is what differenciates these
models with the one we propose. Another type of grammar, well known in com-
piler literature is that of the LL-grammars, that we present here adapted to the
linear setting [18]:

Definition 5 (Linear LL(1) grammars). A linear LL(1) grammar is a linear
grammar G =< X, V,P,S > such that if S = uTv — uzv—uw, S uTv —
uz'v > uw' and FIRSTq(w) = FIRST ¢ (w'), where FIRST ¢ (w) is the first sym-
bol of w (if w = A, FIRSTqg(w) = \), then z = 2’.

Let Det, Lin, DetLin, DL, Gen-DL, NH-DL, IJR-DL, and LinLL(1) be the
classes of languages generated respectively by deterministic pda, linear grammars
or one-turn pda, deterministic one-turn pda, DL grammars, Gen-DL grammars,
NH-deterministic linear grammars, IJR-deterministic linear grammars and linear
LL(1) grammars.

2.3 About Deterministic Linear Languages

As described in the previous section there is a variety of definitions that may
capture the idea of linearity and determinism in context-free languages. They
are not all equivalent, but the following holds:

Theorem 1. DL = Gen-DL.

Proof. Clearly DL C Gen-DL. Conversily, algorithm 1 transforms any Gen-DL
grammar into a DL grammar. Note that the algorithm terminates when a DL
grammar is reached (each step decreases the length of some right hand of rule).
After each step the grammar remains Gen-DL. Finally the size of the DL gram-
mar we obtain from a Gen-DL grammar G =< X, V, P, S > is at most 2||G||, so
linear in that of G.
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Algorithm 1 Transforming a general grammar

Require: G
Ensure: G is DL
while G not a DL-grammar do

Choose T € V,a € ¥ such that 3(T, auT’v) € P, with u € X", v € £*

U+~ {v:(T,auT"v) € P}.

Replace each rule (T, auT"v) by rules (T, aT" (Ies(U)) and (T", uT v(les(U)) ™)
where T" is a new non-terminal associated to the pair (a,T)

end while

We note that LinLL(1) contains only languages with the prefiz' property (so

do NH-DL and IJR-DL). Other differences are:

Theorem 2 (Some strict inclusions).

SARSINEI T

DetLin C Det N Lin
DL C DetLin
LinLL(1) C DL NRDL

IJR-DL C LinLL(1) LinLL()
NH-DL c IJR-DL

DL=Gen-DL

Proof.

1.

1

{a™b™aPb? : n = m or p = ¢q,n,m,p,q > 0} € DetNLin\ DetLin [15].
A deterministic pda and a one-turn pda can both be designed to generate
this language, but no one-turn deterministic pda can exist: you have to decide
at the beginning of the parse what you want to count.

{a"b" :n >0} U{a"c" :n > 0} € DetLin \ DL based on [15]. Yet the mirror
language is in DL.

(LinLL(1) ¢ DL). Let G =< X,V,P,S > be a linear LL(1) grammar.
Then G has no left recursive variable (i.e. T such that 7' - Tu).

By standard techniques any rule in P of the form T — T"u can be replaced
by rules T' — zu (z € X*VX* U X*) for each rule (T” — z) in P, resulting
in a LL(1) linear grammar with no 7" — T"u rules.

We prove that all rules are either T — aul’v or T — wu, and respect
conditions of definition 2: there are 4 cases to consider; we sketch the proof
for the 2 main ones:

~T—aulT’'ve Pand T — au/T"v € P=u=u',T' =T", v =1 since
G is linear LL(1).

- T—auT’'ve Pand T — v € P = FIRST(v) # a.

The inclusion is strict as LinLL(1) only contains languages with the prefix
property. A language like {a"0?,0 < n < p} € DL\ LinLL(1).

no string in the language is a proper prefix of another string in the language.
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4. The stronger NH-DL = A-free LinLL(1) is proved in [18];
5. One can actually prove the stronger NH-DL = IJR-DL\{A} [18].

As we will in the sequel concentrate on DL-languages, here are some examples
of such languages: {a”b™ : 0 < n}, {a™d" : 0 < m < n}, {a™0"c¢” : 0 < m,0 < n}
(a variant of the main example in [9]), the set of all palindromes over some
alphabet X, any linear LL(1) language. All regular languages are also DL as any
regular grammar obtained from a dfa is DL.

It should also be noticed that some even linear languages [7] are not DL-
languages: {a"b™,n > 0} U {a"c¢™,n > 0} for instance.

2.4 Learning and Identifying

A variety of learning paradigms have been examined and used in the literature
of machine learning, but in the case of grammatical inference some of these:

— are too hard (no reasonable class can be learned): PAC-learning® for in-
stance [19];
— are too easy (nearly anything can be learned): identification in the limit [20].

Based on identification in the limit, we will use identification in the limit from
polynomial time and data [0] as our learning model. Learning from queries [13]
or simple-PAC' learning [21] are alternative frameworks. It should be noticed
that if a class of grammars is identifiable in the limit from polynomial time and
data, the simple grammars in this class are also simple-PAC' learnable [22]. In
this setting the learner is asked to learn from a learning sample, i.e. a finite set
of strings, each string labeled by '+ if the string is a positive instance of the
language (an element of L), or by —’ if it is a negative instance of the language
(an element of X*\L). Alternatively we will denote S = (S4,S_) where S, is
the sub-sample of positive instances and S_ the sub-sample of negative ones.

Definition 6 (Identification in the limit from polynomial time and
data). A class G of grammars is identifiable in the limit from polynomial time
and data iff there exist two polynomials p() and q() and an algorithm A such
that:

1. Given any sample (S4+,S5_), A returns a grammar G in G such that S; C
Le and S_ N Lg =0 in O(p(||S+|| + ||S=|)) time;

2. for each grammar G in G of size n, there exists a characteristic sample
(CSL,CS8_) such that |CS4|| + ||CS=|| < g(n) for which, if CSy C Sy,
CS_CS_, A returns a grammar G’ equivalent with G.

With this definition it is known that deterministic finite automata [1] and
even linear grammars [7] are identifiable in the limit from polynomial time and
data whereas non-deterministic finite automata and linear (and hence context-
free) grammars are not [(].

2 Probably Approximatively Correct
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3 Deterministic Linear Languages Have Finite Index and
Canonical Form

For a class of languages to be identifiable in the limit from polynomial time and
data a reasonable assumption is that there exists some small canonical form for
any language representable in the class. We prove in this section that such is
indeed the case for deterministic linear grammars.

Deterministic linear languages use common suffix properties; in the sequel
we are going to denote the longest common suffiz reduction of a language L by
L| = L(les(L)) .

Definition 7 (Common suffix-free language equivalence). Given a lan-
guage L we define recursively the common suffix-free languages CSF (), and
the associated equivalence relation as follows:

CSFL(\) =L

CSFp(xa) = (a= CSF(x)) | v=1y > CSFu(z) = CSFr(y)

We define now another equivalence relation over X*, when given a deterministic
linear grammar:

Definition 8. Let G =< XV, P,S > be a DL grammar. With every string x we
associate the unique non terminal [x]g = T such that S = xTu; we extend Lg
to be a total function by setting La([z]a) = 0 when [z]¢ is undefined.

We use this definition to give another equivalence relation over X*, when
given a deterministic linear grammar:

Definition 9. Let G =< XV, P, S > be a DL grammar. We define recursively
the associated common suffix-free languages CSF¢(.), and associated equivalence
relation as follows:

CSFg(A) = La(S)

CSF¢(za) = Le([zalc) | r=¢y < CSFo(x) = CSFa(y)

= is clearly an equivalence relation, in which all strings « such that [z]q is
undefined are in a unique class. The following lemma establishes that =4 has
finite index, when G is a deterministic linear grammar:

Lemma 1. If [z]¢ = [y]lg, x # X and y # X\ = x =¢ y. Hence if G contains n
non-terminals, = has at most n + 2 classes.

The proof is straightforward. There can be at most two possible extra classes
corresponding to A (when it is alone in its class) and the undefined class corre-
sponding to those strings that are prefixes of no string in the language.

Proposition 1. Let G =< XV, P, S > be a DL grammar, and denote L =
L(S). Yo € X*, either CSFL(x) = CSFg(z) or CSFL(z) =0

Proof. By induction on the length of x.
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Base: x = )\, then CSF(z) = L = CSFqg(x).

Suppose: the proposition is true for all strings of length up to k, and consider
string wa of length k + 1. CSFy(za) = (a=* CSF(z)) | (by definition 7).
IfCSFL(xz) = 0, CSF(za) = 0. If not (CSFL(z) = CSFg(z)) by induction
hypothesis, CSFr(za) = (a=! CSFL(z)) | = (a=! CSFg(z)) | and there are
two sub-cases:
if = A\ CSFg(7) = Lg([z]a), so CSFp(za) = (a ' La([z]c)) |
if 24 A CSFa(r) = Lo(iala) L, so: CSFy(za) = (a-)(Le(zle) 1)) | (by

definition 9), =(a "} (La([z]c))) |
In both cases follows: CSFy(va) = Lg([zale) | = CSFa(za).

The following corollary makes use of lemma 1 and proposition 1:

Corollary 1. Let G =< X, V, P, S > be a deterministic linear grammar. So
=ra(s) has finite indez.

The purpose of this section is to reach a computable normal form for DL
grammars. For this we first define a normal form for these grammars (called
advanced as the longest common suffixes appear as soon as possible), and then
construct such a grammar from any deterministic linear language.

Definition 10 (Advanced form for deterministic linear grammars). A
linear grammar G =< XV, P, S > is deterministic in advanced form if:

1. all rules are in the form (T,aT'w) or (T, \);

2. Y(T,aT'w) € Pyw =1lcs(a " La(T));

3. all non-terminal symbols are accessible: VT € V Ju,v € X¥* : S S uTv and
usefull: VT € V, Lg(T) # 0;

4. YT, T' €V, Le(T) = La(T') = T =1T".

Definition 11 (A canonical grammar for deterministic linear langua-
ges). Gien any linear deterministic language L, the associated canonical gram-
mar is G =< X, V, P, Scsr, () > where:

V ={Scsr, (o) : CSFr(z) # 0}
P ={Scsr, (z) = ASCcSF, (za) les(a™* CSFp () : CSFy(za) # 0}
U {SCSFL(m) —AAE CSFL(JJ)}

To avoid extra notations, we will denote (as in definition 8) by [z] the non-
terminal corresponding to x in the associated grammar (formally Scsp, (,) or

[z]e)-
We first prove that G, generates L: this is established through the following
more general result (as the special case where z = \):

Proposition 2. Vz € X* L, ([x]) = CSFL(z).

Proof. We prove it by double inclusion.



Inferring Deterministic Linear Languages 193

Vo e X*, CSFL(z) C Lg, ([x])
Proof by induction on the length of all strings in CSFp ().
Base case |w|=0=w= A\ If A € CSF(x),[z] = Aso A € Lg, ([z])
Suppose now (induction hypothesis) that
Vo € X* Vw € ¥S*: w e CSFL(z) = w € Lg, ([z]).
Let |w| = k + 1 and let a be the first symbol of w.
Then w = auv, with u € CSFy(za) and v = les(a=! CSF (z)).
By induction hypothesis (|u| < k) u € Lg([zal).
As [z] — alza]v where v = les(a™ CSF()) is a rule in P, w € Lg([z]).

Vo € 5%, La, (a]) C CSF(2)
Proof by induction on the order (k) of the derivation
Vo € X%, Vk €N, Vw € ¥*, [z] 5w = w € CSFL(x).
Base case [:E]gw No rule is possible, so clearly
Vo € X%, Yw € £*: [2] 2w = w € CSF(2).
Suppose now (induction hypothesis) that for any n < k :
Vo € X%, Yw € ¥* : [x] 5w = w € CSF(z)
Take w € X such that [z]@m) There are two cases to consider:
— [z] — AL w but then k = 0, w = A, and rule [x] — A only exists if
A E CSFL(QC)
— [z] — a[xa]vﬁw.
Necessarily w = auv, with [:Ea]ﬁvu. And v = les(a™! CSF(z))
By the induction hypothesis u € CSFp (za).
Thus w € a CSF(za)v C CSFL(x).

We turn now to some specificities of the associated canonical grammar:
Proposition 3. Given any deterministic linear language L, G, is advanced.

Proof. We prove that G is advanced by showing that conditions 1 to 4 of
definition 10 hold:

all rules are by construction in the form (T, aT'w) and (T, \);
V(T,aT'w) € Pyw = les(a™ ' Lg(T)) by definition 11;

only accessible non-terminal symbols are introduced;

by definition of Gy, if x =, y then [z]g, = [y]a,

-

Lemma 2. Let G, be the canonical grammar of a DL language L and let x # A
such that CSFL(x) # 0, then:

1. les(Lg, ([2]) = A

2. La,([2]) | = La.([])
3. let w: S = xx)w then w = les(x™1L)
4. if CSFr(wa) # 0 then les(a™'Lg, ([2])) = les((ax) "t L)(les(z~1L)) 1

Proof.
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1. As x # X let z = ya. As G is advanced and CSF(ya) # 0, we know that
[y] — a[ya]w with w = les(a™Lg, ([y])). But a= 'L, ([y]) = La, ([ya])w so
w =les(La,, ([ya])w) and then les(Lg, ([ya])) = A

2. Lo, ([2]) | = La, ([z])(les L, ([2]) = Le, ([2])

3. let S = z[z]w then lcs(x:lL) = les(Lg, ([z]))w) =les(Le, ([2])w = w

4. As CSF(za) # 0 let S—= z[z]v — za[za]uv. Then u = (uwv)v~! and as u =
les(atL([z]), uv = les((ax)™!) and v = les(x~1L), so les(a ' Lg, ([z]) =
les((ax)~tL))(les(z~ L))~ !

Lemma 3. Let G be a DL-grammar,
Ve e X*: CSFp(z) #0 = 3y € ¥ : La([z]e) = La, ([*]aL)y-

Proof. If CSFL(z) # 0, both [z]g and [z]g, are necessarily defined. But by
definition 9 Lg([z]g) = CSFg(x)les(La([z]a)), and in the special case the
grammar is canonical Lg, ([z]g,) = CSFg, (z)les(La, ([*]c,))- By lemma 2(1)
les(La, ([x]a,)) = A From proposition 1, CSFg(x) = CSFg, (x) = CSFL(x).
Hence we have Lg, ([z]e, ) lcs La([z]a) = La([z]a)-

The last theorem of this section tells us that the canonical grammar is at most
quadratically larger than any equivalent Gen-DL or DL grammar:

Theorem 3. Given a Gen-DL grammar G =< XV, Pa, Sa >, let G, be the
canonical grammar that generates L = Lg(Sq), |GL|| < ||G]?.

Proof. We denote L = Lg(S¢) in the proof.

— Let G be a Gen-DL grammar, algorithm 1 produces an equivalent DL gram-
mar whose size is at most 2||G||. We thus only have to prove the case where
G =< X ,Vqa,Pg,Sg > is a DL grammar.

— By proposition 1, V has at least k—1 non terminals, where k is the number of
classes for =1,. We now prove that =, and =¢, coincide: there are two cases.
The case © = ) is straightforward and depends uniquely on the definitions 7
and 9. If x # X\, CSF¢,(v) = Lg,([z]l¢,)| = La,([x]g,) = CSFr(x)
respectively by definition 9, by lemma 2(2) and by proposition 2. It follows
that Gz, has at most [Viz| 4+ 1 non terminals.

— Any rule in the canonical grammar is either ([z]g,, ) or ([2]q, ,alzalq,w),
with w = les(a 'L, ([z]c,)). Clearly |w| < min{|z|: 2 € a 'Lg, ([*]c,)}s
so it follows from lemma 3 that |w| < min{|z| : 2 € a ™ 'Lg([z]¢)}. Such
a string must be derived without repeating non-terminals (if not a shorter
string exists), so |w[ < 31 .)ep, ([ul)-

From this |G| < [ZI(IV]+1) X ruep, (lul) < IGI%

4 Learning DL Grammars

As DL languages admit a small canonical form it will be sufficient to have an
algorithm that can learn this type of canonical form, at least when a character-
istic set is provided. In doing so we are following the type of proof used to prove
learnability of dfa [20,1].
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Definition 12. Let L be a DL language, and < a length lexicographic order
relation over X*, the shortest prefix set of L is defined as Sp;, = {z € Pr(L) :
CSFr(z) 0D ANy=Lz=x <y}

Note that, in a canonical grammar, we have a one to one relation between
strings in Sp and non terminals of the grammar. We shall thus use the strings
in Sp as identifiers for the non terminal symbols.

Imagine we have an unlimited oracle that knows language L and to which
we can address the following queries:

next(z) = {xa : zay € L} equiv(z,y) <= x=rvy
right(za) = les(a™! CSF(x)) isfinal(r) <= X € CSFp(z)

Algorithm 2 visits the prefixes of the language L in length lexicographic order,
and constructs the canonical grammar responding to definition 11. If a prefix za
is visited and no previous equivalent non terminal has been found (and placed
in Sp), this prefix is added to Sp as a new non terminal and the corresponding
rule is added to the grammar. If there exists an equivalent non terminal y in Sp
then the correponding rule is added but the strings for which x is a prefix will
not be visited (they will not be added to W). When the algorithm finishes, Sp
contains all the short prefixes of the language.

In order to simplify notations we introduce:

Definition 13.

les(x=1L) ifx # A

Vo : CSF(x) # 0, tailp(x) = {)\ ifr =\

Algorithm 2 Computing G using functions next, right, equiv and isfinal

Require: functions next, right, equiv and isfinal, language L
Ensure: L(G) =L with G =< XV, P, S\ >
Sp={A} V ={5}
W = next(\)
while W #( do
ra = minc W
W =W — {za}
if 3y € Sp : equiv(za,y) then
add S, — aS, right(za) to P
else
Sp=SpW{za}; V=V U{Sz}
W =W Unext(za)
add Sy — aSgq right(za) to P
end if
end while
for all z € Sp: isfinal(z) do
add Sz — A to P
end for
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Lemma 4. Let G, =< X, V,P,S > be the canonical grammar of a DL lan-
guage L, Vz : CSF(x) # 0,

1. les(at CSF(z)) = (tailg (za))(tailg (z))
2. zvtaily(z) € L <= v € Lg, ([z]).

In order to use algorithm 2 with a sample S = (S, S_) instead of an oracle
with access to the whole language L the 4 functions next, right, equiv and isfinal
have to be implemented as functions of S = (S, S_) rather than of L:

next(z) = {xa : Iray € S4+}

right(za) = tailg, (za) tailg, (z) !

equiv(z,y) <= avtailg, (z) € S4 = yvtailg, (y) € S—
Ayvtailg, (y) € S¢ = wvtailg, (x) € S—
isfinal(z) <= xtailg, (z) € S4

Definition 14 (characteristic sample). Let S = (S, S_) be a sample of the
DL language L. S is a characteristic sample (CS) of L if:

1. Vx € SpyVa € X :za € Pr(L) = Jraw € S+
2. Yz € Spy Va € X : CSFp(za) # 0 = tailg, (za) = tailz (za)
3. Va,y € SpyVa € X : CSFp(va) # 0D ANwa £ y =
Ju @ zavtailg (za) € S4 Ayvtailp(y) € S- Vv
Ju s yvtaily (y) € S+ A zavtaily(za) € S-
4. Y& € Spy, : wtaily(x) € L = ztailp(x) € S4

Lemma 5. Let G =< XV, P,S > be the canonical grammar of a DL lan-
guage L, and let x,y be such that CSFr(x) # CSFr(y) then 3z € Lg, ([z]) ©
L, ([y]) such that |z| < ||G|?.

Proof. First note that Va Jw : [x] = w, |w| < ||G||. There are now 4 cases:

1. [z] — X but [y] /& A (or viceversa), then z = A.

2. [z] — alza]vbu A [y] — alyalv'cu. Let w : [z] — w A |w| < |G| then
z = awvbu.

3. [z] = alralunly] — alya]vbu (or viceversa). As G is advanced L([za]) ¢ X*b.
So Jw € L([za]) \ X*b: |w| < ||G||, and z = awu.

4[] = A = [yl = MA(le] = alzalu <= [y] — alyalu). As L([x]) #
L([y]) there exists a string w such that for [zw] and [yw] we are in one of
the previous cases. Denote by wj; ; the substring of w from position i to
position j and let |w| = n. So [u] *, wy g [uwy i) taily (uwy ). But if n > |V|
it has to exist i,j such that [zw;] = [zw1 ;] and [yw1,;] = [yw:i ;] and
then [zwi ;wji1,,] = [zw] and [ywy j41w;,] = [yw]. Then |w| < |[V|* and
| taily (uw)] < |G

With O((|Spy, | - |X1])?) strings, a CS can be constructed. Furthermore to
comply with conditions 1, 2 and 4 of definition 14, these strings can be linearly
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bounded. The length of the strings necessary for the third condition can be
quadratically bounded by lemma 5. If more correctly labeled strings are added
to the sample, the sample remains characteristic for this language.

We will now prove that provided we have a characteristic sample, functions
next, right, equiv and isfinal return the same result as when having access to an
oracle.

Lemma 6. Let S be a characteristic sample of a DL language L and let x € Spy,,
then next(z) = {xa : zay € L}.

Proof. Clear by definition 14(1).

Lemma 7. Let S be a characteristic sample of a DL language L, let x € Spy,
and a € X such that CSF(xa) # 0, then right(za) = les(a™! CSF(z)).

Proof. right(za) = (tailg, (za))(tailg, (z))~! = (taily (za))(tailg(z)) ! =
les(a™t CSF L (x)) by definition of function right, definition 14(2) and lemma 4(1).

Lemma 8. Let S be a characteristic sample of a DL language L, let x,y € Spy,
and a € X such that CSF(za) # 0, then equiv(za,y) <= za =L y.

Proof. Suppose za #j, y, by definition 14(3) there is a string v such that:
zavtailg (za) € Sy Ayvtailg(y) € S_ V yvtailp(y) € Sy Azavtailg(za) € S_
Suppose the first case holds (the second is similar); by definition 14(2) Jv :
ravtails, (za) € Sy Ayvtails, (y) € S- and then equiv(za,y) evaluates to false.

Conversily suppose za =1, y (Lg, ([xa]) = Le, ([y])) and that equiv(za,y)
evaluates to false. Then there exists v : zav tailg, (za) € S4 Ayvtailg, (y) € S—
(the other case is similar). Then, by definition 14(2) we have that zav taily, (za) €
Sy C L, and by lemma 4(2) follows that v € L([za]) = L([y]). Again by
lemma 4(2) yvtaily,(y) € L and we have a contradiction.

Lemma 9. Let S be a characteristic sample of a DL language L, let x € Sp;,
then isfinal(x) <= X\ € CSF(x)

Proof. isfinal(r) <= xtailg, (z) € S; <= wtail(r) € Sy C L < M€
CSF 1, (x) respectively by definitions of function isfinal, 14(2) and lemma 4(2).

It is easy to see that the algorithm is going to compute O(|Sp|) times the
function isfinal, O(| Sp| - |X]) times the functions next and right, and O(|Sp|? -
|X7]) times the function equiv. As all those functions can be calculated in O(]|.S]])
and, in the worst case, | Sp| can be as big as |54, the whole complexity will
be O(|IS] - 1),

When the sample is not characteristic one of three things may happen:

— the obtained grammar may be consistent with the sample;

— the obtained grammar may not be able to parse conveniently all the strings;

— no merge is possible and the results is not even a deterministic linear gram-
mar
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Only the first case seems to comply with the first condition of definition 6, i.e.
that the result is consistent with the sample. Nevertheless, as any finite language
is clearly DL, and a trivial DL grammar for such a language can be constructed
in polynomial time (for instance a regular grammar), we can call algorithm 2,
check if the result is consistent with the sample, and if not, return the trivial
DL grammar generating exactly the positive strings in the sample.

By doing so the procedure complies with both conditions of definition 6.

Theorem 4. DL languages, when represented by Gen-DL or DL grammars, are
identifiable in the limit from polynomial time and data.

Proof. From theorem 3 we have the fact that any Gen-DL or DL grammar ad-
mits an equivalent canonical advanced DL grammar of polynomial size. The
corresponding characteristic set is also of polynomial size, and algorithm 2 re-
turns a grammar complying with definition 6. Finally lemmas 6-9 prove that the
characteristic set is sufficient for the grammar to be identified.

5 Summary and Open Questions

We have described a type of grammars that generate a large class of language
including regular languages, palindrome languages, linear LL(1) languages and
other typical linear languages as {a™b",0 < n}. This class is proved to admit
a canonical form, that even if not minimal, is at most polynomially larger than
any equivalent grammar in the class. By providing an adequate algorithm, we
proved that this class was polynomially identifiable in the limit from polynomial
tome and data.
Further work should consist in:

— Algorithm 2 is no good when it is given a learning sample that is not char-
acteristic. An obvious extension is for it to return in that case a trivial
grammar. This does allow identification in the limit from polynomial time
an data, but is not satisfactory. For it to be of practical use, it should also
generalize in that case. The proposed extension would be of the same sort
as that of RPN [1] on Gold’s original algorithm [20].

— Learning in this model is directly linked with learning in the simple- PAC set-
ting [22]. Links with active learning are more unclear. It can be proved that
there are classes that can be learned through polynomially many member-
ship and equivalence queries and that are not identifiable in the limit from
polynomial time and data. Of the converse nothing is known. A polyno-
mial algorithm to learn deterministic linear grammars from a MAT * seems
difficult.

— Our definition of linear deterministic grammars, although less restrictive
than that of [16,17], does not fully capture the one by deterministic one turn
pda. The learnability of this class of languages (which is also the one of linear
LR(1) languages) is a first open problem.

% Regular Positive and Negative Inference
* Minimally Adequate Teacher [13]
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— Clearly determinism can be defined from the left (as in this work) or from

the right. A natural extension of this work is that linear right-deterministic
grammars can be identified in the limit from polynomial time and data.
An open problem is that of simultaniously inferring linear right and left
deterministic grammars.

— The natural extension of linear languages is that of multilinear languages [23],

which correspond to k-turn automata. These languages do not have the ex-
pansiveness problem, so would be a natural candidate for non linear lan-
guages to be learnable.
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Abstract. The fundamental learning model considered here is identifi-
cation of recursive functions in the limit as introduced by Gold [8], but
the concept is investigated on a meta-level. A set of classes of recursive
functions is uniformly learnable under an inference criterion I, if there
is a single learner, which synthesizes a learner for each of these classes
from a corresponding description of the class. The particular question
discussed here is how unions of uniformly learnable sets of such classes
can still be identified uniformly. Especially unions of classes leading to
strong separations of inference criteria in the uniform model are consid-
ered. The main result is that for any pair (I,1") of different inference
criteria considered here there exists a fixed set of descriptions of learn-
ing problems from I, such that its union with any uniformly /-learnable
collection is uniformly I’-learnable, but no longer uniformly I-learnable.

1 Introduction

Inductive Inference is concerned with algorithmic learning of programs for recur-
sive functions. In the fundamental model of identification in the limit, cf. [8], a
learner successful for a class of recursive functions must eventually find a single
correct program for any function in the class from a gradually growing sequence
of its values. By modification of the constraints the learner has to satisfy several
inference criteria have been defined and compared with respect to the resulting
learning power, see for example [2,6,7].

It is a quite natural thought to search for properties that learners in the given
abstract model have in common and thus try to find uniform learning methods
adequate for the solution of not only one but perhaps infinitely many learning
problems. An example for a uniform method is identification by enumeration
(cf. [8]). Though this principle does not yield strategies for all learnable classes
of recursive functions, it is appropriate for the identification of any recursively
enumerable class of recursive functions, if a corresponding enumeration is known.
That means, from each enumeration of a set of total recursive functions a pro-
gram of a learner for the set of functions enumerated can be derived. Another
uniform learning method successful in some special hypothesis spaces is tem-
porarily conform identification as defined in [7]. In general uniform learning can
be explained as some kind of meta-learning. Instead of considering special strate-
gies each solving a specific learning problem, the aim is to find meta-strategies,
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which synthesize these special learners from a description of the corresponding
learning problem. Such meta-learners reveal a common method for learning the
classes of functions and thus a common structure in these classes. They might
be helpful in explaining the nature of inductive learning, because they represent
some kind of general identification method. For literature on uniform learning
the reader is especially referred to [1,9,11,10].

In [9] it is verified, that there are classes of rather simple sets of recursive
functions which do not allow the synthesis of identification strategies. Also modi-
fications of identification in the limit are considered. Further results of this nature
— moreover concerning language learning — can be found in [1 1] and [10]. Various
modifications of uniform language identification in the limit are presented and
compared in [1]. They lead to several separations and nice characterizations and
thus give insight into general methods of language learning.

The uniform learning model considered here is equivalent to the one defined
in [9], but is investigated in three slightly different variants in order to express the
specific difficulties in uniform learning in connection with the choice of hypothesis
spaces. The scope now is to investigate unions of collections of learning problems.
Given two collections which can be identified uniformly under some inference
criterion, is the union still uniformly identifiable? If not, is it identifiable with
respect to some weaker inference criterion? What properties of learning problems
enable the uniform learnability of unions of such classes? Questions of this style
are the main concern throughout the following pages. But why are such questions
interesting? The idea is the following: suppose you are given a learnable class.
If you want to understand the nature of learning and the structure of learnable
classes, it seems quite natural to add more and more objects to the class, until
you observe that the resulting class can no longer be identified by a single learner.
That means you form the union of two classes and try to find out what unions are
still learnable and what unions are not. For example the set of classes identifiable
in the limit is not closed under union, as has been verified in [2]. Now the
same idea is considered in the uniform learning model. A particular issue in the
investigation of learnability of unions is the strong separation of learning classes
(see below). On the one hand, some simple properties enabling the uniform
learnability of the union of two learnable collections are presented here; on the
other hand examples are given to show that many collections of very “simple”
learning problems do not allow learnability in the union with other collections.

As in the non-uniform inductive inference model, different inference classes
have been compared with respect to their learning power also in the context of
meta-learning. Most of the hierarchies verified in the classical model (see [2,6,7])
are maintained in the uniform model, see [14]. Hence it might be reasonable
to give up certain constraints in the learning model in order to increase the
learning power. But still, these separations of inference criteria do not explain,
whether any collection of learning problems uniformly identifiable with respect to
a criterion I can be increased to a superset learnable with respect to some other
criterion, but no longer learnable with respect to I. In particular it might give
more insight into the structure of inference criteria in uniform learning to find
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examples of such supersets. Thus an aim might be to transfer strong separation
results like those in [5] to the meta-learning model. In [5] a strong separation
of two inference classes I and I’ means that for any object class U € I there
exists some object class V' € I’ such that U UV € I’ \ I (note that this is not a
direct consequence of the “weak” separation I C I’). Still, in the meta-learning
model, there might exist a collection of learning problems which is uniformly
I-learnable, but no superclass of this collection witnesses to a separation of
uniform [’-learning from uniform I-learning. If it were for some reason important
to learn at least this collection, then loosening the I-constraints would no longer
increase the learning power. Now a strong separation of I and I’ ensures that
this cannot happen, that means for any collection of learning problems uniformly
learnable under the criterion I there exists some collection, such that the union
of both is identifiable under I’ but not under I. Indeed, such strong separations
can be presented for several identification criteria — and even more: for any pair
(I, 1) of strongly separated criteria there is a fized collection of learning problems
which — added to an arbitrary collection uniformly learnable under I — yields
a collection appropriate for uniform I’-learning but no longer appropriate for
uniform [I-learning. Note that this result is much stronger than required before.
The proofs of the strong separations moreover provide a method for changing
a uniform [-learner into an I’-learner making use of the possible increase of
learning power, cf. [5] for similar methods in the non-uniform model.

2 Preliminaries

For notions used here without explicit definition the reader is referred to [12].
N is used to denote the set of non-negative integers. C and C stand for inclusion
and proper inclusion of sets. The cardinality of a set X is denoted by card X. Via
some bijective total computable function finite tuples « of integers are identified
with elements of N. Given any variable n ranging over N the quantifier V*°n
expresses that the statement quantified is true for all but finitely many n € N.
Any total or partial function maps elements of N again to elements of N.
Recursion theory in general concentrates on partial-recursive functions, the set
of which is denoted by P. Often the subclass R of all total functions — called
recursive functions — is studied. Both notions may also occur with a superscript
indicating the number of input values of the functions considered. Pp; stands
for the set of partial-recursive functions returning only values from {0, 1}. Given
f € P and n € N, the notion f(n) | expresses that f is defined on input n, the
opposite is denoted by f(n) 1. Furthermore f[n] is an abbreviation for the tuple
(f(0),..., f(n)), if all these values are defined. If f,g € P andn € N, then f =, ¢
means that {(z, f(z)) | x < nand f(z) |} = {(z,9(x)) | * < n and g(z) |}.
f =* g expresses that for all but finitely many n € N either f(n) and g(n)
are both undefined or f(n) = g(n). As functions f, g can be identified with the
sequences of their output values, simplified notions might occur, like f = 0 for
the function constantly zero or g = 0% 1* for the function which equals zero for
all inputs less than 5 and is undefined otherwise. If o, 5 are tuples of integers,
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a C f (o C ) expresses that « is an initial segment of the function f (of 3 resp.),
and a 7°° is called an initial function. If n € N, then 7 = 1 in case n = 0 and
7 = 0 otherwise. If ¢» € P? and i € N, then 1); is the function achieved by fixing
the first input parameter of ¥ by i. Thus ¥ enumerates the set {¢; | i € N} C P.
From now on ¢ € P3 and 7 € P? denote fixed acceptable numberings. Defining
o (x,y) := @(b,z,y) for all b,z,y € N yields an enumeration (p°)pey of all
two-place partial-recursive functions — concomitant with an enumeration of sets
Py :={¢? | i € N}. Given b € N, the subset R}, := P, 1R of recursive functions
is called the recursive core of ¢’. Assume for example that, for some fixed b € N
and all z,y € N, p(b,z,y) =0if x =0 or y < z, ¢(b,x,y) T, otherwise. Then
Py = {0} U {0° 1°°| i > 1} and Rp = {0>°}. A Blum complexity measure as
in [4] suggests the notion f(n) |<, to indicate that the computation of f(n)
terminates within up to x steps (for f € P, n,a € N). If the computation does
not terminate or takes more than x steps, then f(n) T<.

The basic learning criterion investigated here is identification in the limit,
which has first been studied in [8].

Definition 1. A set U C R of recursive functions is called identifiable in the
limit iff there is some 1 € P? and a function S € P such that for any f € U:

1. S(f[n]) is defined for allm € N (S(f[n]) is called hypothesis on f[n]),
2. there is some j € N such that ¢; = f and S(f[n]) = j for all but finitely
many n € N.

EX is the class of all sets U identifiable in the limit. The notion U € EXy(S)
shall indicate that S and v are known to fulfil the conditions above.

Weakening the constraints concerning convergence yields the model of be-
haviourally correct learning as defined in [2]. Here the learner may change its
output infinitely often, as long as eventually the hypotheses are correct.

Definition 2. A set U C R is BC-identifiable iff there is some ¢ € P? and
some S € P such that any f € U fulfils Y¥s(sin)) = f for all but finitely many n;
furthermore S(f[n]) is defined for all f € U and n € N. BC and BCy(S) are
notions used as explained in Definition 1.

Defining several learning models always calls for a comparison of the result-
ing identification power. In [2] EX is proved to be a proper subclass of BC,
i.e. there are classes of recursive functions which are BC-identifiable but not
EX-identifiable. Case and Smith [6] propose a variant of BC-learning, called
BC-learning with finitely many anomalies, in which correct hypotheses are no
longer required. The only restriction here is, that eventually all functions sug-
gested by the learner must have an “almost” correct input-output-behaviour.

Definition 3. A set U C R is BC*-identifiable iff, for some v € P? and some
S €P, any [ € U satisfies Ys(siny) =" [ for all but finitely many n; additionally
S(f[n]) is defined for all f € U and n € N. BC* and BC,(S) are defined as
usual.
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[6] gives a proof for BC C BC* as well as the verification of R € BC*
(proposed by L. Harrington). In any learning process according to the criteria
EX, BC, BC” there is a certain time, after which all hypotheses returned must
fulfil certain conditions. But there are no further constraints as to when this
time is reached. A restricted learning model with bounds on the number of mind
changes is introduced in [6]. In this model the learner is allowed only a certain
number of changes in its sequence of hypotheses; in particular, whenever this
capacity of mind changes is exhausted, the actual hypothesis must be correct.

Definition 4. Let m € N. A set U C R is EX,,-learnable iff some ¢ € P? and
some S € P fulfil the following conditions.

1. U € EXy(S) (where S is additionally permitted to return the sign “?”),
2. for all f € U there is an ny € N such that S(flz]) =7 iff x < ny,
3. card{n € N |? # S(f[n]) # S(fIn+ 1))} <m for all f € U.

The sets (EXy,)y(S) and EX,, are defined as usual. U is identifiable with a
bounded number of mind changes iff there is an m € N such that U € EX,,,.

By returning “?” in the initial phase the strategy signals its being hesitant in
order not to waste a mind change. For all bounds m the inclusion EX,,, C EX,,,+1
is verified in [6]. Of course in the study of learning processes not only the mind
change complexity is interesting, but also whether the quality of the intermediate
hypotheses can be improved in some sense. A quite natural motivation is to
demand that any hypothesis returned by the learner has to be consistent with
the data seen so far, i. e. it should agree with the known part of the input-output-
behaviour of the function to be learned, see for example [3,3,13].

Definition 5. A class U C R is CONS-identifiable iff it is in EXy(S) for some
Y € P? and some S € P satisfying Ys(fm)) =n [ for all f € U and n € N. The
corresponding classes CONS and CONSy(S) are defined in the usual way.

The demand for consistency results in a loss of learning power, that means
CONS C EX, cf. [3]. Moreover EX; C CONS, but EX,,, and CONS are incompa-
rable for all m > 1 (partly verified in [7], the rest follows with similar methods).
Note that for all inference criteria defined here — except for CONS — identifiabil-
ity implies identifiability by a total learner, i. e. whenever there exists a strategy
for a class to be learned, then there also exists a strategy S € R learning the
class. Here consistent learning is an exception, as has been verified in [13].

Throughout the following sections Z denotes the set of inference classes de-
fined above; Z = {EX, BC,BC*, CONS} U {EX,, | m € N}. Moreover, if n € N,
let J" :={U C R |cardU < n}. Obviously J" € I for alln € N and all I € 7.

3 The Uniform Learning Model

Uniform learning is concerned with methods for deriving successful learners from
a description of a learning problem, which first of all requires a tool for describing
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learning problems. A quite simple way to describe a class U of recursive functions
to be identified is to present some index b of a partial-recursive numbering the
recursive core of which equals U. Thus any integer b € N corresponds to the
class Ry = {¢? | i € N} N'R of recursive functions, which is interpreted as a
class of objects to be learned. Furthermore any set B of integers corresponds to
a collection of classes U C R to be learned — each one described by some b € B.

Definition 6. Let [ € Z, J C I. A set B C N is suitable for uniform learning
with respect to (J,I) iff

1. Ry e J forallb e B,
2. there is a learner S € P? such that for any description b € B there exists
some ¢ € P? satisfying Ry € Iy(A\x.S(b, x)).

suit(J, I) denotes the set of all sets B suitable in that sense. The notion B €
suit(J, I)(S) is used to indicate that S is a learner witnessing to B € suit(J, I).

So a set of descriptions is identified uniformly by S under (J, ), if each
recursive core described by some b € B belongs to the class J and is identified
by the learner \z.S(b, z) synthesized by S from b. This definition involves some
lack of practicability, because only the synthesis of learners but not the synthesis
of adequate hypothesis spaces is required. Taking account of this deficiency it is
advisable also to consider the following variants of Definition 6.

Definition 7. Let I € Z, J C I. Then suit,(J,I) consists of all sets B €
suit(J, I), for which there is some learner S € P? such that Ry € I.(A\x.S(b, z))
for all b € B. Furthermore suit,(J, I) is the set of all B € suit(J, I), for which
there exists some S € P? which fulfils Ry € Iw(Az.S(b,x)) for all b € B. The
notions suit,(J, I)(S) and suit,(J, I)(S) are used by analogy with Definition 6.

Obviously suit,(J, I) C suit,(J, ) C suit(J,I) for all criteria I € Z, but in
general equality of these classes does not hold (suit,(J,BC*) = suit(J,BC) is
an exception for any J C BC”, see also [14]). As in the non-uniform model, iden-
tifiability implies the existence of total strategies, if consistency is not required.

Proposition 1. Let I € Z\{CONS}, J C I, B C N. Assume B € suit(J, 1)
(suit(J,I), suity(J,I)). Then there is a total recursive function S such that
B e suit(J,I)(S) (suit-(J,I)(S), suity(J, I)(S) resp.). Moreover, S can be con-
structed uniformly from a program of a corresponding partial-recursive learner.

The following example shows that CONS-learning again yields an exception.
There even exists a description set suitable for CONS-learning in the most re-
stricted model (suit,-model) but not suitable for uniform learning by a total
strategy in the least restricted model (suit-model). The proof is omitted.

Ezample 1. The description set B := {b € N | ¢* € R?} is an element of
suit,,(CONS, CONS), but B ¢ suit(CONS, CONS)(S) for any learner S € R?.
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4 Results on Unions of Suitable Description Sets

Assume two description sets By, Be € suit(I,I) for a criterion I € Z are given.
The results below concern the question, what properties concerning By, Bo make
the union of the two sets suitable for uniform learning with respect to I, i. e. what
properties are sufficient for the satisfaction of By U By € suit(Z,I). The same
question is considered for suit, or suit, instead of suit. suit(BC*,BC") and
suit, (BC*, BC*) are closed under union, as R € BC*, but in general some further
condition concerning B; and Bs is needed, as the following example shows.

Ezample 2. Consider the description sets By = {b € N | R, = {¢8} = {0~}}
and By = {b € N | 3m € N [R, = {¢}} = {0™1>=}]}. Both B; and By are
elements of suit,(J', EXy), but By U By ¢ suit,(J*, EX).

Proof. The learner constantly i — 1 yields B; € suit,(J',EXy) for i € {1,2}.
Assuming B; U By € suit, (J1, EXg) provides a strategy S € R? which fulfils
Ry € (EXo)r(Az.S(b,z)) for all b € By U By. To reveal a contradiction a descrip-
tion by € By U By satisfying Rp, ¢ (EXo)r(Ax.S(bo, z)) is constructed. For that
purpose it is adequate to define numberings ® uniformly in b € N and choose by
as a fixed point value according to the recursion theorem, such that @ = b0,

Construction of by. For each b € N define a function ¥* € P? as follows: let
¥8(0) := 0. Moreover, let 15 (z+1) equal 0, if S(b,0**1) =? or all n < z+1 such
that S(b,0™) € N fulfil 7g(,0n)(n) T<z41 OF Tsp,0m)(n) # 0. Otherwise, Py(r+1)
is undefined. If 1§ = 0% 1°° there is some minimal integer n < k, such that
S(b,0™) € N and 75(,0n)(n) L <k, Ts@p,om)(n) = 0. In this case let ¢} := 0"1°.
Otherwise, i. e. if 1§ = 0°°, let 1% :=1°°. In any case, all functions ¥ with i > 1
shall be empty.

Since 9® is defined uniformly in b, there exists some recursive function g,
such that ©9(®) = ¢ for all b € N. Let by € N be a fixed point value of that
function g, i.e. P = @9(bo) = q)bo End construction of bg.

Note that either Ry, = {p2} = {0} or Ry, = {¢2°} = {0™1°°} for some
m € N. Thus by € By U By. But if Ry, = {0}, then S(bo,0") =7 or Tg@p,,0n) 7#
0% for all n € N; if Ry, = {0™1°°} for some m € N, then S(b,0™) € N and
Tspomy(m) = 0 # 1 = @ (m). Therefore Ry, ¢ (EXo)s(Az.S(bo,z)), which
contradicts the choice of S. Hence By U By ¢ suit, (J!, EXp). O

For other learning classes in Z similar negative results are obtained with
recursive cores consisting of one or two elements.

Ezample 3. Consider the description sets C = {b € N | R, = {5}}, as well
as By = {b € N | cardRy, = card{i | ¢} € R} =2 A V¥j [p} =1"]}
and By = {b € N | card{i | ¢! € R} =1 A V) [¢} =1]}. Then C €
suit,(J1, EXp), Bi € suit,(J%, CONS), By € suit,(J!, CONS), but C' U By ¢
suit(J?, EX) and C' U By ¢ suit, (J', EX).

Ezample 4. Define two sets By := {b € N | {i | ¢? not initial} = {0}} and By :=
{b e N |3k [{i | ¢ not initial} = {k+1} A Vy>k+1 [} =1°°]]}. Then B; €
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suity, (J1, EXy), Bs € suity,(J', CONS), but By U By ¢ suit,(J',BC) and By U
By ¢ suit,,(J*, BC").

The proofs use ideas similar to those in the proof of Example 2. As the
reasons for the failure of all strategies for the unions in these examples are not
obvious, it might be helpful first to collect some simple properties of description
sets enabling the learnability of the corresponding unions.

Theorem 1. Let I € T and By, By € suit(I,I) (orsuit.(I, 1), suit,(I,I) resp.).

1. If By is recursive, then By U By € suit(I,I) (suit.(I, ), suit,(I,I) resp.).

2. If B1, By are 1. e., then By U By € suit(I, I) (suit, (1, I), suity(I,I) resp.).

3. If I € {EX,BC,BC*} and at least one of the sets By,N\ By is 1. e., then
By U B, € suit([,I) (suit.(I,I), suity,(I,I) resp.).

Proof (sketch). Fix I € I, By, By € suit(I, I). For suit,, suit, all proofs proceed
analogously. Choose T}, Ty € P? such that B; € suit(I,I)(T;) for i € {1,2}.

For the proof of the first claim let a new learner on input (b, f[n]) re-
turn T4 (b, f[n]) if b € By, Ta(b, f[n]) otherwise. The second claim is shown with
a strategy searching for the given b in an enumeration of By and in parallel in an
enumeration of By. As soon as b € B; is verified for some i € {1,2}, the learner
simulates T;. For the third claim, let the new learner simulate T until the given
description is proved to belong to By (or N\ Bs), then simulate 77. o

The second and third claim in Theorem 1 already suggest, that for some
learning classes in Z just one r.e. description set is not sufficient for the uniform
identifiability of the union of two suitable description sets. Indeed this is true,
as Theorem 4 will prove, but first one more special case in which any union of a
suitable set with a suitable r. e. set again yields uniform learnability is regarded.

Theorem 2. Assume By € suit(CONS, CONS) and Bs € suit,(CONS, CONS).
If By (or N\ Bz) is r. e., then ByUBy € suit(CONS, CONS). If By (or N\ By) is
r. e. and By € suit,(CONS, CONS), then also By U By € suit, (CONS, CONS).

Proof (sketch). Let By € suit(CONS, CONS), By € suit,(CONS, CONS), more-
over B; (or N\ Bg) r.e. Then there exist T, T> € P and numberings ) for b e
By with Ry € CONS,i) (Az.T1(b,z)) for b € By and Ry, € CONS,(A\z. T3 (b, x))
for b € By. Define a new hypothesis space nl?! € P2 for each b € N as follows.
775 = wz[b] if b€ By, 775 = 7; otherwise; 7754—1 =7 foralli e N.

If b€ By, f € Ry, n €N, then To(b, f[n]) is consistent for f[n] with respect
to 7. So on input (b, f[n]) a meta-strategy for By U Bs can test by dove-tailed
computation, whether b € By (N\ By, resp.) or T»(b, f[n]) is defined and consis-
tent for f[n] with respect to 7. As long as the latter property is verified first, the
consistent index 2T5(b, f[n]) + 1 is returned; as soon as b € By (b ¢ Ba, resp.)
has once been verified, the hypotheses returned by Az.2T; (b, x) are used. These
are consistent with respect to 7, if f € Ry. Convergence follows from the choice
of Ty, Ts. Proving the second claim does not require new hypothesis spaces. O
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The following result gives an example of how weakening the learning inten-
tion can lead to positive results without further demands concerning the two
description sets. The proof is omitted.

Theorem 3. Let m, ki, ks € N, m < ki, m < ko. If By € suit(EX,,, EXy,)
and By € suit(EX,,, EXy,), then By U By € suit(EX,,, EXy, 4kyt1)-

Thus the union of description sets suitable for learning with a bounded num-
ber of mind changes is still suitable, if a certain amount of further mind changes
is permitted. But unfortunately, if an increasing mind change complexity is for-
bidden, negative results are obtained, sometimes even if one of the description
sets is r.e. (in contrast to Theorems 1 and 2).

Theorem 4. Let m € N. There exist two description sets By, Bo C N such that

1. By, Bs € suity,(J?,EX,,,) (or By, B € suity,(J1, EX,y,) ),
2. By isr.e., but
3. B1U By ¢ suit(J2 EX,,,) (B1 U By ¢ suit, (J1, EX,,), resp.).

Proof. Fix m € N. First By, By are defined by constructing functions v € P and
fp € R such that pP® = (@) for all i € N. The function fp assigns to each
integer ¢ some fixed point value according to the recursion theorem. B; U Bs
will be the value set of fp. Below just the statements concerning descriptions of
recursive cores in J?2 are verified, the proof for descriptions of singleton sets works
with the same method combined with the ideas in the proof below Example 2.

Definition of Bi, Bo. By Proposition 1 there is a function rec € R, such that
@) € R and suit(J?, EX,,) (") C suit(J?, EX,,) (") for all i € N. From
now on the notion S; is used instead of ©"¢(!). Next the function 1) € P* is
defined by constructing a numbering v’ € P3 for any integer i as follows.

Fix b € N. Go to stage 0.

Stage 0. wéi’b) (0) := 0. For « € N define

0 if S;(b, wéi’b) [y) =2for 0 <y <z
wél’b) (x4 1):= ¢m+2 if x is minimal, such that S;(b, w((f’b) [z]) eN
) otherwise

Then wéi’b) = 0% iff S;(b,0™) =? for all n € N. Otherwise, if ¢ is minimal

with S;(b,0") € N, note (z b= Ot(m + 2) 1°°. In the latter case let 04(1 b= ot

and go to stage 1. In the ﬁrst case ao T and stage 1 is not reached. End stage 0.

Stage k (1 < k < m). If | denotes the length of a,(cibl), let wézkli)l -1 =
ggb) [—1] = (Z b) . For all > [ define

k=1 if Si(b,a{""rv) = S;(b, al?)
for0<y<z—1landforalre{k—1k}
gkb)l( ) :== < m+2 if z is minimal, such that S;(b, 04(1 b)ry) # Si(b, 04(1 b))
for y =z — [ and some r € {k — 1,k}
T otherwise
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@) = dm+2 if i (@) =m+2
T otherwise

Note that 5% = al"" (k — 1) iff " = o2 ke iff
Si(b, al™)y = (b, al"") (k — 1)) = Si (b, a\"")k"™) for all n € N .

Otherwise, if ¢ is minimal, such that S;(b, a,(:’bl)) # S;(b, a,(; bl)rt) for some r €

{k—1,k}, then {2, = o (") (k= 1)t (m+2) 1°° and {2 = o{"? Kt (m+2) 1°°.
In the latter case let 04(Z b a,(; bl) rt and go to stage k+ 1. In the first case 04(1 b

is undefined and stage k + 1 is not reached. End stage k.
Stage m —+ 1. w2m+1 — (Z b) m>, wéz’;’f-)‘,—Q _ a%,b)(m 4 1)0@7 wii,b) =1 for z >
2m + 2. End stage m + 1.

Next let ¢ € R be a function satisfying ¢9(%) = (:0) for all i,b € N. By

the recursion theorem there is a function fp € R, such that P = 309(2 A1) —
pP@) for all i € N. Define B := {fp(i) | i € N} and finally let

By:={fp(i)|ieN A 3z €N [¢PD(x) =m +2]}, By:= B\ B, .

End definition of By, Bs.
It remains to verify the three properties stated in Theorem 4.

Property 1. By, By € suity,(J?, EX,,).
card Ry, < 2 for all b € B; U By follows by construction. The strategy constantly
0 shows By € suitq,(JQ,EXm). Let a meta-learner for By return “?” as long
as the initial segment presented consists of zeros only. Afterwards the minimal
consistent index in the numbering described is returned. This yields convergence
to a correct program with no more than m mind changes on all relevant inputs.

Property 2. By isr.e.

This property follows obviously by definition of B and B;.

Property 3. By U By ¢ suit(J2,EX,,).

Assume B; U By € suit(J?,EX,,). Then there exists some z' G N, such that
B € suit(J?, EX,,)(S;), i.e. for all b € B there is a numbering 5[ € P2 satisfying
Ry € (EXpn)ym (Az.Si(b, 7). Now let b := fp(i). The construction of ) then
implies Ry ¢ (EX )0 (Az.5;(b, 7)) (details are omitted) — a contradiction. O

Co